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ELECTRONIC  STRUCTURE  AND  MAGNETIC  INTERACTIONS 
IN  DILUTED  MAGNETIC  SEMICONDUCTORS 

H.  Ehrenreich,  K.C.  Hass,*  N.F.  Johnson,  B.E.  Larson,  and  R.J  Lempert 

Division  of  Applied  Sciences  and  Department  of  Physics 
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We  summarize  recent  calculations  of  the  electronic  structure  and  exchange 
interactions  in  Cd^Mn/Te  and  related  alloys. 

Mn-substituted  II- VI  diluted  magnetic  semiconductors  (DMS)  (e.g.  Cdj_zMnzTe) 
exhibit  a  variety  of  interesting  phenomena1)  of  potential  technological  significance. 
This  paper  summarizes  recent  theoretical  progress2'4)  made  in  understanding  the  elec¬ 
tronic  structure  and  magnetic  interactions  in  these  materials.  The  problem  is  compli¬ 
cated  by  the  facts  that  DMS:1)  (1)  are  random  alloys  exhibiting  both  compositional 
and  structural  disorder,  (2)  contain  local  moments  due  to  narrow,  strongly  correlated 
Mn  d  bands,  (3)  are  magnetically  disordered  due  to  the  formation  of  a  low  temperature 
spin  glass  phase,  and  (4)  have  experimentally  inaccessible  z  =  1  tetrahedral  limiting 
crystals.  The  work  described  here  overcomes  these  difficulties  by  combining  a  number 
of  techniques  developed  pieviously  for  other  transition  metal  and  semiconductor  alloys. 

Figure  1  presents  an  overview  of  the  emerging  theoretical  picture.  We  begin  our 
discussion  near  the  bottom  to  emphasize  the  chronological  development  of  the  subject. 
Most  early  theoretical  studies1)  of  DMS  were  based  on  the  phenomenological  Hamiltoni¬ 
ans  and  HK.  The  former  is  a  spin  5/2  Heisenberg  Hamiltonian  which  has  been 
used  extensively  to  examine  the  magnetic  properties  and  phase  diagrams  of  DMS.  The 
Mn-Mn  exchange  constants  Jd~d  have  been  determined  empirically1,5)  for  most  II-VI 
DMS  and  are  known  to  be  antiferromagnetic  (AF)  and  of  the  order  of  —10  K  for 
nearest  neighbors  (assuming  a  total  interaction  between  two  spins  of  —2Ji~d~Si  ~5j). 
The  Kondo-like  Hamiltonian  H ^  describes  Mn  d~sp  band  exchange.  This  has  been 
combined1)  with  a  T^-virtual  crystal  approximation  (VCA)  treatment  of  the  sp 
bands  to  describe  the  unique  magneto-optical  and  magneto-transport  properties  of 
DMS.  Typical  values5,7)  for  the  T=0  conduction  and  valence  band  edge  exchange 
constants  ate  N0a  ~  J**~d  «  0.2  eV  and  Ng0  =  J'p~d  «  -1.0  eV,  respectively. 

Our  work  has  focused  on  the  development  cf  a  detailed  electronic  structure 
model  designed  to  provide  a  more  fundamental  understanding  of  DMS.  The  starting 
point,  in  principle,  is  the  many  body  Hamiltonian  shown  at  the  top  of  Fig.  1.  For  most 
purposes  it  is  sufficient,  and  simpler,  to  consider  an  effective  one  electron  Hamiltonian 
obtained  in  one  of  two  ways.  The  left  hand  approach  in  Fig.  1  treats  correlation  effects 
in  the  linearized  Hubbard  approximation  (LHA).  This  assumes  that  a  Mn  d  electron  of 
spin  a  in  orbital  a  has  the  energy  (d  +  UeS  <na_(,>  where  <na,-<r>  one 
the  opposite  spin  state  is  occupied  and  zero  if  it  is  unoccupied.  We  use  this  approach 
in  the  alloy  calculations  below  because  it  is  applicable  to  disordered  as  well  as  ordered 
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systems.  By  contrast,  the  right  hand  approach  in  Fig  1,  the  local  spin  density  approxi¬ 
mation8^  (LSDA),  is  easily  implemented  only  in  ordered  systems  The  LSDA  forms  the 
basis  of  most  ab  initio  spin-polarized  band  calculations8)  and  is  thus  useful  for  obtain¬ 
ing  information  on  the  hypothetical  j  =  1  tetrahedral  compounds.2'4,9'1 


The  schematic  one  electron  Hamiltonian  in  Fig.  1  contains  three  terms  The 
first,  H,r,  describes  itinerant  semiconducting  sp  bands  and  is  similar  to  that  which 
would  occur  in  isoelectronic  II- VI  alloys.'0)  describes  localized,  half-filled  Mn  d 

shells  which  are  spin-polarized  on  a  given  site.  The  sp—  d  hybridization  de¬ 
localizes  the  d  states  and  broadens  them  into  bands.  is  small  compared  to  VeS 

but  has  noticeable  effects  on  the  electronic  structure  and  is  the  dominant  source  of 
magnetic  interactions2'4,1^ 


We  perform  realistic 
electronic  structure  calcula¬ 
tions  for  Cdj.jMnjTe  using 
an  empirical  tight  binding 
model  (right  side  of  Fig.  1). 

The  basis  consists  of  s2,  p6, 
d10  orbitals  for  each  cation 
and  s2,  p6  orbitals  for  Te. 

The  Mn  d  electrons  are 
treated  in  the  LHA.  Occu¬ 
pied  d  states  are  assumed  to 
have  either  spin  up  (f)  or 
spin  down  (J.)  at  random. 

The  alloy  is  thus  modeled 
as  the  pseudo-ternary 
Od1.,(Mnt),/J(Mni),/JTe. 

The  Mnf  and  MnJ  concen¬ 
trations  are  assumed  equal  to 
ensure  zero  net  magnetiza¬ 
tion.  Compositional  and  mag¬ 
netic  disorder  in  the  alloy  are 
treated  in  the  coherent  poten¬ 
tial  approximation  (CPA). 
Parameters  are  obtained 
(assuming  nearest  neighbor 
hopping  only)  by  fitting  to 
the  known  CdTe  band  struc¬ 
ture  and  the  results  of 
LSDA-augmented  spherical 
wave  calculations2^  for 
hypothetical  AF  zincblende 
MnTe.  The  values  of  (j 
and  Utff  derived  from  the  latter 
cle  energies.4) 


ELECTRONIC  THEORY  of  Mn- BASED  DMS 


Fig.  1  -  Schematic  overview  of  theoretical 
developments  summarized  in  the  text. 

are  adjusted  to  correct  for  errors  in  LSDA  quasiparti- 
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Figure  2  shows  the  CPA  total  and  projected  d  (shaded)  densities  of  states  for 
x—0,  0.3,  0.6  The  zero  of  energy  is  fixed  at  the  CdTe  valence  band  maximum.  The 
occupied  Mn  d  states  have  been  shifted  down  by  ~  1  eV  from  the  LSDA  results  to 
place  them  near  -3.4  eV,  in  agreement  with  photoemission  experiments  12,13)  The  loca¬ 
tion  of  the  unoccupied  d  states  has  yet  to  be  determined  definitively  (e.g.,  by  inverse 
photoemission).  Here  we  have  shifted  them  up  by  ~  2  eV  from  the  LSDA  results.  This 
places  them  at  about  4.5  eV  above  the  region  of  the  upper  valence  band  at  L,  a  loca¬ 
tion  which  provides  a  possible  explanation  for  the  anomalous  structure  seen  in  optical 
data  at  this  energy.14) 


The  occupied  d  states  are 
split  into  two  peaks  due  to  sp—d 
hybridization.  The  lower  t2g  states 
hybridize  more  strongly  in  the 
tetrahedral  environment  and  are 
shifted  to  lower  energy  due  to  a 
repulsion  from  the  Te  p-like  upper 
valence  bands.  The  corresponding  d 
admixture  in  the  upper  valence 
region  is  responsible  for  the  spectral 
change  near  -1  eV  in  Fig.  2  (which 
has  been  observed  in  photoemission 
experiments12))  and  the  slight  shift 
of  the  valence  band  maximum.  The 
cation  s-like  conduction  band 
minimum  is  unaffected  by  sp—d 
hybridization  by  symmetry.  The 
energy  of  this  state  increases  from 
1.6  eV  at  x  =0  to  2.6  eV  at  x  =0.6 
due  to  the  difference  between  Cd  and 
Mn  atomic  s  levels.10) 


Fig.  2  -  Calculated  CPA  total  and  pro¬ 
jected  d  (shaded)  densities  of  states. 


The  connections  in  Fig.  1  between  the  electronic  structure  and  the  Mn-sp  band 
and  Mn-Mn  exchange  interactions  have  been  extensively  discussed  elsewhere.2*4)  The 
qualitative  difference  between  N0a  and  No0  results  from  the  differing  effects  of  sp—d 
hybridization  on  the  conduction  and  valence  band  edges.3,11)  The  Mn-Mn  exchange  has 
been  calculated  quantitatively  and  shown  to  result  primarily  from  hybridization- 
induced  AF  superexchange.2,4)  This  accounts  for  about  95%  of  at  near  neighbor 

distances  with  the  Bloembergen-Rowland  mechanism  (resulting  from  H%)  accounting 
for  most  of  the  remaining  5%. 


We  have  recently  developed  a  physically  transparent  model  4)  of  both  No0  and 
Jd~d  in  Mn-based  II- VI  DMS  using  only  four  parameters:  e4,  Utg,  the  location  of  the 
valence  band  edge  Ev,  and  a  hybridization  parameter  V  The  analytic  expressions 


NJ  =  -2V^id  +  U,„  -  EX'  +  (F.-*,)-1}  (1) 

=  -2  +  U.I  ~  EX*U,i'  +  (<,  +  v„  -  EX’WR)  (2) 
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result  from  a  Schrieffer- Wolff  transformation4,11)  and  an  approximation  to  the  formal 
results  in  Ref.  2,  respectively.  R  here  is  the  Mn-Mn  separation  and  f{R)  is  a  univer¬ 
sal  function  for  II- VI  DMS  (%0.2exp(— 4.89  7?2/a2)  where  a  is  the  cubic  lattice  con¬ 
stant).  An  application  of  these  formulae  to  Cd^Mn^Te,  Cd^Mn^Se  and 
Cdj.jMnjS  is  given  in  Table  1;  the  entries  correspond  to  x  ssO.l  but  are  not  very 
sensitive  to  x.  The  Ev  —  values  are  taken  from  photoemission  experiments. l2,13) 
The  value  Ue ^  —  7.0  eV  for  Cd1_xMnITe  is  chosen  from  Fig.  2;  the  slight  increase  in 
Utg  down  the  column  is  estimated  from  simple  electrostatic  arguments4)  based  on 
increasing  Mn  — *  anion  charge  transfer.  Vfd  is  obtained  from  Eo.  (2)  and  the  experi¬ 
ment  No0  values6,7)  in  the  table.  We  attribute  the  increase  in  VpJ  from  telluride  to 
sulfide  to  the  decrease  in  Mn-anion  bond  length.  Eq.  (2)  is  seen  to  predict  nearest 
neighbor  (nn)  Jd~d  values  in  Cdi_2Mn2Te  and  Cdi^Mn^Se  in  excellent  agreement 
with  experiment.5)  In  view  of  the  extremely  large  Jd~d  value  predicted  for  the  sulfide, 
further  experimental  studies  on  this  material  would  clearly  be  of  interest. 

Table  1  —  Anion  dependence  of  electronic  structure  parameters  (defined  in  text)  and 

exchange  constants  in  Cd-based  DMS. 


Ev~U 

U'ff 

Vfi 

No0 

Jdd  (theory) 

(«pt.) 

Cdo  q  MnQ  jTe 

3.4  eV 

7.0  eV 

0.88  eV 

-0.88  eV 

-8.0  K 

— 6.3  K 

3.4 

7.6 

1.01 

-1.11 

-9.0 

-7.9 

Cd0  9  Mn0 jS 

3.4 

7.9 

1.60 

-2.7 

— 46 

- 

This  work  was  supported  by  the  Joint  Services  Electronics  Program  (No.  N00014-84-K- 

0465),  and  the  Defense  Advanced  Research  Projects  Agency  (through  ONR  Contract  N00014- 

86-K-003). 
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ABSTRACT 

Recent  calculations  of  the  electronic  structure  and  magnetic  interactions  in  Mn  - 
alloyed  II-VI  diluted  magnetic  semiconductors  (DMS)  are  summarized.  Detailed  band 
structure  results  are  obtained  using  an  empirical  tight-binding,  coherent  potential 
approximation  approach  with  input  from  experiment  and  local  spin  density  band  cal¬ 
culations.  The  dominant  magnetic  interactions  in  these  systems  result  from  hybridi¬ 
zation  between  spin-split  Mn  d  states  and  sp  valence  bands.  Superexchange  between 
Mn  moments  is  well  described  by  a  simple  three-level  model  which  yields  accurate  Mn 
-  Mn  exchange  constants  for  a  variety  of  II-VI  DMS  as  well  as  the  rocksalt  insulators 
MnO  and  oMnS. 


INTRODUCTION 

This  paper  summarizes  recent  theoretical  contributions  to  the  electronic  struc¬ 
ture  and  magnetic  interactions  in  Mn  -  alloyed  II-VI  diluted  magnetic  semiconductors 
(DMS)  (e.g.  Cd1_jMniTe).  These  materials  have  generated  considerable  fundamental 
and  technological  interest  because  of  their  unusual  magnetic  properties  (e.g.  non- 
metallic  spin  glass  phase)  and  because' of'their  novel  interplay  between  semiconductor 
physics  and  magnetism  (e.g.  enhanced  band  edge  Zeeman  splittings)  (l).  The  detailed 
microscopic  picture  reviewed  here,  which  is  in  good  agreement  with  experiment,  is 
based  on  a  variety  of  theoretical  techniques  developed  previously  for  isoelectronic  sem¬ 
iconducting  alloys  and  transition  metal  oxides.  Important  issues  resolved  by  this 
work  include  the  effects  of  Mn  d  electrons  on  the  electronic  structure  and  the  origin  of 
Mn  -  sp  band  and  Mn  -  Mn  exchange  interactions. 

A  brief  overview  of  the  developments  discussed  here  and  their  relationship  to 
previous  theoretical  models  for  DMS  is  presented  in  Fig.  1.  The  upper  two-thirds  of 
this  figure,  which  will  be  described  in  detail,  begins  with  the  construction  of  a  detailed 
electronic  structure  model  based  on  a  realistic  microscopic  Hamiltonian.  Calculations 
of  magnetic  interactions  within  this  framework  provide  fundamental  support  for  the 
phenomenological  spin  Hamiltonians  Hh  and  HK  used  extensively  in  early  theoretical 
studies  of  DMS  (I).  A  modified  k-p  approach,  which  combines  the  Kondo-like  interac¬ 
tion  Hk  with  a  simple  k-p  virtual  crystal  approximation  (VCA)  treatment  of  sp  band 
edge  states,  accounts  well  for  the  unique  magneto-optical  and  magneto-transport  pro¬ 
perties  of  these  materials  (2).  The  spin  5/2  Heisenberg  Hamiltonian  Hh  similarly  pro¬ 
vides  an  excellent  description  of  the  magnetic  properties  and  phase  diagrams  of  DMS 
[3]. 


ELECTRONIC  STRUCTURE 


The  description  of  the  electronic  structure  of  II1_jMnjVl  alloys,  in  principle,  is  a 
complicated  many  body  problem.  Local  magnetic  moments  in  these  systems  result 
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ELECTRONIC  THEORY  OF  Mn- BASED  DMS 


Fig.  1  —  Schematic  overview  of  the  theoretical  developments 
discussed  in  the  text. 


from  strong  exchange-correlation  interactions  among  the  Mn  d  electrons  which 
strongly  favor  a  spin-polarized  db  configuration  on  each  Mn  site  (Hund’s  rule).  We 
treat  these  effects  by  considering  the  two  commonly  used  approximations  shown  in  the 
second  line  of  Fig.  1.  The  linearized  Hubbard  approximation,  on  the  left,  assumes 
that  a  Mn  d  electron  of  spin  a  in  orbital  a  has  the  energy  +  lref/  <na-a>  where 
<na  ~<r>  ,s  one  if  the  opposite  spin  state  is  occupied  and  zero  if  it  is  unoccupied  [4]. 
This  approximation  is  particularly  useful  for  the  alloy  tight-binding  calculations 
described  below  because  it  is  applicable  to  disordered  as  well  as  ordered  systems.  The 
second  approach,  the  local  spin  density  approximation  (LSDA)  [5],  involves  no 
adjustable  parameters  but  is  easily  implemented  only  in  ordered  systems.  Ab  ivitio 
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spin-polarized  hand  calculations  based  on  the  LSI) A  have  successfully  described  the 
properties  of  a  large  number  of  magnetic  compounds  J6] .  Such  calculations  are  impor¬ 
tant  in  the  present  context  for  providing  band  structure  information  for  hypothetical 
or  metastable  ordered  configurations,  particularly  tetrahedral  MnVl  crystals  [7-10]. 

Each  of  these  approximations  leads  to  an  effective  one  electron  Hamiltonian 
which  is  written  schematically  in  Fig.  1  as  the  sum  of  three  terms.  The  first  term, 
H  .  describes  itinerant  semiconducting  sp  bands.  The  similar  behavior  of  these  bands 
in  II,  Mn  VI  DMS  and  in  isoeiectronic  II- VI  alloys  explains  the  similar  semiconduct¬ 
ing  properties  of  these  materials  in  the  absence  of  a  magnetic  field.  The  second  term, 
H d.  describes  the  local  aspects  of  Mn  d  states,  including  the  spin  splitting  at  each 
site.  The  final  term.  //  ,,  describes  the  hybridization  between  the  two  sets  of  elec- 

tp  —  a 

irons.  This  effect  will  he  seen  to  be  small  compared  to  l ’  .  but  to  represent  the  dom¬ 

inant  source  of  magnetic  interactions  in  these  materials. 

We  have  constructed  a  realistic  electronic  structure  model  based  on  this  Hamil¬ 
tonian  by  combining  an  empirical  tight-binding  (ETB)  [ll  description  of  the  various 
terms  with  a  coherent  potential  approximation  (CPA)  12]  treatment  of  disorder 
effects  {fourth  line  of  Fig.  1).  The  basis  consists  of  two  5,  six  p  and  ten  d  orbitals  per 
cation,  and  two  s  and  six  p  orbitals  per  anion.  We  first  discuss  the  unperturbed  sp 

band  structure  which  results  from  H  acting  alone.  The  effects  of  Mn  d  electrons  will 

•v  ° 

then  be  examined  using  information  obtained  from  LSDA  calculations  and  experimen¬ 
tal  data. 


sp  Bands 

The  first  detailed  calculations  of  the  sp  band  structure  of  a  DMS  were  performed 
by  Hass  and  Ehrenreich  for  Hg^Mn^Te  [13],  This  work  was  based  on  the  ETB-CPA 
formalism  developed  previously  for  Hg^Cd^Te,  which  provides  a  sophisticated  means 
of  interpolating  between  tight-binding-  parametrizations  for  the  limiting  crystals  [14]. 
For  HgTe  and  CdTe  in  [14],  the  diagonal  tight-binding  parameters,  whi'h  play  the 
most  important  role,  were  fit  to  atomic  levels  [15],  as  suggested  by  Harrison  [11].  Off- 
diagonal  parameters  (up  to  second  neighbors)  and  a  uniform  shift  of  the  diagonal 
parameters  relative  to  the  sp  bands  were  chosen  to  provide  the  best  overall  fit  to  the 
known  HgTe  and  CdTe  band  structures.  The  exteision  to  Hg1_jMnjTe  was  accom¬ 
plished  by  considering  a  hypothetical  zincblende  (zb)  x—l  limiting  crystal.  Diagonal  s 
and  p  tight  binding  parameters  for  Mn  were  again  chosen  from  atomic  levels  on  the 
same  absolute  energy  scale.  Off-diagonal  parameters  for  zb-MnTe  were  assumed  to  be 
the  same  as  those  of  CdTe.  This  approximation  is  reasonable  in  view  of  the  small 
difference  in  bond  lengths  between  the  two  crystals  (~  2  %)  and  the  fact  that  off- 
diagonal  parameters  in  zincblende  compounds  are  relatively  insensitive  to  the  chemical 
nature  of  the  constitutents  [11]. 

Figure  2  shows  the  resulting  placement  of  the  sp  ETB  bands  for  HgTe,  CdTe 
and  zb-MnTe  relative  to  the  diagonal  sp  tight-binding  parameters  assumed  in  the  cal¬ 
culations.  (The  lower  energy  Te  5s  level  and  associated  split-off  valence  band 
included  in  the  calculations  are  not  shown  here.)  The  zero  of  energy  corresponds  to 
the  valence  band  maxima  which  are  assumed  to  be  the  same  in  the  three  crystals 
because  of  the  large  Te  5p  component  of  the  Tg  states.  The  increase  in  band  gap  from 
HgTe  to  CdTe  results  from  the  much  higher  cation  s  level  in  CdTe,  which  contributes 
significantly  to  the  conduction  band  edge  T6  state.  The  still  higher  .?  level  in  Mn 
results  in  an  even  larger  gap  in  zb-MnTe.  The  predicted  gap  value  here  of  3.2  eV  is  in 
good  agreement  with  the  extrapolated  value  obtained  from  low  temperature  measure¬ 
ment--  on  II  NlniTe  alloys  [lGj.  The  rise  of  the  cation  s  levels  also  accounts  for  the 
slight  decrease  in  the  width  of  the  upper  valence  region  in  the  series 
HcTe— CdTe— MnTe . 
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Fig.  2.  —  Limits  of  sp  upper  valence  and  lower  conduction  bands  (darker 
and  lighter  boxes,  respectively)  for  HgTe,  CdTe  and  hypothetical  zinc- 
blende  (zb)  MnTe  relative  to  atomically-derived  sp  diagonal  tight- 
binding  parameters.  Details  of  alignment  are  discussed  in  text.  The  Mn 
d  levels  are  assumed  to  be  spin  split  by  an  amount  Ut{]  at  each  site 
with  the  occupied  states  having  a  spin  a.  The  resulting  regions  of  large 
d  state  densities  in  zb-MnTe  are  shown  as  cross-hatched  regions  labeled 
d  "bands." 


For  many  purposes,  the  behavior  of  the  sp  bands  at  intermediate  alloy  composi¬ 
tions  can  be  reasonably  described  by  a  simple  VCA  averaging  scheme.  The  VCA 
predicts  a  nearly  linear  x  dependence  of  the  band  features  shown  in  Fig.  2.  The  addi¬ 
tional  effects  of  compositional  disorder,  included  in  the  CPA,  result  primarily  from  the 
differences  between  cation  s  levels  in  the  alloy  constitutents.  The  1.4  eV  difference 
between  Hg  and  Cd  s  levels,  for  example,  is  known  to  affect  the  bowing  of  band  gaps 
and  electron  mobilities  in  Hg1_JCdjTe,  and  to  give  rise  to  a  nearly  split  valence  band 
density  of  states  near  -5  eV  [14].  Qualitatively  similar  behavior  is  predicted  for  the 
sp  bands  of  Hg,_/MnjTe  and  Cdl  jMnjTe  with  the  most  pronounced  disorder  effects 
occuring  in  the  former  system  where  the  Hg  and  Mn  s  levels  differ  by  ~  3  eV.  A 
consequence  of  this  enhanced  disorder  is  that,  for  a  given  band  gap,  the  limiting  elec¬ 
tron  mobility  due  to  alloy  scattering  in  Hg)_jMniTe  is  estimated  to  be  about  a  factor 
of  three  smaller  than  in  Hg|  jCdiTe,  despite  the  smaller  x  value  required  to  produce 
that  gap  [13]. 


Effects  of  Mn  d  Levels 

The  Hubbard-like  treatment  of  Mn  d  levels  described  above  is  illustrated  on  the 
ri  ht  hand  side  of  Fig.  2.  A  simple  perturbative  analysis  by  Hass  and  Ehrenreich  [13] 
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demonstrated  that  the  principal  effect  of  sp—d  hybridization  is  to  broaden  the  spin- 
split  d  states  into  bands,  denoted  by  cross-hatching  in  Fig.  2.  The  label  a  (-a)  on  the 
occupied  (unoccupied)  d  band  indicates  that  the  associated  extended  wavefunction  for 
a  state  of  given  spin  has  large  amplitude  only  on  those  Mn  sites  whose  net  spin  is  in 
the  same  (opposite)  direction.  This  basic  picture  holds  regardless  of  whether  the  Mn 
spins  are  ordered  antiferromagnetically,  as  would  be  expected  for  zb-MnTe  at  low 
temperatures,  or  are  randomly  oriented,  as  would  occur  at  either  higher  temperatures 
or  in  the  spin  glass  phase  of  II,_iMnj\l  alloys. 

We  obtain  ETB  parameters  describing  the  location  of  Mn  d  levels  and  the  mag¬ 
nitude  of  sp—d  hybridization  by  fitting  to  the  results  of  augmented  spherical  wave 
(ASW)  -  LSDA  calculations  for  antiferromagnetic  (AF)  zb-MnTe  [7,9].  The  resulting 
hybridization  parameters  are  in  good  agreement  with  previous  estimates  [13]  obtained 
from  Harrison's  "universal"  tight-binding  scheme  [11],  The  location  of  Mn  d  levels 
relative  to  the  sp  bands  is  less  reliable,  however,  since  the  LSDA  is  well  known  to 
underestimate  quasiparticle  excitation  energies  [17].  Both  the  ASW  results  of  [7]  and 
[9]  and  more  recent  linearized  augmented  plane  wave  calculations  [10]  for  AF  zb-MnTe 
place  the  occupied  d  states  degenerate  with  the  sp  valence  band  near  -2  eY  and  the 
unoccupied  d  states  in  the  sp  band  gap.  In  our  final  ETB  parametrization  shown  in 
Fig.  2  the  3 da  level  has  been  shifted  to  -3.4  eV  to  agree  with  the  (x  independent)  loca¬ 
tion  observed  in  photoemission  experiments  on  CdJ_jMn2Te  [18].  The  3 d_^  level  has 
been  similarly  shifted  to  3.6  eV  to  place  it  about  4.5  eV  above  the  region  of  the  L 
point  of  the  upper  valence  band.  This  placement  is  consistent  with  the  anomalous 
structure  seen  :n  el'ipsometry  [19]  and  reflectivity  [20]  data  for  Cd1_iMniTe  at  4.5  eY. 
The  magnitudes  and  signs  of  the  above  d  level  adjustments  are  consistent  with  the 
expected  corrections  to  LSDA  eigenvalues  [9.17]. 

The  inclusion  of  d  states  on  the  same  footing  as  sp  bands  in  the  ETB-CPA 
requires  the  consideration  of  magnetic  as  well  as  compositional  disorder  [21,22].  We 
model  this  effect  for  II1_IMnjVI  alloys  by  assuming  that  the  occupied  d  states  have 
either  spin  up  (f)  or  spin  down  (j)  at  random.  The  alloy  is  thus  treated  as  the 
pseudo-ternary  system  IIJ_j(Mnt)iy(Mn4r)]l,,_fjM.  The  constraint  y=0.5  is  imposed  in 
the  ground  state  calculations  described  below  to  ensure  zero  net  magnetization.  Vari¬ 
ations  in  the  value  of  y  may  also  be  considered  to  simulate  the  behavior  in  an  externa! 
magnetic  field. 

Figure  3  shows  the  calculated  CPA  total  and  projected  d  (shaded)  densities  of 
states  for  Cd]_i(Mnt)J,2(Mni)Iy2Te  with  x  —  0.0,  0.3  and  0.6.  The  similar  shape  of  the 
x=0.3  and  x=0.6  results  indicates  that  the  d  contribution  to  the  density  of  states  is 
determined  primarily  by  the  local  environment  of  the  Mn  and  is  not  strongly  affected 
by  the  presence  of  magnetic  disorder.  Compositional  disorder  resulting  from  the 
difference  between  Cd  and  Mn  s  levels,  on  the  other  hand,  does  produce  a  slight 
change  in  the  sp  contribution  to  the  density  of  states  in  the  lower  valence  region 
shown  in  the  figure.  States  contributing  to  the  -4.5  eV  peak  in  CdTe  are  composed 
primarily  of  Cd  .*  and  Te  p  orbitals.  Upon  alloying  with  Mn,  this  peak  shifts  to  higher 
energy  and  decreases  in  magnitude  while  new  structure  appears  in  the  alloy  sp  bands 
near  -3.9  eV  which  is  superimposed  in  Fig.  3  on  the  much  larger  Mn  d  contribution  at 
this  energy. 

The  splitting  of  the  occupied  Mn  d  peak  in  Fig.  3  is  a  consequence  of  sp—d 
hybridization.  The  lower  energy  states,  which  have  t2f  symmetry,  hybridize  more 
strongly  in  the  tetrahedral  environment  than  those  of  «  symmetry  and  are  repelled 
by  the  Te  p  -  like  upper  valence  region.  The  interaction  in  turn  produces  an  appreci¬ 
able  d  admixture  throughout  the  upper  valence  region,  including  the  valence  band 
maximum.  The  resulting  change  in  the  structure  of  the  density  of  states  near  -1  eY 
has  been  observed  directly  in  photoemission  experiments  [18].  The  small  shift  of  the 
valence  b^cd  maximum  is  overstimated  in  the  CPA  by  the  neglect  of  short  ranged  .AF 
correlations.  Ir,  contrast  to  the  valence  band  behavior,  the  conduction  bands  in  Fig.  3 
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Fig.  3.  —  Calculated  CPA  total  and  pro¬ 
jected  (shaded)  densities  of  states  for 
'Cd,_i(Mnt)j/2(Mn,i)i/2Te  with  x  =  0.0. 
0.3  and  0.6. 


MAGNETIC  INTERACTIONS 

The  preceding  electronic  structure  model  is  now  used  to  to  examine  the  principal 
magnetic  interactions  in  II]_jMnzYT  DMS  along  the  lines  indicated  in  Fig.  1. 


Mn  —  sp  Band  Exchange 

The  Kondo-iike  interaction  HK  between  Mn  local  moments  and  the  spins  of  band 
edge  electrons  and  holes  is  the  larger  of  the  two  exchange  interactions  considered  here. 
The  relevant  exchange  constants  for  most  II,_lMnj\n  DMS  have  been  determined 

from  experiment  and  found  to  be  A’0a  =  Jrtf _  ^  ~  0.2  e\  for  the  conduction  band  edge 

and  -1°  eV  for  the  valence  band  edge  [23].  The  qualitative  difference 

between  i  h^e  values  can  be  understood  in  terms  of  the  different  effects  of  sp—d 


13 


19  3 


hybridization  on  the  two  band  edges  [8,9,24].  For  the  conduction  band  edge,  where  no 
d  admixture  is  allowed  by  symmetry,  N0a  is  a  purely  potential  exchange  interaction; 
this  is  a  relatively  weak  effect  in  these  systems,  and  always  ferromagnetic.  By  con¬ 
trast,  the  appreciable  d  admixture  in  the  valence  band  edge  gives  rise,  through  the 
Schrieffer-Wolff  transformation  (25],  to  the  much  larger,  antiferromagnetic  exchange 
constant  NJ3.  Substitution  of  the  above  ETB  parameters  for  CdJ_jMnjTe  in  the 
appropriate  Schrieffer-Wolff  expression  yields  an  estimate  of  N0 3  wit;  in  20  %  of 
experiment.  Accurate  values  of  both  N0Ot  and  A !o0  in  Il,_jMnjVl  DMS  have  also  been 
extracted  from  ab  initio  LSDA  calculations  of  band  edge  spin  splittings  in  hypotheti¬ 
cal  ferromagnetic  compounds  ( x  —  1.0  and  0.5)  [8-10]. 


A  hi  —  Mn  Exchange 

The  weaker  Mn  -  Mn  exchange  interaction  Hh  is  known  to  be  short-ranged  and 
antiferromagnetic  in  II1_IMniVl  alloys  [3].  Experimentally  derived  nearest  neighbor 

exchange  constants  Jid  are  typically  of  the  order  of  -10  K  (-9  x  10-4  eV).  assuming  a 
total  interaction  between  two  spins  of  -2 J  (Rij)S,  Sj  [26].  The  hierarchy  of  Mn  -  Mn 
exchange  mechanisms  has  recently  been  examined  quantitatively  by  Larson,  et  at. 
starting  from  a  simplified  version  (VCA  sp  bands,  single  sp—d  band  hopping  parame¬ 
ter)  of  the  effective  one  electron  Hamiltonian  discussed  above  [7,9].  The  total  Mn  - 
Mn  interaction  in  this  work  is  calculated  as  a  fourth  order  perturbation  in  Htp  with 
the  contributions  of  various  mechanisms  classified  by  intermediate  states.  Processes 
which  involve  the  creation  of  two  holes  in  the  sp  valence  band  are  associated  with 
superexchange  [27],  Processes  which  involve  the  creation  of  one  electron  and  one  hole 
are  associated  with  the  Bloembergen-Rowland  mechanism  [28]  (RKKY  in  metals). 
Two-electron  processes  are  also  considered.  The  approach  is  superior  to  that  of  previ¬ 
ous  calculations  of  Jii{Rij)  in  DMS  which  considered  only  a  second  order  perturbative 
treatment  of  HK  [29].  The  retention  of  only  spin  degrees  of  freedom  in  HK  neglects 
many  of  the  effects  of  sp—d  hybridization  which  play  an  important  role  in  determin¬ 
ing  Jdi{Rij). 

Numerical  calculations  based  on  the  above  approach  indicate  that  AF  superex¬ 
change  accounts  for  about  95  %  of  j“  in  wide  gap  Cd  and  Zn  DMS  and  remains  dom¬ 
inant  out  to  about  fourth  nearest  neighbors  [7,9].  The  Bloembergen-Rowland  mechan¬ 
ism  makes  an  increasingly  important  contribution  in  narrower  gap  Hg  systems  (partic¬ 
ularly  for  more  distant  neighbors)  but  is  unlikely  to  ever  become  dominant.  Exchange 
processes  involving  holes  are  more  effective  than  those  involving  electrons  because  of 
the  larger  density  of  states  and  the  larger  degree  of  Mn  d  -  sp  band  hybridization  in 

the  sp  valence  band.  The  net  J**n  values  calculated  by  Larson,  et.  al.  for 
Cd1_jMnzTe  are  -12  K  in  [7]  and  -8  K  in  [9]  using  a  more  refined  set  of  parameters. 
The  excellent  ag^-ement  with  experiment  (-6,3  K  [26])  is  a  clear  indication  of  the  vali¬ 
dity  of  the  resulting  physical  picture  and  the  underlying  electronic  structure  model. 


Three— Level  Model  of  Superexchange 

We  have  recently  developed  a  more  physically  transparent  model  of  superex¬ 
change  in  Mn-based  systems  which  involves  only  the  essential  features  of  the  elec¬ 
tronic  structure  [9].  The  model  contains  four  parameters:  the  occupied  d  level  energy 
tj.  the  unoccupied  d  level  energy  -f  Uefj,  the  energy  of  the  valence  band  maximum 
Er,  and  a  Mn  d  -  anion  p  hybridization  parameter  V  The  analytic  expression 
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Jdi(R) 


-2^  l( tt  +  V'ff-EJ2";/,  +  (<<l+V'/f-Evr3 )  /(/?) 


can  be  written  down  immediately  in  analogy  with  the  full  fourth  order  perturbation 
theory  of  [7].  The  remarkable  feature  of  this  formula  is  that  the  function  f(R ),  which 
describes  the  dependence  on  the  Mn  -  Mn  separation  R,  is  largely  independent  of  the 
details  of  the  electronic  structure  within  a  closely  related  class  of  materials. 

For  II.  Mn  VI  DMS,  with  cubic  lattice  constant  a,  }{R)  is  well  approximated 
out  to  about  fourth  nearest  neighbors  by  the  Gaussian  decay  0.2  exp  (-4.89  R  /a  )  [7]. 
Trends  in  exchange  constants  upon  variations  in  the  group  II  or  group  VI  element  can 
thus  be  understood  directly  in  terms  of  the  corresponding  trends  in  electronic  struc¬ 
ture  parameters.  By  further  supplementing  this  model  with  the  Schrieffer- Wolff 
expression 
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one  can  obtain  a  consistent  description  of  both  Mn  -  sp  band  and  Mn  -Mn  exchange  in 
these  materials. 

The  utility  of  these  expressions  is  first  illustrated  by  considering  those  wide  gap 
IIj^Mn^Vl  DMS  for  which  reliable  experimental  values  of  j“  have  been  reported  [26]. 
The  composition  x=0.1  is  chosen  for  clarity  although  none  of  the  parameters  or 
results  depend  strongly  on  x.  The  electronic  structure  parameters  used  in  the  model 
are  given  in  the  left-hand  columns  in  Table  I.  The  Ev  -  values  for  the  two  Cd 
alloys  are  taken  from  photoemission  experiments  [18].  The  value  V tj.  7.0  eV  in 
Cd1_iMniTe  is  chosen  from  Fig.  2  and  the  increase  in  Ut„  in  Cd^Mn^Se  is 
estimated  from  the  smaller  dielectric  constant  in  this  system.  Both  Ev  -  and  U',t 
are  assumed  to  be  the  same  in  the  corresponding  Zn  alloys  since  these  quantities  are 
relatively  insensitive  to  the  cation  species.  The  values  of  V  4  are  determined  from  Eq. 
(2)  and  the  experimental  N0fi  values  in  the  table  [23]. 


Table  I  —  Electronic  structure  parameters  used  as  input  in  three-level  model 
and  associated  experimental  (exp.)  and  theoretical  (th.)  exchange  constants  for  a 
variety  of  Mn-based  DMS  and  rocksalt  insulators. 


N0I3  (exp.) 

(th.) 

(exp-) 

Cd09Mn0  ,Te 

3.4  eV 

7.0  eV 

0.88  eV 

-0.88  eV 

-8.0  K 

-6.3  K 

Cd0  gMn0  iSe 

3.4 

7.6 

1.01 

-1.11 

-9.0 

-7.9 

o-MnS 

0.5 

8.0 

1.08 

-1.7 

-4.4 

MnO 

-2.5 

9.0 

1.84 

-5.0 

.2 
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The  resulting  theoretical  values  of  J**  obtained  from  Eq.  (l)  are  compared  to  the 
corresponding  experimental  values  [26]  in  the  right-hand  columns  of  the  table.  The 
simple  model  not  only  yields  absolute  values  of  the  exchange  constants  within  50  %  of 
experiment  for  each  DMS  considered,  but  it  also  accounts  for  the  observed  trends 

towards  larger  J**n  in  Cd^Mn^Se  compared  to  Cdl  jMnjTe  and  when  Cd  is  replaced 
by  Zn.  Both  of  these  trends  result  from  an  increase  in  V '  4  which  we  attribute  to  a 
decrease  in  the  Mn  -  anion  bond  length.  The  failure  of  the  theory  to  account  for  the 
experimentally  observed  increase  in  J*Bn  in  Zn1_lMnjSe  compared  to  Zn1_jMnjTe  may 
be  an  artifact  of  our  assumed  constancy  of  Ev  -  ed  and  Utff  in  Cd  and  Zn  alloys. 

The  three-level  model  of  superexchange  outlined  here  is  expected  to  have  more 
general  applicability  to  a  variety  of  Mn  -  based  non-metals.  The  function  /(/?)  will 
differ  somewhat  depending  on  the  symmetry  and  sp  bandwidths  in  a  given  class  of 
materials  but  within  each  class  f{R)  is  expected  to  remain  largely  independent  of  the 
actual  atomic  constituents  |9].  We  illustrate  this  point  by  considering  the  Mn  -  based 
rocksalt  insulators  MnO  and  a-MnS.  By  coincidence,  the  appropriate  /(/?)  for  Mn 
nearest  neighbors  in  these  materials  (~  0.017)  turns  out  to  be  the  same  as  in 
Il1_iMn;tVI  DMS,  despite  the  difference  in  symmetry  and  smaller  sp  bandwidths  in  the 
rocksalt  systems  (9).  The  values  of  Ev—eit  Uef/  and  V  .  for  MnO  and  o-MnS  given  in 
Table  I  were  obtained  in  [9]  from  a  variety  of  theoretical  ingredients  including  LSDA 
calculations  [30]  and  tight-binding  "scaling  laws"  [11],  The  resulting  theoretical  values 

of  J**n  are  again  in  reasonable  agreement  with  experiment  [31].  More  importantly,  the 
increase  in  J  from  a-MnS  to  MnO  is  well  accounted  for  in  the  model  and  related 

nn 

directly  through  Eq.  (1)  to  changes  in  the  corresponding  electronic  structure  parame¬ 
ters. 
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A  detailed  description  is  presented  of  the  recently  developed  molecular  coherent-potential  approxi¬ 
mation  (MCPA)  theory  of  the  electronic  structure  of  zinc-blende  pseudobinary  alloys  [K.  C.  Hass, 

R.  J.  Lempert,  and  H.  Ehrenreich,  Phys.  Rev.  Lett.  52,  77  (1984)].  This  approach  is  superior  to  pre¬ 
vious  CPA  treatments  because  of  its  ability  to  treat  the  dominant  effects  of  both  random  chemical 
and  random  bond-length  variations.  The  two  effects  are  modeled  as  diagonal  and  off-diagonal  disor¬ 
der,  respectively,  in  an  empirical  tight-binding  framework.  A  straightforward  application  of  the 
MCPA  is  made  possible  by  the  presence  of  one  chemically  ordered  sublattice.  General  consequences 
of  this  approach  are  illustrated  through  detailed  applications  to  Ini.sGa,As  and  ZnSe.Tei-,.  The 
interference  between  chemically  and  structurally  induced  scattering  in  different  energy  regions  is  ana¬ 
lyzed  by  comparing  MCPA,  site  CPA,  and  virtual-crystal  spectral  densities  and  band-edge  proper¬ 
ties.  Differences  between  the  two  materials  are  used  to  contrast  the  behavior  in  cation-substituted 
III-V  and  anion-substituted  II-VI  alloys.  The  merits  of  the  MCPA  are  discussed  in  relation  to  some 
alternative  alloy  theories  (bond-centered  CPA,  supercell,  and  recursion  method). 


I.  INTRODUCTION 


Isoelectronic  semiconducting  alloys  have  become  in¬ 
creasingly  important  technologically  because  of  their 
tailorable  band  gaps  and  other  materials  properties.1  In 
recent  years  considerable  effort  has  been  devoted  to  exam¬ 
ining  the  role  that  disorder  plays  in  determining  their 
electronic  structure.2  This  issue  is  of  practical  as  well  as 
intrinsic  interest  since  the  presence  of  disorder  may  im¬ 
pose  fundamental  limits  on  device  performance.  While 
some  progress  has  been  made  in  understanding  disorder 
effects  in  certain  specific  alloy  semiconductors, 3 4  no"  fully 
satisfactory  theory  has  yet  emerged  which  is  capable  of 
providing  quantitatively  accurate  results  for  a  variety  of 
materials  over  a  wide  energy  range. 

This  paper  focuses  on  an  important  restricted  class  of 
semiconducting  alloys  known  as  zinc-blende  pseudobinary 
alloys.  These  materials  are  of  the  form  A\_x  A'JB  where 
the  A  ’B  and  A  "B  limiting  crystals  are  ordinary  III-V  or 
II-VI  compound  semiconductors  having  the  zinc-blende 
structure.  (The  A '  and  A  "  atoms  may  be  either  cations, 
as  in  Hgi_*Cd*Te,  or  anions,  as  in  GaAsi_,Pj,.l  Alloy 
disorder  in  these  systems  is  conveniently  divided  into  a 
chemical  and  a  structural  component.  The  former  is  asso¬ 
ciated  with  the  different  atomic  potentials  of  the  A'  and 
A"  atoms,  which  we  will  assume  to  be  randomly  distri¬ 
buted.5  The  latter  is  associated  with  local  distortions  in 
the  underlying  lattice  structure  which  occur  due  to  a 
difference  in  A' — B  and  A" — B  bond  lengths.  The  pres¬ 
ence  of  structural  disorder  was  first  unambiguously 
identified  by  Mikkelsen  and  Boyce6  in  extended  x-ray- 
absorption  fine-structure  (EXAFS)  measurements  on 
Ini^Ga* As.  There  the  In — As  and  Ga — As  nearest- 
neighbor  bond  lengths  were  found  to  vary  by  less  than 
2%  from  their  limiting-crystal  values,  despite  a  7 % 
Vegard’s-law  (linear)  variation  in  the  average  x-ray  lattice 
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constant.  A  similar  near  conservation  of  tetrahedral  bond 
lengths1  has  also  been  observed  recently  in  EXAFS  results 
for  other  zinc-blende  pscudobinary  systems.8  This  effect 
is  believed  to  be  a  general  feature  of  these  materials  result¬ 
ing  from  the  much  stronger  bond-stretching  forces  com¬ 
pared  to  bond-bending  forces  in  covalent  systems.1  ’ 

Most  previous  band-structure  calculations1  for  zinc- 
blende  pseudobinary  alloys  have  either  neglected  disorder 
entirely  [as  in  the  virtual-crystal  approximation  (VCA)], 
or  else  taken  into  account  only  the  chemical  compo  ent 
[e.g.,  in  the  coherent-potential  approximation 10  (CPA)}. 
A  more  comprehensive  treatment,  capable  of  including 
the  dominant  effects  of  both  types  of  disorder,  as  well  as 
the  correlations  between  them,  was  outlined  by  the 
present  authors  in  a  recent  Letter. 11  The  approach  is 
based  on  modeling  of  chemical  and  structural  disorder  as 
diagonal  and  off-diagonal  disorder,  respectively,  in  an 
empirical  tight-binding  framework. 12-13  An  unconven¬ 
tional  unit  cell  is  chosen  so  that  the  dominant  disorder 
effects  are  “cel!  diagonal."  The  problem  is  then  treated 
within  the  molecular  coherent-potential  approximation 
(MCPA). 14  This  simple  matrix  extension  of  the  CPA  re¬ 
tains  the  favorable  analytic  properties  of  the  CPA. 14(61  A 
complex  MCPA  effective  potential  is  defined  by  the  condi¬ 
tion  that  a  single  cell,  as  opposed  to  a  single  site,  embed¬ 
ded  in  the  effective  medium,  on  average,  produces  no  fur¬ 
ther  scattering.  (The  imaginary  part  of  the  potential 
reflects  the  fact  that  alloy  quasiparticle  states  are  damped.) 
Early  applications  of  the  MCPA  to  binary  metallic  alloys 
were  of  limited  validity  because  of  the  absence  of  an  ap¬ 
propriate  molecular  unit.15  A  natural  unit  exists  in  the 
case  of  zinc-blende  pseudobinary  alloys  because  of  the 
presence  of  the  chemically  ordered  B  sublattice. 16 

This  paper  provides  a  much  more  complete  account  of 
the  MCPA  treatment  of  zinc-blende  pseudobinary  alloys. 
Important  general  consequences  of  this  approach  are  dis¬ 
cussed  in  detail  and  illustrated  by  specific  applications  to 
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Ini_xGa,As  and  ZnSexTei_x.  These  materials  were 
chosen  both  for  the  interesting  contrasts  they  provide  (the 
former  is  a  1II-V  cation-substituted  alloy  and  the  latter  is 
a  II-VI  anion  substituted  alloy)  and  because  both  are  ex¬ 
pected  to  exhibit  appreciable  chemical  and  structural  dis¬ 
order. 17  While  it  is  not  our  intent  here  to  provide  a 
definitive  treatment  of  these  materials,  the  detailed  semi- 
quantitative  descriptions  which  emerge  may  nevertheless 
be  of  interest  in  their  own  right. 

The  key  assumptions  of  the  MCPA  model  and  its  basic 
formalism  are  outlined  in  Sec.  II.  The  disordered-alloy 
Hamiltonian  is  constructed  by  interpolating  between 
Slater-Koster  parameters12  for  the  limiting  crystals.  Sec¬ 
tion  III  discusses  the  specific  choice  of  parameters  for  the 
Ini_xGaxAs  and  ZnSexTei_x  systems.  Constraints  simi¬ 
lar  to  those  suggested  by  Harrison13  are  imposed  to  ensure 
the  physical  reasonability  of  the  MCPA  scattering  param¬ 
eters. 

The  significance  of  structural  disorder  is  illustrated  by 
means  of  comparisons  of  the  MCPA  results  to  those  of 
the  VCA  and  site  CPA  (Ref.  4)  (diagonal,  or  chemical, 
disorder  only).  Section  IV  examines  this  issue  in  the  con¬ 
text  of  damping  effects  throughout  the  bands.  Section  V 
focuses  on  two  band-edge  properties:  the  alloy  scattering 
mobility  and  band-gap  “bowing.”1,2  The  principal  con¬ 
clusions  are  that  (1)  disorder  effects  are  generally  small, 
particularly  near  the  band  edges,  (2)  the  effects  of 
structural  disorder  in  these  alloys  can  be  of  comparable 
magnitude  to  those  of  chemical  disorder,  and  (3)  the  inter¬ 
play  between  the  two  types  of  disorder  can  either  enhance 
or  diminish  the  total  scattering  in  a  particular  energy  re¬ 
gion.  A  preliminary  discussion  of  these  results  based  on 
more  limited  calculations  for  Int_xGaxAs  was  given  in 
Ref.  11. 

The  paper  concludes  in  Sec.  VI  with  a  discussion  of  the 
relationship  between  the  MCPA  and  some  alternative  al¬ 
loy  theories.  Sections  VI A  and  VI B  present  comparisons 
to  results  obtained  within  the  bond-centered  CPA  and  the 
supercell  approach,1- '*  respectively.  Section  VIC  briefly 
comments  on  the  recursion  method. 19,20  The  bond- 
centered  CPA  is  a  limiting  case  of  the  MCPA  similar  to 
that  used  in  many  previous  treatments  of  zinc-blende 
pseudobinary  alloys.3,21  It  is  shown  here  to  be  unreliable 
for  alloys  with  appreciable  chemical  disorder  because  it 
neglects  an  important  distinction  between  s-like  and  p-Iike 
scattering.  The  former  usually  dominates  because  s  states 
are  more  sensitive  to  the  core. 

Supercell  and  recursion-method  calculations  are  con¬ 
ceptually  different  in  that  they  do  not  involve 
configuration  averaging.  The  former  applies  standard 
crystalline  band -structure  techniques  to  ordered  alloy 
configurations.  This  approach  is  especially  interesting  in 
view  of  recent  experimental5l*u<il  and  theoretical511’1  indi¬ 
cations  that  the  growth  of  such  ordered  alloys  may,  in 
fact,  be  possible.  The  recursion  method,  by  contrast,  is  a 
cluster  approach.  We  argue  that  both  this  and  the  super¬ 
cell  method  contain  much  of  the  same  basic  physics  as  the 
MCPA  and  lead  to  similar  physical  results.  The  supercell 
method,  however,  provides  more  limited  band-structure 
information  for  random  alloys  because  of  its  introduction 
of  artificial  periodicity. 


II.  DESCRIPTION  OF  THE  MODEL 

A.  Tight-binding  treatment  of  structural  disorder 

The  basic  idea  illustrating  the  MCPA  treatment  cf 
structural  disorder  is  shown  schematically  in  Fig.  1  for  a 
two-dimensional  analog  of  the  zmc-blende  structure. 

The  upper  half  of  the  figure  shows  the  true  structure 
expected  for  a  concentrated  A  \  ..x  A‘t‘B  alloy  whose  limit¬ 
ing  crystals  A'B  and  A"B  are  poorly  lattice  matched 
We  assume  that  the  crystalline  nearest-neighbor  bond 
lengths  d  AB  and  dAB  are  such  that  d  <B  >d  lB  The 
characteristic  feature  recently  revealed  by  EXAFS  is  that 
the  A' — B  and  A" — B  bond  lengths  do  not  change  very 
much  in  the  alloy  but  instead  retain  mean  values  closer  to 
d_AB  and  dA-B  than  to  the  average  value 
dU>=(  1  —  x)dA  s  -i -xd A-B.  The  associated  distortions  are 
accommodated  locally  and  preserve  the  zinc-blende  topol¬ 
ogy.  Such  structural  disorder  is  much  simpler  than  that 
in  amorphous  semiconductors.  An  effective-medium  ap¬ 
proach  is  therefore  more  appropriate. 

Within  tight-binding  theory,  the  actual  locations  of  the 
atoms  never  need  to  be  specified  as  long  as  the  Hamiltoni¬ 
an  contains  the  appropriate  matrix  elements  and  has  the 
property  connectivity.22  The  alloy  constituents  in  the 
MCPA  are  thus  assumed  to  occupy  the  sites  of  an  or¬ 
dered  zinc-blende  "virtual  lattice”  with  nearest-neighbor 
spacing  d(x).  Structural  distortions  are  modeled  by 
choosing  the  Hamiltonian  matrix  elements  to  be  those  ap¬ 
propriate  to  the  actual  distorted  structure.  This  is  done 
here  by  assuming  that  the  structural  disorder  resides  en¬ 
tirely  in  the  variation  of  the  dominant  nearest-neighbor 
hopping  integrals.  The  hopping  associated  with  the 
longer  A' — B  bond  is  assumed  to  be  smaller  in  magni¬ 
tude  than  that  associated  with  the  A" — B  bond,  as  illus- 


Model  i  <  |hA.Bi 


FIG.  1  Two-dimensional  analogue  of  the  true  structure  of  an 
A\  -t  Ai'B  zinc-blende  alloy  and  its  corresponding  "virtual  lat¬ 
tice"  model.  The  bond-length  difference  d  A  i  >d  A  B  is  modeled 
as  a  difference  in  hopping  integrals  |  h  j  <  \k  <-»  i . 
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trated  in  the  lower  half  of  Fig.  1 . 

Additional  effects  associated  with  bond-angle  variations 
and  longer-range  strain  fields23  are  neglected  to  make  the 
problem  tractable.24  Estimates  indicate  that  for  a  general 
k  point  this  will  usually  be  a  good  approximation.  Near 
the  band  edges,  however,  angular  variations  and  long- 
range  strain  fields  play  an  increasingly  important  role25 
because  of  the  higher  symmetry  and  long  wavelength  of 
states  near  k=0.  We  return  to  this  issue  in  Sec.  V  as  a 
possible  explanation  for  some  of  the  quantitative 
discrepancies  in  the  MCPA  band-edge  results. 

One  additional  feature  of  Fig.  1  is  worth  noting.  Since 
the  A '  atoms  are  always  surrounded  by  longer  bonds  than 
the  A"  atoms,  the  structural  and  chemical  disorder  are 
strongly  correlated.  These  correlations  were  neglected  in 
many  earlier  treatments  of  structural  disorder  in  zinc- 
blende  alloys  based  on  analogies  with  finite-temperature 
effects. 2lcU6  They  are  naturally  included  in  the  present 
model  and  will  give  rise  to  novel  interference  effects  be¬ 
tween  the  two  types  of  disorder. 

B.  Construction  of  the  alloy  Hamiltonian 

A  realistic  alloy  Hamiltonian  based  on  these  ideas  is 
constructed  by  interpolating  between  Slater-Koster  pa- 
rametrizations  of  the  electronic  structure  of  the  limiting 
crystals. 12  An  orthonormal  basis  of  one  s  and  three  p  or¬ 
bitals  per  site  is  employed  with  hopping  integrals  extend¬ 
ing  up  to  second-nearest  neighbors.  This  is  known  to  pro¬ 
vide  a  reasonable  description  of  the  valence  and  lowest 
conduction  bands  in  zinc-blende  crystals.4  The  trunca¬ 
tion  at  second  neighbors  is  not  essential  to  the  MCPA  for¬ 
malism  but  provides  a  useful  compromise  between  ease  of 
parametrization  and  the  quality  of  the  resulting  band 
structures. 

The  alloy  disorder  is  modeled  most  conveniently  by 
performing  a  unitary  transformation  to  an  equivalent  basis 
of  sp3  hybrid  orbitals.  Details  of  this  procedure  are 
presented  in  the  Appendix.  The  unconventional  unit  cell 
shown  in  Fig.  2  is  chosen  for  reasons  described  in  more 
detail  below.  The  cell  is  centered  on  an  A  sublattice  site 
and  consists  of  the  four  sp 3  hybrid  orbitals  from  the  cen¬ 
tral  A  atom  plus  those  four  from  neighboring  B  atoms 
which  point  in  the  direction  of  the  central  site.  The  orbit¬ 
als  are  labeled  as  |  aj)  where  a  =1-4  correspond  to  A 
hybrid  orbitals,  a  =  5-8  to  B  hybrid  orbitals,  and  R,  is  a 
lattice  vector.  Orbitals  1  and  5,  2  and  6,  3  and  7,  and  4 
and  8  lie  along  the  [111],  [1  IT],  [Ill],  and  [ill]  direc¬ 
tions,  respectively. 

Construction  of  the  Bloch  sums 

| a,k)=N “ 1/2 2  e<k  R/ 1  a,j)  ,  (1) 

i 

where  N  is  the  number  of  unit  cells  in  a  normalization 
volume,  reduces  each  limiting-crystal  Hamiltonian  tc  an 
8x8  matrix  for  each  k  point.  The  crystalline  matrix  ele¬ 
ments  are  conveniently  written  in  the  form 

<a,k\H \0,k)=ta0+  2  Aafl<0,yVk'*' 

yi~0> 

+  (a,k  |  Hi  \0,k)  .  (2) 


FIG.  2.  Unit  cell  employed  in  the  MCPA  model  of 
A\~,  A','B  zinc-blende  alloys.  Lobes  represent  ip-  hybrid  orbit¬ 
als  on  central  A'  or  A"  atom  and  on  neighboring  B  sites 
Chemical  disorder  is  modeled  by  random  t4  and  V<4. 
Differences  in  A '■ — B  and  A" — B  bond  lengths  are  modeled  by 
random  Vf*. 


The  £„ g  contain  only  intra-atomic  and  nearest-neighbor 
hopping  integrals  which  couple  orbitals  within  the  same 
cell.  The  most  important  of  these  are  the  matrix  elements 
E'4,  V*.  and  V*8  shown  in  Fig.  2.  The  h„g{0j)  contain 
intra-atomic  and  nearest-neighbor  hopping  integrals  which 
couple  orbitals  in  different  cells.  An  example  would  be  a 
Vf  coupling  (not  shown)  between  two  sp3  hybrid  orbitals 
on  a  B  atom.  The  last  term  in  Eq.  (2)  describes  second, 
and  in  principle,  more  distant  neighbor  interactions.  Ex¬ 
plicit  expressions  for  the  taB,  ha#0,j),  and  (a,k  I  //>  !  /?,k ) 
in  terms  of  Slater-Koster  parameters  are  presented  in  the 
Appendix. 

The  advantage  of  this  unusual  description  is  that  it  al¬ 
lows  the  dominant  disorder  effects  in  the  alloy  to  be 
modeled  entirely  in  terms  of  the  randomly  distributed 
cell-diagonal  matrix  elements  e ag.  This  restriction  is 
essential  for  straightforward  application  of  the  MCPA. 
The  specific  assumptions  concerning  the  form  of  disorder 
made  here  are  motivated  by  Harrison's  universal  tight- 
binding  scheme13  and  defect  molecule  calculations  of  iso¬ 
lated  impurity  levels  in  semiconductors. 27  The  chemical 
component  is  represented  by  differences  between  the  e  4 
and  V 4  matrix  elements  for  A '  and  A"  atoms.  This  is 
equivalent  to  assuming  that  the  s  and  p  atomic-level  ener¬ 
gies  differ  in  A'  and  A"  atoms.  The  difference  in  A' — B 
and  A  " — B  bond  lengths  is  represented  by  different  V  4B 
hopping  integrals  for  the  two  types  of  bonds.  Other  in¬ 
teratomic  matrix  elements  are  an  order  of  magnitude 
smaller  and  are  treated  in  an  averaged  fashion,  as  are 
intra-atomic  matnx  elements  h„g  for  the  B  sites. 

The  A\~XA'X'B  alloy  Hamiltonian  can  then  be  written 
as 

W. )kiy=  J  2  i  a,j)vaB(j)(0,j  I  +H  ,  (3) 

I  a.B 

where  H  is  a  penodic  reference  Hamiltonian  with  k-space 
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matrix  elements 

(a,k  |/7  |/?,k>  =Eag+  J 

yl*OI 

+  <a,k  |  Hi  l/3,k>  (4) 

and  the 

yafl(;>  =  Ea^y)-£a^;)  *5) 

are  fluctuations  in  the  intracell  matrix  elements  with 
respect  to  their  average  values  at  site  R,.  The  averaged 
quantities  in  Eq.  (4)  are  obtained  using  a  scaled  version3 
of  the  VCA  specified  below.  The  Eagiy)  are  assumed  to 
take  on  two  sets  of  values,  with  probabilities  1  —  x  and  x, 
respectively,  depending  on  whether  the  central  A  atom  in 
the  cell  is  A '  or  A".  For  simplicity,  we  define  these 


quantities  so  that  the  matrix  elements  shown  explicitly  in 
Fig.  2  retain  their  limiting  crystal  values  tA  ,  V j'1  ,V*B  or 
zA  ,Vf  ,V*  B.  A  generalization  to  allow  these  matrix 
elements  to  vary  with  x  could  also  be  easily  introduced. 
A  variation  in  V {  B,  for  example,  could  reflect  the  fact 
that  the  A’ — B  bond  lengths  do  change  slightly  in  the  al¬ 
loy,  although  much  less  rapidly  than  the  average  bond 
length  d(x). 

The  linear  x  dependence  of  d(x)  and  the  corresponding 
virtual  lattice  constant  are  taken  into  account  through  an 
appropriate  choice  of  reference  Hamiltonian  H.  Here  we 
employ  Harrison's  ansatz13  that  interatomic  matrix  ele¬ 
ments  in  zinc-blende  crystals  scale  as  d  ~2,  the  inverse 
square  power  of  the  bond  length.  Other  scaling  laws28 
produce  only  small  quantitative  changes.  The  averaged 
quantities  in  Eq.  (4)  are  defined  to  be 


hafiiOJ)  — 


\\\—x)tSp  +xz£eB  for  e  ,  Vf,  VfB,  and  e*  , 
1(1—* )(r')t&,B+x(r")t!&B  for  all  other  parameters 
( 1  —x)h£gB{0,j)+xh£pB(0,j)  for  Vf 


and 


!  w  '  V  '  -ij-  I  i 

\{\-xHr')h$,B(0,j)+x{r")h$;B(0J)  for  all  other  parameter 


(6a) 

(6b) 


<a,k\H2\0,k)=(l-xHr-)<a.klH2A'B  \P,k)+x(r")(a,k\HfB \0,k)  , 


(6c) 


where  r' =[d  /d(x)]2  and  r"=[dA-B/d(x)]2.  The  superscripts  indicate  limiting-crystal  values.  The  matrix  elements 

e®  and  Vf  are  defined  in  an  analogous  fashion  to  eA  and  Vf  (see  the  Appendix).  The  VfB  parameter  in  Eq.  (6a)  is  not 
scaled  in  order  to  simplify  the  MCPA  formalism.  Since  the  actual  choice  of  tag  is  arbitrary  as  long  as  the  v^j)  in  Eq. 
(S)  are  properly  specified,  this  has  no  bearing  on  the  final  results. 

The  Oaff(j)  can  now  be  written  explicitly  as 


j)— 


xA a$  if  site  R,  is  occupied  by  an  A'  atom  , 

!—  (1—  x)&ap  if  site  Ry  is  occupied  by  an  A"  atom  . 


(7) 


The  A aB  are  elements  of  the  scattering  matrix 


A  = 


Ao  A|  A|  A|  Ai  0  0 


A, 

A, 

A, 

Aj 

0 

0 

0 


Ao  At  At 
A|  Ao  At 

A, 

0 


A, 

0 


a2  0 
0  a2 


Ao 

0 

0 

0 

A2 


with  scattering  parameters 
Ao  =  E'<  — E'8  , 

and 

A2  =  vf'B-vfB  . 


A2 

0 

0 

0 

0 

0 

0 


0 

a2 

0 

0 

0 

0 

0 


0 

0 

A2 

0 

0 

0 

0 


[cf.  Eq.  (A8)J.  For  dAs  >d  A-g,  we  constrain  the 
“structural  parameter”  A2  to  be  positive  since  VfB  is  gen¬ 
erally  negative  and  its  magnitude  decreases  with  increas¬ 
ing  bond  length. 

This  completes  the  description  of  the  alloy  Hamiltonian 
used  in  Ref.  11  and  the  present  work.  The  form  of  A 
jgj  may  also  be  generalized  to  include  disorder  in  other  intra¬ 
cell  matrix  elements.  The  inclusion  of  additional  diagonal 
elements  in  A  to  reflect  a  dependence  of  fl-site  hybrid  en¬ 
ergies  on  the  occupation  of  the  central  A  site  would  be  of 
particular  interest.  “Redistribution  disorder”  of  this  kind 
has  been  considered  previously  in  studies  of  the  alloy 
scattering  mobility  in  zinc-blende  alloys.29  It  is  neglected 
here  because  (1)  its  importance  is  difficult  to  assess  in  an 
empirical  scheme,  and  (2)  more  severe  limitations  on  the 
accuracy  of  the  present  calculations  are  believed  to  result 
(9b)  from  the  neglect  of  intercell  disorder  effects,  particularly 
those  resulting  from  bond-angle  variations  about  the  B 
sites. 

(9c)  C.  Implementation  of  the  MCPA 


The  signs  of  the  “chemical  parameters”  A0  and  Ai  depend  The  alloy  Hamiltonian,  Eq.  (3),  is  a  simple  matrix  gen- 
on  the  relative  binding  energies  of  atomic  s  and  p  levels  eralization  of  the  one-band  single-site  Hamiltonian  used 
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extensively  in  early  CPA  studies.10  The  MCPA  analysis 
proceeds  in  an  analogous  fashion.  The  present  section 
serves  only  to  outline  the  most  basic  features  of  the  for¬ 
malism  as  applied  to  the  present  problem.  Additional  de¬ 
tails  and  the  analytic  properties  of  the  MCPA  Green’s 
function  are  discussed  in  Ref.  14. 

The  disordered-alloy  Hamiltonian  is  replaced  in  the 
MCPA  by  a  periodic  effective  Hamiltonian 

Haiz)=H+Hz)  (10) 

which  is  a  function  of  the  complex  energy  z.  The  effective 
potential,  or  self-energy  I(z),  is  itself  complex  and  cell- 
diagonal.  Its  8x8  matrix  representation  I(z)  in  the  basis 
j a,j)  or  |a,k>  is  determined  by  the  condition  that  the 
average  t  matrix  associated  with  scattering  from  a  single 
celt  (as  opposed  to  a  single  atom)  embedded  in  the 
effective  medium  vanish.  This  leads  to  the  self- 
consistency  condition 

i(z)=[(l-x)A  +  2(z)]£(z)[xA-I(z)]  (11) 

which  is  analogous  to  that  obtained  in  the  single-site, 
single-band  CPA.  Here  F(z)  is  the  cell-diagonal  block  of 
the  Green’s  function  with  matrix  elements 

Fag(i)=N~l  2[z/-H,.,r(k,z  )]<,>'  ,  (12) 

k 

/  is  the  8  X8  identity  matrix,  and  has  matrix  ele¬ 

ments 

<a,k  |  H*(z)  1 0,k>  =  <a,k  |  H  \  0\)  +  1^  .  (13) 

Symmetry  conditions  on  the  Ia0  allow  us  to  write  2(z) 
explicitly  as 

2o  if  If  If  2iB  Ij4®  II4®  II4® 

if  lo®  If  If  I]4®  If®  II4®  If® 

if  If  1$  If  II4®  If®  II4®  Is4® 

If  If  If  2<f  If®  If®  li4®  If® 

S(z)=  2i,a  24b  2ab  2aa  2fl  2*  2a  . 

If®  If®  If®  2f®  2®  2?  2?  If 

If®  If®  If®  If®  If  If  If  If 

II4®  I)4®  Ij^®  If®  I®  If  I?  If 

(14) 


(Throughout  this  paper  we  use  the  single  subscript  t2  to 
denote  quantities  whose  tu,hy,iu  components  are  all 
equal.)  The  scattering  matrices  in  Eq.  (15)  are  given  by 

A,  A2  _  Ap  A, 

A<,i=  A2  0  ’  A,:=  A2  0  ’  ll6) 

where  Aj  =  A0+3A|  and  Ap=A0  —  A(.  The  quantities  A, 
and  Ap  are  simply  the  differences  in  the  A '  and  A"  s  and 

p  on-site  energies  in  an  atomic-orbital  basis.  The  self¬ 

energy  has  the  form 

If(z)  If®(z) 

ii(z)=  2jiBiz)  2j5(i)  .  k=a{,t2  ,  (17) 

with 

If,(z)=2(f +32f,  2,f(z)=2o  — If  , 

If|®(z)  =  If*+3If®,  lf®(z)  =  2f ®  — If®  .  (18) 

I®(z)  =  2f+3lf,  2®(z)  =  I®— I®  . 

The  Green’s-function  matrices  F/(z)  are  defined  by  ex¬ 
pressions  similar  to  Eqs.  (17)  and  (18).  These  quantities 
couple  the  o(  and  t2  equations  since  both  F„t  and  £,.  de¬ 
pend  on  both  and  I,,  through  Eq.  (12).  If  A2=0,  Eq. 
(15)  reduces  to  the  scalar  site  CPA  equations  considered 
previously  by  Hass,  Ehrenreich,  and  Velicky.4  This  limit 
of  chemical  disorder  only  will  be  used  as  a  basis  of  com¬ 
parison  for  the  present  MCPA  results. 

The  alloy  electronic  structure  in  the  MCPA  is  con¬ 
veniently  described  by  the  spectral  density  function 

!a.k>  , 

a 

(19) 

with  E  +  =£  +  i0+.  A  (k,£)  represents  the  average  prob¬ 
ability  of  finding  an  electron  with  wave  vector  k  having  an 
energy  E.  Denoting  the  eigenstates  and  corresponding  ei¬ 
genvalues  of  H  by  |nk)  and  £„  ( k  >,  respectively,  we  can 
write  Eq.  (19)  in  the  form 


The  structure  of  Fiz)  is  identical.  [Note  that  all  the  ele¬ 
ments  of  liz)  are  nonzero  despite  the  sparseness  of  the 
scattering  potential  A.  The  level  of  complexity  is  thus  not 
affected  by  the  inclusion  of  additional  intraceil  disorder 
effects.] 

The  matrix  equation  (11)  is  simplified  considerably  by 
exploiting  the  tetrahedral  symmetry  of  the  effective  medi¬ 
um.  Block  diagonalization  reduces  the  problem  to  two 
2x2  matrix  equations  associated  with  the  usual  a t  and  r2 
symmetries: 

S».(z)=[(l  -x)A^  +  I*(z))^(z)[xA,-Ix(z)]  , 

A.=a,,t2  .  (15) 


where 

(nk  \  I(E  +  )  |  nk  )  =a'nlk,E)+i<s^(k,E)  (21) 

defines  the  real  and  imaginary  parts  of 
(nk  |  I(£+ )  |  nk  ).  In  the  absence  of  disorder  I(£  *)=0 
and  A  (k,£)  reduces  to  a  series  of  5  functions  at  the  band 
energies  £„(k).  In  the  weak-scattering  limit, 10  which  is 
often  applicable  in  semiconductors,  tr^'(k,£)  is  smaii  and 
the  principal  effect  of  the  disorder  is  to  shift  the  spectral 
density  peaks  and  to  broaden  them  into  Lorentzians. 

It  is  useful  to  express  (nk  |I(£*)f;tk>  in  terms  of 
the  self-energy  components  defined  in  Eq.  (17).  We  first 
introduce  the  symmetrized  orbitals 
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|a<V>=<  I  l,y>+  |2,y>  +  |3,y>  +  !4,y>)/2  , 
|f&,7>=<  I  !./>+  |2J>-  |3,y>-  1 4,y  )  )/2  , 
|1J>- |2,y>  +  |  3,y )  —  |4J>)/2  . 
|r£,7>=(  |  l,y>-  !2.y>-|3J>+  1 4,y ) )/2  , 
I  o*J)  =<  I  5J>  +  !  6,7  >  +  |  7,j  >  +  |  8,7  >  )/2  , 


|f&,7>=<  [5J>+  I  6,y>—  (7,y>_  j  8,7 ) )/2  , 
|f?j,,7>=<  I  5,y  >  —  i  6,7 )  -+-  17,7')-  |  8,7  >  )/2  , 
t  I  5,7" )  —  i6,7>-  )  7,7' >  +  |  8,7' ) )/2  , 

the  first  four  of  which  reduce  to  ordinary  s  and  p  atomic 
orbitals  on  the  A  sites.  The  appropriate  expansion  is  then 


J 


<nk|2(£i‘)|i»k>=2(|  (nk|  kA,j)  |  22*(£’  +  )+  i  (nk  |  A.*)  1 22f(£  ^ ) 

k 

+  2Re<(nk  |  kA,j)(kB,j  |nk>)2x^(£  +  )]  .  (23) 


where  k=a],t2x*t2y,tz!  and  all  three  h  components  of  the 
self-energy  are  equal  to  the  values  given  in  Eq.  (18).  In 
the  weak-scattering  limit,  the  2*.  themselves  can  be  ex¬ 
panded  as 

Z£(z)«x  ( 1  -x)[Alfl!(z)+2£^£L2ft!B(z)+ A|/f<z)]  , 
2(<i(2)=x(l-x)[AxAi/-l4(2)+Ai/-^(z)]  ,  (24) 

2f(z)«x(l  —  Jc)[Ai/" X*<z)]  . 

Here  Aa,  =A„  A,3=AP  and  the  A(z)’s  arc  components  of 
the  VCA  Green’s  functions  Fa]{z)  and  F,2(z)  obtained  by 
setting  £ a/5=0  in  Eqs.  (12)  and  (13).  These  expressions 
again  reduce  to  those  of  Ref.  4  in  the  case  A2=0.  Only 
the  A  site-diagonal  components  then  contribute.  If,  furth¬ 
ermore,  |  At  |  »  |  Ap  | ,  which  is  often  satisfied  in  prac¬ 
tice,  Eq.  (23)  becomes  simply 

</ik|2(E  +  )|nk>«x(l— x)AJ |  (nk\of,j)  . 

(25) 

This  expression  and  Eqs.  (23)  and  (24)  will  be  helpful  in 
Secs.  IV  and  V  for  comparing  the  MCPA  and  site-CPA 
results. 

The  calculations  are  performed  numerically  by  an  itera¬ 
tive  procedure  using  the  full  MCPA  expressions.  The 
first  step  is  to  obtain  the  cell  local  Green’s  function  Flz) 
for  2=0.  This  is  done  by  inverting  the  effective  Hamil¬ 
tonian  in  Eq.  (12)  and  summing  over  the  Brillouin  zone. 
The  resulting  matrix  is  then  transformed  into  the  at  and 
ti  basis  and  the  self-energies  2U(z)  are  calculated  using  a 
modified  version30  of  Eq.  (15).  The  2*(z)  are  then 
transformed  back  into  the  hybrid  basis  and  a  new 
/?dr(k,z)  is  found.  The  process  is  repeated  until  conver¬ 
gence. 

The  most  time-consuming  aspect  of  the  calculations  in¬ 
volves  the  Brillouin-zone  integrations.  These  are  more 
difficult  here  than  in  the  site  CPA  because  additional  off- 
diagonal  Green’s-function  matrix  elements  are  required. 
The  computational  effort  is  reduced  considerably  by  a  re¬ 
cently  developed  technique  based  on  analytic  continua¬ 
tion.31  All  calculations  are  first  performed  off  the  real 
axis  where  the  integrand  of  Eq.  (12)  is  slowly  varying. 
When  full  convergence  is  reached,  usually  after  three  to 
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five  iterations,  quantities  of  physical  interest  are  analyti¬ 
cally  continued  back  to  the  real  axis.  A  sampling  of  444 
k  points  in  the  Brillouin  zone  was  found  to  be  sufficient 
for  most  of  the  numerical  integrations  required  in  this  pa¬ 
per.  Still,  the  MCPA  was  found  to  require  about  3  times 
as  much  computer  time  as  an  equivalent  site  CPA  calcu¬ 
lation. 

III.  LIMITING-CRYSTAL  PARAMETRIZATIONS 

The  success  of  the  MCPA  approach  depends  in  large 
part  on  the  choice  of  tight-binding  parameters  for  the  lim¬ 
iting  crystals.  It  is  physically  simpler  to  address  this 
problem  in  the  more  familiar  atomic-orbital  basis  using 
the  standard  Slater-Koster  notation. 12  Parameters  in  the 
jp3-hybrid  basis  follow  from  the  transformation  in  the 
Appendix. 

As  in  Sec.  II,  we  formally  neglect  spin-orbit  splitting 
for  computational  convenience.  The  MCPA  formalism  is 
easily  generalized  to  include  this  interaction  but  the  re¬ 
sulting  matrices  are  then  doubled  in  size.  The  empirical 
nature  of  the  MCPA  implies  that  scalar  relativistic  effects 
are  automatically  included  as  long  as  parameters  are  ob¬ 
tained  by  fitting  to  experimental  data  or  relativistic  calcu¬ 
lations.  However,  the  magnitudes  of  the  spin-orbit  split¬ 
tings  themselves  in  Ini_*Ga,As  and  ZnSe„Tei_,  are  ac¬ 
tually  quite  large  [from  -Edl)  — £(n)=0.35  eV  in  GaAs 
to  0.9  eV  in  ZnTe;  cf.  Table  I].  Suitable  corrections  must 
thus  be  included  in  comparing  with  experiment  (cf.  Sec. 
V) 

To  reduce  the  arbitrariness  associated  with  the  large 
number  of  tight-binding  parameters  (23  for  each  crystal), 
we  require  that  the  parametrizations  satisfy  various  physi¬ 
cal  criteria  in  addition  to  providing  a  reasonable  fit  to  the 
limiting-crystal  bands.  This  is  particularly  important  for 
the  alloy  scattering  parameters  AJ(  A?,  and  Ai.  This 
problem  was  discussed  extensively  in  Ref.  4  for  the  case 
of  chemical  disorder  alone. 

The  specific  physical  constraints  imposed  on  each 
A  1  -j,  Aj'B  system  are  the  following. 

(1)  The  difference  in  A'  and  A"  on-site  parameters  in 
the  atomic  basis  should  closely  approximate  the 
differences  in  corresponding  atomic-energy  levels. 

(2)  The  B  on-site  energies  should  be  the  same  in  the 
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TABLE  I.  Comparison  of  energy  eigenvalues  (in  eV)  at  T,  X,  and  L  in  present  tight-binding  model  with  empirical  pseudopotential 
method  (EPM)  results  of  Ref.  33  for  InAs  and  GaAs  and  experimental  results  for  ZnSe  and  ZnTe.  Symmetry  labels  including  spin- 
orbit  interactions  are  given  in  parentheses. 


InAs 

Present 

work 

EPM 

GaAs 

Present 

work 

EPM 

ZnSe 

Present 

work 

Expt. 

ZnTe 

Present 

work 

Expt. 

n  an 

- 12.42 

- 12.42 

-13.16 

-12.55 

-  15.39 

—  IS^® 

-12.62 

— 12.6“ 

ini 

-0.26 

-0.35 

1 

O 

c*j 

-0.50' 

nf  <n> 

0.03 

0.17* 

-0.10 

0.00 

-0.15 

0.00b 

0.11 

0.43' 

n  ini 

0.56 

0.54 

1.46 

1.51 

2.89 

2.9“ 

2.82 

3.0' 

<n> 

4.56 

4.55 

n5  <n> 

3.89 

4.80 

4.18 

4.71 

7.48 

6.56 

X\  (XS) 

-9.98 

- 10.03 

-  10.05 

-9.83 

-12.83 

— 12.5b 

- 10.87 

—  1 1.2* 

30  (XS) 

-6.33 

-6.47 

-7.09 

-6.88 

-5.43 

—  5.6b 

-4.85 

-  5.1b 

(XV 

-2.30 

-2.99 

XS  (XV 

-2.13 

-2.20 

-3.40 

-2.89 

-1.99 

—  2.1b 

-1.53 

-2.0" 

X\  (31) 

2.22 

2.45 

2.17 

2.03 

4.37 

4.3d 

3.41 

3.3' 

30  (30) 

2.47 

2.83 

2.87 

2.38 

4.56 

5.1d 

4.92 

XS 

7.25 

7.80 

8.20 

8.52 

L\  (Li) 

- 10.50 

-10.60 

- 10.97 

-10.60 

-13.41 

—  13.1b 

-11.31 

—  1 1.6b 

LS  (Li) 

-5.93 

-6.06 

-7.30 

-6.83 

-5.45 

—  5.6b 

-4.99 

—  5.1b 

(Li) 

-1.09 

-1.42 

LS  (Li,}) 

-1.43 

-0.83 

-1.73 

-1.20 

-1.09 

—  1.3b 

-0.45 

—  0.7b 

LS  (Li) 

1.92 

1.70 

1.49 

1.82 

4.10 

3.7d 

3.40 

3.1' 

(Li) 

5.59 

5.47 

LS  (Li.V 

4.99 

5.72 

5.89 

5.52 

6.79 

6.69 

LS 

6.33 

6.11 

7.42 

7.30 

‘Reference  34. 
bReference  38(a). 

'Reference  39(f). 
dReference  39(a). 

'Reference  40. 

'Reference  39(c). 

A'B  and  A"B  crystals  (consistent  with  our  neglect  of 
redistribution  disorder). 

(3)  The  difference  in  V$B  and  V*  B  should  be  in 
reasonable  agreement  with  the  value  obtained  from 
Harrison’s  universal  parametrization  scheme.  ‘3 

(4)  Other  nearest-neighbor  hoppings  in  the  hybrid  basis 
and  all  second-neighbor  parameters  for  each  crystal 
should  be  small  relative  to  V*B. 

(5)  The  alignment  of  A'B  and  A"B  crystal  bands  on  a 
common  energy  scale  should  correspond  to  the  “natural” 
valence-band  offset,  as  far  as  it  is  known  (±0.2  eV). 

Constraints  ( 1 )— (3)  are  the  most  crucial  since  they  en¬ 
sure  that  the  MCPA  scattering  parameters  are  reasonably 
unique  to  within  a  few  tenths  of  an  eV.  Constraint  (4)  en¬ 
sures  that  the  14  second-neighbor  parameters  used  to  im¬ 
prove  the  crystalline  bands  do  not  become  unphysically 
large  or  strongly  influence  the  results.  Constraint  (5)  p.o- 
vides  a  common  energy  zero.  The  MCPA  results  are  ;ot 
very  sensitive  to  the  valence-band  offset  as  long  as  the  oth¬ 
er  constraints  are  satisfied.  This  contrasts  with  treatments 
of  alloy  disorder  in  which  the  scattering  potentials  are 
determined  directly  from  the  band  alignment.32 

The  specific  input  data  and  resulting  parameters  for  the 
Ini_,Ga,As  and  ZnSe,Tei.^  systems  are  discussed 
below.  A  successive  approximation  approach  is  employed 


in  the  fitting.  The  parametrizations  appear  to  be  fairly 
unique  although  no  attempt  is  made  at  optimization. 

A.  InAs  and  GaAs 

Accurate  empirical  pseudopotential  band  structures  for 
InAs  and  GaAs  have  been  calculated  by  Chelikowsky  and 
Cohen.33  These  provide  valence  energies  in  good  agree¬ 
ment  with  photoemission  experiments  and  optical  gaps  in 
agreement  with  reflectivity  and  electroreflectance  measure¬ 
ments.  Table  I  lists  the  eigenvalues  from  Ref.  33  for  the 
symmetry  points  T,  X,  and  L.  Spin-orbit  splittings  were 
included  in  Ref.  33  so  the  notation  is  that  of  the  zinc- 
blende  double  group.  The  zero  of  energy  is  chosen  as  the 
GaAs  valence-band  maximum  £(r‘j).  The  P*  level  in 
InAs  is  assumed  to  be  0.17  eV  higher,  in  accordance  with 
recent  heterojunction  measurements3,1  (assuming  interface 
dipole  effects  to  be  negligible). 

Tight-binding  parameters  for  these  systems  are  chosen 
to  provide  reasonable  fits  to  the  valence  and  lowest  con¬ 
duction  states  at  T,  X,  and  L  (with  the  spin-orbit  split¬ 
tings  averaged  as  j[2E(ri)  +  £<r7))),  in  addition  to 
satisfying  the  above  physical  criteria.  The  resulting  eigen¬ 
values  are  listed  in  the  "present  work”  columns  of  Table 
I.  The  agreement  for  all  states  of  interest  is  typically 
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better  than  ±0.3  eV.  The  largest  discrepancy  (—0.6  eV) 
occurs  for  the  GaAs  H  level  which  could  not  be  raised 
appreciably  without  violating  either  constraint  (2)  or  (3). 
This  may  indicate  that  the  As  on-site  parameters  should 
actually  differ  slightiy  <n  InAs  and  GaAs  as  in  some  pre¬ 
vious  parametrtzations. 35  The  tight-binding  description  is 
further  limited  by  the  fact  that  the  lowest  conduction 
band  exhibits  too  little  dispersion  (not  shown)  and  the 
placement  of  higher  conduction  states  is  incotrect. 

The  parameters  for  InAs  and  GaAs  are  listed  in  Table 
II.  The  chemical  scattering  parameters  A,  =0.92  eV  and 
Ap  =0.12  eV  are  close  to  the  values  0.8  and  0.1  eV  which 
result  from  differences  between  relativistic  In  and  Ga 
atomic  levels. 36  (The  corresponding  nonrelativistic  values 
are  1.25  and  0.21  eV.)  The  structural  scattering  parame¬ 
ter  A2=0.50  eV  (obtained  by  transforming  to  the  hybrid 
parameters  TlnA5  and  I/9*Ai)  is  close  to  the  value  0.66  eV 
obtained  from  Harrison's  approach13  using  the  InAs  and 
GaAs  bond  lengths  in  Table  II.  The  second-neighbor  pa¬ 
rameters  are  small,  as  required  by  constraint  (4). 


B.  ZnSe  and  ZnTe 

Much  more  limited  band-structure  information  is  avail¬ 
able  for  ZnSe  and  ZnTe.  Few  theoretical  calculations  ex¬ 
ist37  and  experimental  data38  39  are  quite  widely  scattered. 
To  obtain  parameters  which  are  consistently  determined 
we  fit  the  valence  eigenvalues  of  both  crystals  at  T,  X,  and 
L  to  the  x-ray  photoemission  results  of  Ley  ei  a/.,38'*' 
corrected  for  the  measured  spin-orbit  splittings.'’9"1  The 
lowest  conduction  states  are  fit  to  values  obtained  by  add¬ 
ing  the  relevant  low-temperature  optical  gaps. 39,81 'c:  The 
resulting  data  are  summarized  in  Table  1.  The  ZnSe 
valence-band  maximum  £■  ( T*)  is  chosen  as  the  zero  of  en¬ 
ergy;  the  Tg  level  in  ZnTe  is  assumed  to  be  0.43  eV 
higher,  as  suggested  by  the  empirical  tabulation  of  Kat- 
nani  and  Margantondo.40 

The  tight-binding  eigenvalues  and  parameters  for  ZnSe 
and  ZnTe  are  again  listed  in  Tables  I  and  II.  The  T'is 
levels  lie  at  —0.15  and  0.1 1  eV,  respectively,  in  agreement 
with  the  spin-orbit  averaged  experimental  results.  The 


TABLE  II.  Limiting-crystal  bond  lengths  (<f!  and  Slater- Roster  parameters  in  eV  used  in  present 
work  and  resulting  MCPA  scattering  parameters  A„  A,,  and  A;  for  ln,_,Ga,As  and  ZnSe.Te,,, 


Parameter 

InAs 

<1=2.61  A 

GaAs 
</=2.45  A 

ZnSe 

<1=2.45  A 

ZnTe 
<1=2.64  A 

£„(000U 

-8.53 

-8.53 

-11.50 

-9.90 

£„  ( 000 ]„ 

-3.21 

-4.13 

-1.00 

-1.00 

£„<000)„ 

0.87 

0.87 

0.93 

1.33 

£„((*»)„ 

2.69 

2.57 

4.80 

4.80 

E  < -Li! 1 
C“'TX7 

-1.46 

-1.70 

-1.87 

-1.47 

£«<Hx>« 

:  01 

“ 

1.01 

1.15 

0.90 

£„<Hx>« 

1.05 

1.10 

1.24 

1.17 

^«»(  y  j  j 

0.39 

049 

0.77 

0.65 

TXT3*' 

1.15 

1.37 

1.17 

1.12 

-0.02 

0.00 

0.00 

0.00 

£„(110)„ 

0.01 

0.08 

0.00 

0.09 

£„(  1 10)„ 

0.00 

0.00 

0.00 

0.00 

£„(  U0)„ 

0.00 

0.00 

0.00 

0.00 

£„(011)„ 

-0.04 

-0.10 

0.08 

0.00 

£„(on)K 

0.09 

0.12 

-0.12 

-0.10 

£„(1I0)„ 

0.09 

0.06 

0.08 

0.00 

£„U10)„ 

0.15 

0.14 

0.18 

0.18 

£„(011U 

—0.!° 

-0.04 

-0.04 

0.03 

£.,(01I)„ 

-0.20 

-0.20 

-0.08 

-0.24 

£„<  t  !0)„ 

0.00 

0.10 

*  0.12 

0  13 

£„(U0>„. 

0.00 

0.08 

0.03 

0.05 

£,,(01 1 

0.10 

0.10 

o.OO 

-0.10 

£„<01 1 

0.10 

0.10 

0.10 

0.00 

A, 

0.92 

1.60 

A, 

0.12 

0.40 

A, 

0.50 

0.51 
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quality  of  the  fits  elsewhere  is  comparable  to  that  achieved 
in  InAs.  The  chemical  scattering  parameters  A,  =  1 .60  eV 
and  A„=0.40  eV  are  close  to  the  values  2.0  and  0.5  eV 
obtained  from  relativists  atomic-level  differences36  (3.2 
and  0.9  eV  nonrelatutsticaliy).  The  structural  parameter 
A,  =0.51  eV  is  comparable  to  the  value  0.57  eV  obtained 
from  Harrison's  universal  scheme13  and  the  difference  in 
ZnSe  and  ZnTe  bond  lengths. 

IV.  EFFECTS  OF  CHEMICAL 
AND  STRUCTURAL  DISORDER  IN  THE  MCPA 

The  x =0.5  concentrations  arc  chosen  for  this  discus¬ 
sion,  because  disorder  effects  are  maximized  in  these  al¬ 
loys.  Emphasis  is  placed  on  the  damping  associated  with 
cri'(k,£  +  ),  which  results  from  scattering  on  the  energy 
shell.  By  contrast,  disorder-induced  energy  shifts  (dis¬ 
cussed  in  Sec.  VB)  associated  with  o'„ik ,£  +  )  are  deter¬ 
mined  by  scattering  over  a  much  wider  energy  range. 

Figure  3  shows  MCPA  spectral  densities  for 
IrtoiGao^As  for  several  k  points  along  the  (100)  and 
(111)  directions.  The  normalization  A(k,E)/ 
[  A  ( k.  E )  +  5  e  *  1  cell  * 1  spin  1  ]  is  used  to  facilitate 
graphing;  peak  widths  are  thus  slightly  exaggerated.  The 
VCA  bands  resulting  from  H  are  also  plotted  for  compar¬ 
ison.  The  fact  that  the  MCPA  results  do  not  differ  appre¬ 
ciably  indicates  that  disorder  effects  in  this  system  are  rel¬ 
atively  weak.  The  behavior  is  qualitatively  different,  how¬ 
ever.  in  different  energy  regions.  The  strongest  scattering 
is  evident  5-7  eV  below  the  valence-band  maximum 
where  the  MCPA  spectral  densities  are  relatively  broad 
and  non-Lorentzian.  Elsewhere  in  the  valence  band  the 


FIG.  3.  Normalized  MCPA  spectral  densities 
( A  (k.£i/(  A(k,E)+  5  eV1  cell*1  spin-1])  for  InosGaosAs  as  a 
function  of  energy  E  for  vanous  k  points.  VCA  bands  plotted  as 
solid  curves. 


scattering  is  somewhat  weakt",  as  evidenced  by  the  more 
nearly  Lorentzian  behavior.  The  extremely  sharp  spectral 
densities  in  the  conduction  band  indicated  a  virtual  ab¬ 
sence  of  disorder  effects  for  states  at  these  energies. 

Figure  4  compares  the  Ini_,Ga*As  density  of  states 
g(£)=  A  calculated  in  the  (a)  VCA,  (b)  site 
CPA,  and  (c)  MCP  ‘ .  The  differences  between  the  VCA 
and  site  CPA  resul  indicate  that  chemical  disorder  act¬ 
ing  aione  preferentially  damps  only  states  in  the  lowest 
conduction-band  region  and  near  —  6  eV  in  the  valence 
band.  Similar  behavior  was  found  m  p-evious  site  CPA 
calculations4  for  Hg! .  ,Cd,Te.  In  both  systems 
I  A,  |  »  |  A;,  j  and  only  states  with  a  large  amplitude  on 
cation  s  orbitals  are  strongly  affected  by  the  chemical  dis¬ 
order.  The  imaginary  part  of  the  VCA  Green’s-function 
matrix  element, 

Im/4(£*)=— tf-'irS  |  <nk  I  a  f,j )  1 26(£  -£,  (k»  , 


plotted  in  Fig.  5(a),  projects  the  total  VCA  density  of 
states  on  cation  s  orbitals.  The  cation  s  component  is 
clearly  seen  to  be  largest  in  Fig.  5(a)  near  —6  and  +  2 
eV.  The  presence  of  strong  chemical  disorder  effects  in 
these  regions  follows  from  the  weak-scattering  expression 
Eq.  (25). 

Relative  to  the  site  CPA  results,  the  MCPA  density  of 
states  in  Fig.  4<c)  shows  increased  broaaening  throughout 
the  upper  valence  bands.  The  peak  ne^r  —6  eV,  in  fact, 
nearly  splits  in  two.  With  increasing  Ga  concentration  x, 
the  lower  peak  in  this  region  increases  in  height  and  the 


ENERGY  ((V) 

FIG.  4.  Comparison  of  Ino  iGao  »As  densities  of  states  calcu¬ 
lated  in  the  (a)  VCA,  (b)  site  CPA  (chemical  disorder  only),  and 
(c)  MCPA  (both  chemical  and  structural  disorder!. 
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ENERGY  (ev) 

FIG.  5.  Real  (dashed)  and  imaginary  (solid)  parts  of  the  VCA 
Green's-function  .natnx  elements  (a)  and  (bl  /,'j®  for 
Ino  sGao  iAs. 
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FIG.  6.  Schematic  representation  of  energy  levels  for  single 
In — As  and  Ga — As  bonds  as  derived  from  constituent  atomic 
sp!  hybrid  energies  (average  values  denoted  by  dashed  lino,  and 
hybridization  splittings  (denoted  by  arrows). 


upper  peak  decreases.  A  similar  strong  scattering  feature 
has  recently  been  observed  experimentally41  in  the 
Hgi-jCdjTe  system.  There,  however,  the  effect  is  purely 
a  chemical  one.4  Here  the  splitting  only  becomes  appre¬ 
ciable  due  to  the  additional  effects  of  structural  disorder. 
Whether  it  is  large  enough  to  be  resolved  experimentally 
is  unclear.  Detailed  photoemission  studies  on 
Ini Ga*  As  samples  with  varying  x  values  would  be  use¬ 
ful.42 

A  surprising  feature  of  the  MCPA  conduction-band 
state  density  in  Fig.  4(c)  is  that  the  broadening  actually 
decreases  and  the  peak  height  increases  relative  to  the  site 
CPA  results.  The  absence  of  appreciable  damping  in  the 
conduction-band  spectral  densities  in  Fig.  3  may  be  attri¬ 
buted  to  a  destructive  interference  between  chemically  and 
structurally  induced  scattering.  This  effect  was  explained 
physically  in  Ref.  1 1  using  the  schematic  energy-level  dia¬ 
gram  in  Fig.  6.  The  mean  energy  for  bonding  and  anti¬ 


bonding  levels  (dashed  line)  is  lower  for  a  Ga — As  bond 
than  an  In — As  bond  because  of  the  deeper  Ga  atomic 
levels  (chemical  disorder).  The  shorter  Ga — As  bond 
length,  however,  results  in  a  larger  V?B  value  and. 
hence,  a  larger  hybridization  splitting.  The  two  effects 
add  to  give  an  increased  separation  between  In  —  As  and 
Ga — As  bonding  levels,  but  essentially  cancel  for  anti¬ 
bonding  levels.  The  correlation  between  chemical  and 
structural  disorder  thus  results  in  stronger  valence-band 
and  weaker  conduction-band  scattering  in  the  alloy  than 
would  occur  if  either  type  of  disorder  acted  alone. 

Formal  insight  can  be  obtained  by  examining  the 
MCPA  weak-scattering  expressions.  The  analytic  proper¬ 
ties  of  the  MCPA  imply  that  the  total  imaginary  part  of 
(nk!Z(£  +  )|nk>  is  negative  definite.  Several  of  the 
terms  appearing  in  the  expansion  of  Eqs.  (23)  and  (24), 
however,  can  be  of  either  sign.  The  net  imaginary  part  is 
given  in  the  weak-scattering  limit  by 


o"(k,£  +  )  =  2Jc(l— x)2^A2[j<nk|A.'4J>|2Im/f's(£  +  )  +  Re<<nkiX'4,Ji><X,,y  |  nk)  llm/^IF  "  )]+  •••  ,  (27) 

k 


where  the  ellipsis  represents  additional  negative  definite 
terms.  Since  /^(£  +  )  is  a  diagonal  Green’s-function  ma¬ 
trix  element,  Imf  £{E  * )  is  negative  definite.  The  imagi¬ 
nary  part  of  the  off-diagonal  element  /**(£*),  is  a  type 
of  bond  order,43  given  explicitly  in  the  VCA  by 

\mf£B(E  + )  =  -  nN  ~ '  £  Re<  <  I  « k  >  <  n k  I  kB,j ) ) 

n,k 

X6<£  — £„(k)l  .  (28) 

This  quantity  is  also  negative  in  the  valence  band,  but 
positive  in  the  conduction  band,  as  seen  in  the  example  in 
Fig.  5(b).  The  sign  change  results  from  the  fact  that 
Ref  (a4,/  i  nkXnk  |  kB,j)),  which  appears  in  both  Eqs. 


I - 

(27)  and  (28)  is  positive  for  states  with  bonding  character 
and  negative  for  states  with  antibonding  character.44 
Since  the  terms  in  parentheses  in  Eq.  (27)  are  generally  of 
the  same  sign,  the  nature  of  the  interference  between 
chemically  and  structurally  induced  scattering  (construc¬ 
tive  or  destructive)  for  a  given  state  is  determined  by  the 
signs  of  the  products  A,A2  and  A,,A2.  The  qualitative  pic¬ 
ture  developed  in  Fig.  6,  in  particular,  depends  on  the  fact 
that  A,,Ar  and  A2  in  In^^Ga*  As  all  have  the  same  sign. 

Figure  7  shows  the  normalized  MCPA  spectral  densi¬ 
ties  and  the  corresponding  VCA  bands  for  the  anion- 
substituted  II— VI  system  ZnSe, Te,_,.  The  VCA.  site 
CPA  and  MCPA  densities  of  stales  are  compared  in  Fig. 
8.  A  striking  feature  of  the  MCPA  results  is  the  split- 
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FIG.  7.  Same  as  Fig.  3  but  for  ZnSeo  jTeo  j. 


band  behavior  observed  in  the  lowest  valence  region  in 
both  the  density  of  states  and  the  spectral  densities.  This 
strong-scattering  effect  should  be  easily  observable  in  pho- 
toetnission  experiments.  With  increasing  Te  concentra¬ 
tion  the  upper  ZnTe-like  peak  should  grow  and  the  lower 
ZnSe  peak  diminish  The  fact  that  the  splitting  already 
appears  in  the  site  CPA  results  indicates  that  it  is  primari¬ 
ly  chemically  induced;  the  addition  of  structural  disorder 
enhances  the  effect  slightly.  In  other  energy  regions,  the 
site  CPA  results  are  virtually  indistinguishable. from  those 
of  the  VCA.  The  addition  of  structural  disorder  results  in 


a  weak  Lorentzjan  broadening  of  states  in  the  upper 
valence  bands,  but  produces  no  appreciable  damping  of 
states  in  the  conduction  band. 

Compared  to  Ini_,GaxAs,  the  effects  of  chemical  dis¬ 
order  in  ZnSe,Tei_j,  occur  in  a  different  energy  region 
and  are  much  more  pronounced.  In  an  anion-substituted 
alloy  like  ZnSejTei-,  the  states  which  are  affected  most 
by  chemical  disorder  are  those  with  a  large  amplitude  on 
anion  s  orbitals.  That  such  states  occur  primarily  in  the 
lowest  valence-band  region  in  zinc-blende  compounds  can 
be  seen  from  the  imaginary  part  of  the  VCA  Green’s- 
function  matrix  element  shown  in  Fig.  9.  By 

contrast,  the  cation  s  projection  for  the  cation-substituted 
alloy  Ini_xGaxAs  shown  in  Fig.  5(a)  is  not  only  peak.  .< 
in  a  different  region  but  is  also  more  widely  dispersed 
over  a  broad  energy  range.  The  concentration  cr  Im/^J  in 
a  narrow  energy  range  in  ZnSexTei_,  is  a  consequence  of 
the  more  polar,  and  less  covalent,  character  of  II- VI  com¬ 
pared  to  III-V  compounds.  The  combination  of  this 
feature  with  the  larger  chemical  scattering  parameter  A, 
accounts  for  the  more  pronounced  effects  of  chemica  dis¬ 
order  in  ZnSexTC|_x. 

The  additional  effects  of  structural  disorder  are  qualita¬ 
tively  similar  in  the  two  systems.  The  increased  valence- 
band  broadening  in  ZnSe,Te,_x  again  results  from  the 
fact  that  A,,  tp,  and  A2  all  have  the  same  sign.  A  cancel¬ 
lation  of  conduction-band  disorder  effects  also  occurs  in 
ZnScxTei_x  but  is  not  apparent  in  Fig.  8  because  neither 
chemically-  nor  structurally-induced  scattering  is  appre¬ 
ciable  in  this  region. 

In  summary,  the  damping  of  VCA  eigenstates  in 
different  energy  regions  of  zinc-blende  pseudobinary  al¬ 
loys  is  determined  qualitatively  by  the  nature  of  the  disor¬ 
dered  sublattice  (anion  or  cation)  and  the  relative  signs  of 
A,,  A,,  and  A2,  and  quantitatively  by  the  magnitudes  of 
the  scattering  parameters  and  the  degree  of  polarity  in  the 
system.  An  examination  of  Harrison-derived  scattering 
parameters13  for  all  possible  III-V  and  II-VI  pseudobinary 
alloys  indicates  that  the  relationships  |  A,  |  »  |  A,  |  and 
A,A2>0  observed  in  both  systems  considered  here  are 
generally  obeyed.  Damping  effects  will  thus  usually  be 


FIG.  9.  Real  (dashed)  and  imaginary  (solid!  part  of  the  VCA 
Green’s-function  matrix  element  f;\  for  ZnSeo  (Ten  v  (Note  that 
the  A  here  denotes  anion,  unlike  the  case  in  Fig.  5.) 
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strongest  in  the  valence  band,  particularly  for  states  with 
large  amplitude  on  the  s  orbitals  of  the  disordered  sublat¬ 
tice.  The  few  exceptions  are  alloys  of  the  form 
Hg,_xZnxJlf  (Jf=S,Se,Te)  and  Al,_xlnxT  ( T=P,As,Sb). 
In  these  systems,  A,Az  <0  and  conduct  ion -band  damping 
should  be  more  pronounced. 

V.  IMPLICATIONS  FOR 
BAND-EDGE  PROPERTIES 


A.  Limiting  mobilities  due  to  alloy  scattering 


Damping  effects  are  particularly  important  near  the 
band  edges  in  semiconducting  alloys  because  they  impose 
fundamental  limits  on  achievable  electron  and  hole  mobil¬ 
ities.  For  most  direct-gap  zinc-blende  pseudobinary  al¬ 
loys,  it  is  sufficient  under  low-field  conditions  to  consider 
the  weak-scattering  or  perturbation-theory  limit,45  rather 
than  a  full-MCPA  two-particle  Green’s-function  formal¬ 
ism  analogous  to  that  of  Ref.  46.  The  solution  of  the 
transport  equations  then  reduces  to  that  of  the  Boltzmann 
equation  with  a  current  relaxation  time  given  by 

T-'(£)=-(2/«)a"(k,£:^)  . 


Here  |nk>  =  (H)  for  electrons  (e)  and  |nk>=  |  Hs) 
for  holes  (h).  The  golden-rule  expression 

rt:»,(E)^^fx<l~x)(A^*)2g(E)  (29) 

74 


follows  by  expanding  the  Green’s-function  matrix  ele¬ 
ments  [e.g.,  Eqs.  (26)  and  (28)]  in  Eqs.  (23)  and  (24)  near 
k=0.  The  effective  scattering  parameters 


A'rf= 


1+g, 

2 


A.-U-aJ^Az 


and 


l~ap 

2 


A,  +  <l-a2),/2A2 


(30) 


(31) 


are  obtained  by  diagonalizing  the  VGA  Hamiltonian  at 
k=0  to  determine  the  coefficients  <nk  |  A.'4,y)  and 
(nk  |  XB,j).  The  “polarities”  a%  and  ap  are  defined  as 


Ey-ty 


Oy~ 


[<e;?-£*)J+4FJr] 


m'  y=*'P 


(32) 


with 


e^fjOOOU+U^dlOU  v=  A,B 

E^=fxx(000)vv  +  8fxx(110)vv-t-4fxx(0U)vv,  v=A,B  , 

(33) 

yj=4£n(iil>^  , 
y,=4£xx(iii)„s  . 

Note  that  ar>0  for  cation-substituted  alloys  ( A  the  cat¬ 
ion),  ar  <  0  for  anion-substituted  alloys  (  A  the  anion)  and 
0<  |ay  |  <1.  The  quantities  defined  in  Eqs.  (30)— (32)  are 
all  weakly  dependent  on  x  through  the  VCA  averages  in 
Eq.  (33). 


The  familiar  Brooks  formula47  for  the  alloy  scattering 
mobility  at  temperature  T, 


A*I)loy  — 


VlTretfNn 


3( m,*A  )5 /2x  ( 1  —  x )( A#>V * s T 


(34) 


follows  from  Eq.  (29!  by  assuming  nondegenerate  statis¬ 
tics  and  parabolic  band  edges.  Here  kB  is  Boltzmann's 
constant,  A'o  is  the  number  of  atoms  per  unit  volume,  and 
m,  and  m£  are  the  electron  and  hole  effective  masses,  re¬ 
spectively.  Most  previous  discussions47  of  Eq.  (34)  have 
been  obscured  by  confusion  concerning  the  appropriate 
choice  of  AJff  and  We  emphasize  that  the  MCPA 
provides  a  unique  and  consistent  definition  of  these  quan¬ 
tities  in  Eqs.  (30)  and  (31)  in  terms  of  the  previously 
defined  tight-binding  parameters. 

A  few  general  conclusions  follow  immediately.  First,  a 
clear  difference  exists  between  the  effective  scattering  pa¬ 
rameters  for  electrons  and  holes.  Second,  these  quantities 
are  not  simply  related  to  differences  in  limiting  crystal 
band  gaps  or  electron  affinities.  Third,  the  magnitudes  of 
A^r  and  A^r  depend  sensitively  on  all  of  the  factors  dis¬ 
cussed  in  Sec.  IV  which  determine  the  interplay  between 
chemical  and  structural  disorder  for  particular  eigenstates. 
The  physical  differences  between  A^  and  Aju  critically  de¬ 
pend  on  the  fact  that  |  H )  is  an  antibonding  s  state  with 
a  larger  cation  component  and  |  n5 )  is  a  bonding  p  state 
with  a  large  anion  component. 

Table  III  lists  the  MCPA  band-edge  scattering  parame¬ 
ters  for  the  present  Ini_xGaxAs  and  ZnSexTei_x  param- 
etrizations  for  x=0.5  together  with  the  corresponding  site 
CPA  results  and  values  of  a,  and  ap.  The  entries  in 
Table  III  are  relatively  insensitive  to  x.  In  both  materials 
the  addition  of  structural  disorder  in  the  MCPA  decreases 
the  magnitude  of  A^  by  about  a  factor  of  3  (an  increase  of 
a  factor  of  9  in  ft^ioy)  and  increases  the  magnitude  of  a£* 
by  more  than  a  factor  of  S.  These  results  are  consistent 
with  the  conduction-  and  valence-band  behavior  discussed 
in  Sec.  IV. 

Experimental  values  of  in  principle,  can  be  ex¬ 
tracted  from  detailed  transport  studies.4*  In  practice,  this 
is  usually  quite  difficult  because  of  uncertainties  in  the 
contributions  of  other  scattering  mechanisms  (e.g., 
electron-phonon  interactions),  which  usually  dominate, 
even  in  good  samples.  Even  the  T  ~ 1  n  dependence  in  Eq. 
(34),  which  is  often  used  as  a  signature  of  alloy  scattering. 


TABLE  III.  Polarities  a,  and  ap  [cf.  Eq.  (32)]  and  effective 
electron  and  hole  scattering  parameters  [Ale  and  &U. 
respectively — cf.  Eqs.  (30)  and  (3I)J  for  lni_,Ga,As  and 
ZnSe,Tei_„. 


Ino.  jGao  sA$ 

ZnSeo  iTeo  < 

a, 

0.4 

-0.6 

A (#  (site  CPA) 

0.64  eV 

0.31  eV 

A (e  (MCPA) 

0.19  eV 

-0.09  eV 

Op 

0.5 

-0.6 

AS*  (site  CPA) 

0.03  eV 

0.10  eV 

A&r  (MCPA) 

0.46  eV 

0.51  eV 
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is  not  completely  reliable  since  similar  behavior  can  also 
result  from  space-charge  or  neutral-impurity  scattering. 4<i 

In  general  the  MCPA  is  expected  to  overestimate  fx", i£,v 
because  of  its  inclusion  of  only  short-range  contributions 
to  the  alloy  scattering  potential.  Previous  calculations 
have  demonstrated  that  states  at  k  =  0  are  particularly 
sensitive  to  clustering  effects50  (both  statistical  and  nonsta- 
tistical).  Intercell  disorder  contributions  such  as  bond- 
angle  fluctuations  and  longer-ranged  strain  fields  also  tend 
to  increase  scattering  and  lead  to  a  reduction  in  i£,y. 

In  the  two  alloy  systems  considered  here,  only  the  elec¬ 
tron  mobility  in  Ini_,GaxAs  has  been  extensively  ana¬ 
lyzed.51  The  experimental  results  are  most  consistent 
with  a  value  of  { 1  in  the  range  0.5- 1.0  eV.  The 
MCPA  value  of  0.19  eV  in  Table  III  thus  leads  to  an 
overestimate  of  pJnoy  by  about  an  order  of  magnitude.52 
While  this  result  is  consistent  with  the  above  arguments, 
much  of  the  present  discrepancy  may  simply  be  due  to 
subtraction  errors  in  Eq.  (30)  due  to  uncertainties  in  A, 
and  Ai.  One  can  also  not  rule  out  at  this  point  the  possi¬ 
ble  presence  of  uncharacterized  defects  which  has  fre¬ 
quently  turned  out  to  be  the  cause  of  theoretical  overesti¬ 
mates  of  mobility  in  other  systems. 

B.  Band-gap  bowing 

The  “bowing,”  or  nonlinear  concentration  dependence 
of  band  gaps  in  zinc-blende  pseudobinary  alloys  is  techno¬ 
logically  important  and  frequently  misinterpreted.  Much 
of  the  confusion  stems  from  the  conventional 
separation21*’  of  bowing  into  an  intrinsic  VCA  contribu¬ 
tion  plus  an  extrinsic  disorder-induced  contribution.  In 
the  context  of  a  comprehensive  alloy  theory  such  as  the 
MCPA,  which  contains  both  ingredients,  this  separation 
often  provides  useful  physical  insight  It  is  important  to 
keep  in  mind,  however,  that  (1)  only  the  net  bowing  is 
physically  observable,  (2)  VCA  nonlinearities  are  highly 
model  specific,  and  (3)  the  magnitude  of  the  extrinsic  bow¬ 
ing  alone  is  a  poor  indicator  of  the  importance  of  disorder 
effects  for  other  physical  properties. 

The  extrinsic  bowing  of  a  gap  in  the  MCPA  is  deter¬ 
mined  by  the  real  parts  of  <nk  |  Z(£„+(k))  |  nk>  for  the 


individual  VCA  valence-  and  conduction-band  states  in¬ 
volved.  The  real  part  of  X  [cf.  Eq.  (21)]  is  given  by  a  Hil¬ 
bert  transform  of  which  can  be  written  in  the 

form 


a'„(k,£)  =  ir  1 


a'„'tk,T))dr) 
E  -T) 


+  ir 


o';ik,Ti>dT) 

E -v 


(35) 


where  Ef  is  the  Fermi  level.  This  separation  into  vairoce- 
and  conduction-band  contributions  provides  a  rigorous 
basis  for  distinguishing  between  ii.traband  and  interband 
disorder-induced  shifts25  of  VCA  eigenstates  within  the 
MCPA. 

We  focus  here  on  the  bowing  of  the  fundamental  gaps 
in  Ini.jtGajAs  and  ZnSe, Te,^ .  In  both  systems  this 
gap  is  direct  (at  k=0)  for  all  concentrations  and  depends 
parabolically  on  x. 53,54  Calculated  results  in  the  present 
work  for  both  the  individual  T?s  and  Tf  band-edge  states 
and  the  spin-orbit-averaged  ri-T|5  gaps  are  summarized 
in  Table  IV.  The  linear  contributions  listed  in  the  top 
row  are  obtained  by  straightforward  interpolations  be¬ 
tween  limiting-crystal  values.  The  remaining  entries 
represent  deviations  from  linearity  at  x=0,5.  These  devi¬ 
ations  are  a  factor  of  4  smaller  than  the  so-called  “bowing 
parameters"  fi,  defined  so  that  the  net  deviations  from 
linearity  are  of  the  form  —fix (I ~x).  The  intrinsic  VCA 
nonlinearities  which  occur  in  both  materials  result  pri¬ 
marily  from  the  scaling  in  Eq.  (6)  and  the  —7%  variation 
in  alloy  lattice  constants.55 

In  Ino  jGao.sAs  the  addition  of  chemical  disorder  (site 
CPA)  has  no  effect  on  the  anion  p-like  r°j  state  but  pro¬ 
duces  a  —20  meV  extrinsic  shift  of  the  cation  s-like  H 
level.  This  shift  is  largely  an  intraband  repulsion  induced 
by  the  appreciable  cation  s  scattering  of  conduction  states 
in  the  site  CPA.  The  addition  of  structural  disorder 
(MCPA)  shifts  both  the  valence-  and  conduction-band 
edges  up  relative  to  the  site  CPA  results  by  +  20  meV 
and  +  33  meV,  respectively.  The  former  is  an  intraband 
effect  cause  by  the  increased  valence-band  scattering  dis¬ 
cussed  in  Sec.  IV.  The  latter  is  due  in  part  to  a  reduced 
intraband  repulsion  resulting  from  the  decreased 


TABLE  IV.  Linear  interpolation  formulae  for  x  dependences  of  band  edges  and  fundamental  gaps  in  Ini_*Ga«As  and  ZnSe.Tei-, 
compared  to  deviations  from  linearity  at  *=0.5  obtained  in  various  theoretical  approaches  and  experiment.  Alt  entries  are  in  meV. 


rij 

i-*G®*As 

n 

£i*p 

n, 

ZnSe„Tei_, 

n 

Linear  interpolation 
Deviation  from 
linearity  <x=0.5) 

30-13Q* 

560  +  900* 

530  +  1030* 

-150  +  26Q* 

2890-70* 

3040-330* 

VCA 

+  12 

-47 

-59 

-15 

-5 

+  10 

Site  CPA 

+  12 

-67 

-79 

0 

-5 

-5 

MCPA 

+  32 

-34 

-66 

+  85 

-5 

-90 

Supercell 

Expt." 

+  26 

-34 

-60 

—  1236,  —  133" 

+  43 

-6 

-49 

—270“ 

"Spin-orbit  averaged. 

Il,Reference  53(a). 

'Reference  53(b). 
'’Reference  54. 
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conduction-band  scattering.  The  interplay  between  chem¬ 
ical  and  structural  disorder  also  produces  a  strong  inter 
band  repulsion  of  H  which  results  in  a  smaller  net  devia¬ 
tion  from  linearity  in  the  MCPA  than  in  the  VCA.  This 
unusual  behavior  can  be  traced  to  the  corresponding  real 
parts  of  the  two  terms  given  explicitly  in  Eq.  (27).  Both 
real  parts  contribute  positive  shifts  because  of  the  same 
sign  of  A,  and  A 2  and  the  antibonding  character  of  the  Pj 
conduction-band  edge.  [Note,  for  example,  that 
Re/flf<£-n>0for£>0.] 

The  behavior  in  ZnSeo.jTeo.s  differs  quantitatively  be¬ 
cause  of  the  anion  substitution  and  larger  value  of  Ap .  In 
this  system  the  r"5  state  is  more  strongly  affected  by  the 
disorder  while  the  H  state  experiences  no  disorder- 
induced  shifts.  The  extrinsic  shifts  of  Hj  are  4-  15  meV 
in  the  site  CPA  and  +  100  meV  in  the  MCPA.  The  net 
extrinsic  contribution  to  the  MCPA  gap,  —100  meV,  is 
much  larger  than  the  corresponding  —7  meV  in 
Ino.jGao  5  As. 

In  both  materials  the  MCPA  underestimates  the  bow¬ 
ing  of  the  spin-orbit  averaged  experimental  gaps53,54  by 
more  than  50%.  This  is  somewhat  misleading  since  in 
absolute  terms  the  experimental  nonlinearities  are  ex¬ 
tremely  small  (<0.3  eV).  The  same  factors  proposed  at 
the  end  of  Sec.  V  A  as  possible  causes  of  the  mobility 
overestimates  in  the  MCPA  (uncertainties  in  MCPA 
scattering  parameters,  intercell  disorder  effects,  cluster¬ 
ing36)  would  also  tend  to  increase  the  magnitude  of  the 
bowing  beyond  the  MCPA  prediction.  The  above 
analysis  serves  to  emphasize,  however,  the  intimate  con¬ 
nection  between  extrinsic  band-edge  shifts  and  the  effects 
of  chemical  and  structural  disorder  elsewhere  in  the 
bands. 


VL  COMPARISON  WITH  ALTERNATIVE 
ALLOY  THEORIES 

The  present  formulation  of  the  MCPA  is  believed  to  be 
the  most  complete  effective  medium  theory  yet  developed 
for  zinc-blende  pseudobinary  alloys.  The  relationship  of 
this  approach  to  some  alternative  treatments  of  these  ma¬ 
terials  is  therefore  of  interest. 

A.  Bond-centered  CPA 

The  first  alternative,  which  we  will  refer  to  as  the 
bond-centered  CPA,  is  suggested  by  the  simple  molecular 
level  diagram  in  Fig.  6.  This  scheme  considers  only  diag¬ 
onal  disorder  in  a  basis  of  bonding  and  antibonding  orbit¬ 
als.  A  similar  approximation  has  been  made  in  many  pre¬ 
vious  effective  medium  calculations  for  zinc-blende  pseu¬ 
dobinary  alloys. 3I*,•2I  It  will  be  argued  that  while  this  ap¬ 
proach  includes  structural  disorder  in  the  same  manner  as 
the  MCPA,  its  treatment  of  chemical  disorder  will  usually 
be  inadequate  for  detailed  applications. 

We  begin  with  a  unitary  transformation  from  the  spi 
hybrid  orbital  basis  to  a  basis  of  bonding  and  antibonding 
orbitals 

la,R,  >  +  =y  +  ia,Ry>  +  y_  |a+4,R;) 

and 


ja,R; )  _  —y  -  ;  a,R; )  -y  +  ja  +  4,R; )  , 

respectively  (a  =1-4).  We  choose  the  coefficients 
Y  +  =  (  1  -t-a*/2)l/J  and  y _  =(  1  —  a* /2)w2  to  depend  on 
the  weakly  jc -dependent  polarity 


[<?c-Fo>z+4<Fj<®)J],/I 


Within  this  basis  the  MCPA  scattering  matrix  becomes 
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The  transformed  cell  diagonal  Green's  function  and 
MCPA  self-energy  matrices  have  structures  identical  to 
Eq.  (37). 

Two  simplifying  assumptions  are  then  imposed.  First, 
the  disorder  associated  with  each  bond  (value  of  a)  is 
decoupled  by  setting  6*  =6 =6„  =0.  This  is  equivalent 
to  neglecting  At  in  Eq.  (8).  Second,  the  self-energy  is  re¬ 
stricted  to  having  nonzero  components  only  within  the 
2x2  blocks  associated  with  each  bond.  This  assumes 
that  the  Green’s-function  matrix  elements  between  orbit¬ 
als  associated  with  different  bonds  are  small  compared  to 
bond-diagonal  elements.  Numerical  calculations  confirm 
that  this  is  usually  the  case.  The  self-consistency  condi¬ 
tion  within  the  bond-centered  CPA  [analogous  to  Eq. 
(11)]  thus  reduces  to  four  equivalent  2x2  matrix  equa¬ 
tions  for  the  self-energy  corrections  associated  with  each 
pair  of  bonding  and  antibonding  orbitals. 37 

The  approach  is  attractive  in  that  it  is  computationally 
simpler  than  the  MCPA  and,  unlike  the  MCPA,  can 
be  applied  directly  to  group-IV  alloys  (e.g.,  Si,Gei_,) 
and  two-sublattice  quartemary  alloys:llh'  (e.g., 
Ini-jGaiASyPbi-,,).  Its  inadequacies  are  illustrated  by 
comparing  the  MCPA  and  bond-centered  CPA  densities 
of  states  in  parts  (a)  and  (b)  of  Figs.  10  and  11.  In  both 
Ino.jGao. ;As  and  ZnSe&.jTe0 j  the  bond-centered  CPA 
greatly  underestimates  the  effects  of  disorder  in  strong 
scattering  regions.  This  failure  can  be  traced  directly  to 
the  neglect  of  A|.  Stated  differently,  the  bond-centered 
CPA  neglects  the  strong  correlations  in  the  disorder  asso¬ 
ciated  with  the  four  bonds  emanating  from  each  A  site 
(cf.  Fig.  1).  Since  A|  =(  A,  —  Ap  )/4,  this  approximation  is 
equivalent  to  assuming  that  s  and  p  states  are  equally 
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(b) Bond -Centered  CPA 


ENERGY  («V) 


FIG.  10.  Comparison  oflnojGaojAs  densities  of  states-calcu- 
lated  in  the  (a)  MCPA.  (b)  bond-centered  CPA,  and  (c)  supercell 
approaches,  ((a)  is  identical  to  Fig.  4(c)]. 


FIG.  11.  Same  as  Fig.  10  but  for  ZoSoj  sToj  s.  [(a)  is  identi¬ 
cal  to  Fig.  8(c)], 


affected  by  the  presence  of  chemical  disorder.  In 
Int_,Gax As,  ZnSe* Tei_,  and  most  other  zinc-blende 
pseudobinary  alloys,  however,  |  A,  [  »  |  | .  The 

bond-centered  CPA  thus  tends  to  underestimate  disorder 
effects  for  s  states  and  to  overestimate  them  for  p  states. 
Since  the  only  chemical  scattering  parameter  in  the  ap¬ 
proach  A0=(A,  +  3A?)/4  is  weighted  more  heavily  by  the 
p  disorder,  the  s-state  discrepancies  tend  to  be  more 
severe. 

B.  Supercell  approach 

The  other  alternatives  to  be  considered  are  conceptually 
different  in  that  they  forego  configuration  averaging  en¬ 
tirely.  The  first  of  these,  the  supercell  method,718  intro¬ 
duces  an  artificial  periodic  ordering  to  allow  the  use  of 
standard  crystalline  band-structure  techniques.  The  unit 
ceil  in  this  approach  is  chosen  to  represent  the  most  prob¬ 
able  local  configuration  in  the  alloy.  A  common  example 
is  the  modeling  of  an  A o.s  4 o  }B  zinc-blende  pseudobinary 
as  a  chalcopynte  crystal.7  The  larger  chalcopyrite  unit 
cell78  accommodates  two  different  types  of  A  atom  with 
each  B  atom  having  two  A'  and  two  A"  nearest  neigh¬ 


bors.  The  difference  between  A'—B  and  A"~B  bond 
lengths  is  accommodated  by  a  displacement  of  the  B 
atoms  from  their  ideal  fee  lattice  sites. 

This  approach  is  attractive  because  it  permits  the  use  of 
more  accurate  and  sophisticated  band-structure  tech¬ 
niques  than  the  empirical  tight-binding  method.  Self- 
consistent  density-functional-theory  calculations, 51  b  1,59  for 
example,  have  recently  been  shown  to  provide  important 
information  concerning  local  structure  properties  and 
charge-redistribution  effects  in  zinc-blende  pseudobinary 
alloys.  The  relevance  of  the  associated  band-structure  in¬ 
formation  to  random  alloys  is  much  less  clear.  This  rela¬ 
tionship  is  elucidated  here  by  comparing  the  results  of 
analogous  MCPA  and  supercell  calculations  for 
Ino.5Geo.5As  and  ZnSeo.sTeo  s- 

To  isolate  the  effects  of  ordering,  we  construct  a  super¬ 
cell  Hamiltonian  which  is  locally  equivalent  to  the  ran¬ 
dom  alloy  Hamiltonian  in  Eq.  (3).  The  specific  assump¬ 
tions  employed  are  (1)  an  undistorted  chalcopyrite  lattice 
(eight  atoms  per  unit  cell)  with  all  nearest-neighbor  bond 
lengths  equal  to  d(x=0.5),  (2)  A'  and  A"  intraatomic 
matrix  elements  and  V{  B  and  V{  B  parameters  identical 
to  those  in  the  corresponding  A'B  and  A "B  zinc-blende 
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limiting  crystals,  and  (3)  scaled-VCA  values  [Eq.  (6)]  for 
all  other  matrix  elements.  The  resulting  Hamiltonian  is 
32  X  32  in  k  space.  Band  structures  are  obtained  by  direct 
diagonalization  using  the  limiting-crystal  parameters  in 
Table  II. 

The  associated  supercell  densities  of  states  for 
Ino.jGao  jAs  and  ZnSeo.jTeo  5  are  plotted  in  Figs.  10(c) 
and  11(c),  respectively.  Except  for  some  additional  fine 
structure,  the  basic  features  are  remarkably  similar  to  the 
corresponding  MCPA  state  densities.  Even  the  nearly 
split-band  behavior  near  —6  eV  in  InojGao  jAs  and  —12 
eV  in  ZnSeo  jTeo  s  is  well  reproduced.1811”  We  conclude 
that  the  gross  features  of  the  electronic  structure  are 
determined  primarily  by  local  bonding  properties  and  are 
relatively  insensitive  to  long-range  correlations.  This  be¬ 
havior  follows  from  Heine’s  invariance  theorem43  which 
states  that  local  Green’s  functions  are  insensitive  to  the 
environment  beyond  a  few  electron  wavelengths.  Here 
the  nearest-neighbor  environments  around  each  A'  and 
A"  atom  are  identical  in  the  two  approaches  and  the 
nearest-neighbor  environment  around  each  B  atom  in  the 
supercell  is  the  most  probable  one  in  the  MCPA.  A  simi¬ 
larity  in  local,  and  hence  total,  densities  of  states  is  thus 
to  be  expected,  regardless  of  how  the  local  environments 
are  connected  to  form  the  alloy. 

The  long-range  correlations  in  the  supercell  model  do 
produce  some  observable  differences,  however.  New 
structure  appears  in  figs.  l(Xc>  and  1 1(c)  due  to  new  criti¬ 
cal  points  in  the  smaller  chalcopyrite  Brillouin  zone.  This 
structure  is  spurious  as  far  as  random  alloys  are  con¬ 
cerned  but  may  be  useful  for  detecting  ordering  in  real 
materials  (e.g.,  through  an  examination  of  optical 
spectra181'1).  The  supercell  bands  are  also  somewhat  nar¬ 
rower  than  in  the  MCPA.  This  reflects  the  fact  that,  rela¬ 
tive  to  the  VCA,  the  MCPA  perturbation  produces  a 
repulsion  from  states  throughout  the  zinc-blende  zone 
while  the  supercell  perturbation  produces  a  repulsion  only 
from  states  with  particular  k  vectors.  An  important 
consequence  is  that  VCA  band-edge  states  generally  ex¬ 
perience  a  smaller  intraband  repulsion  in  the  supercell  ap¬ 
proach  than  in  the  MCPA.  The  predicted  bowing  of  the 
fundamental  gap  is  thus  usually  smaller  in  the  supercell 
approach  than  in  the  MCPA,  but  still  larger  than  that  of 
the  VCA.40  The  calculated  superceil  band-edge  results  in 
Table  IV  for  In0.jGao.3As  and  ZnSeo.jTeo.j  confirm  this 
behavior.  The  much  large  discrepancy  between  the 
MCPA  and  supercell  results  for  ZnSeo  jTeo  5  reflects  the 
much  larger  extrinsic  contribution  to  the  bowing  in  this 
system.41 

We  conclude  that  the  supercell  approach  is  largely 
complementary  to  the  MCPA.  Both  approaches  are  supe¬ 
rior  to  the  VCA  in  predicting  properties  sensitive  to  local 
bonding  characteristics  because  both  include  two  distinct 
types  of  A  — B  bond  instead  of  one  bond  of  average  char¬ 
acter.  The  supercell  approach  is  particularly  useful  if  em¬ 
ployed  with  more  sophisticated  band-structure  techniques. 
The  approach  is  only  applicable  to  certain  x  values,  how¬ 
ever,  and  provides  no  information  on  damping  effects  and 
limiting  mobilities  due  to  alloy  scattering.  It  is  also  un¬ 
reliable  in  predicting  k-dependent  band-structure  proper¬ 
ties  (e.g.,  effective  masses,  gaps  at  k=*=0)  which  are  unduly 


influenced  by  the  introduction  of  artificial  periodicity  and 
anisotropy. 

C.  Recursion  method 

The  final  alternative,  the  recursion  method, 19  has  only 
recently  been  implemented  in  electronic  structure  calcula¬ 
tions  for  semiconducting  alloys.30  This  approach  obviates 
the  need  for  configuration  averaging  by  the  direct  con¬ 
sideration  of  large  clusters  characteristic  of  the  alloy  envi¬ 
ronment.  Spectral  densities  and  local  densities  of  states 
are  calculated  by  a  recursive  solution  to  the  Schrodmger 
equation. 

Davis  has  demonstrated  that  for  'andomly  generated 
clusters  and  similar  tight-binding  Hamiltonians  the  recur¬ 
sion  method  yields  similar  results  to  the  MCPA.20lbl'42 
This  result  provides  additional  support  for  the  reasonabili¬ 
ty  of  the  MCPA  mean-field  approximation.  The  real 
power  of  the  recursion  method,  however,  lies  in  its  ability 
to  go  beyond  cell-diagonal  disorder  and  to  consider  clus¬ 
ters  with  arbitrary  degrees  of  short-  or  long-range  correla¬ 
tions.  These  features  have  yet  to  be  exploited  for  zinc- 
blende  pseudobinary  alloys  but  have  been  included  in 
calculations201"  for  Ge2_,(GaAs)|_x.  The  main  disadvan¬ 
tage  of  the  recursion  method  is  that,  like  the  MCPA,  it  is 
limited  to  an  empirical  tight-binding  description  at  the 
present  time.  The  approach  is  also  more  computationally 
intensive  than  the  MCPA  (Ref.  62)  and  somewhat  less 
physically  transparent. 
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APPENDIX:  TRANSFORMATION 
FROM  ATOMIC  TO  sp 3  HYBRID  BASIS 

The  standard  Slater-Koster  description12  of  zinc-blende 
semiconductors  without  spin-orbit  interactions  employs  an 
orthonormal  basis  of  atomiclike  orbitals  dr(r  —  Ry  — rv) 
with  y=$,x,j\z;  v— A,B;  rA-  0;  and  r8  =a  /4(  111),  (a 
is  the  cubic  lattice  constant.)  This  gives  rise  to  an  8x8 
Hamiltonian  matrix  H  A0(k)  in  the  basis  of  corresponding 
Bloch  sums.  The  matnx  elements  of  H  A0(k)  are 

<yvk \H  |yVk>=  £e‘k  lR'+’'',vl£rr-(/mn)„-  ,  (Al) 

/ 

where  o/2(//nn)  =  R;-(-rv  — rv-  and  the  Err  Umn)„. ■  are 
Slater-Koster  parameters  such  as  those  given  in  Table  II. 
The  explicit  form  of  // A0(  k)  for  interactions  up  to 
second-nearest  neighbors  is  given  in  the  Appendix  of  Ref. 
4  for  the  Hamiltonian  labeled  H°. 

The  equivalent  description  in  the  sp 3  hybrid  basis  de¬ 
scribed  in  Eq.  (2)  of  Sec.  II  1.  obtained  by  performing  the 
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unitary  transformation 

^hyb(k)=5kH  AOfk)Sk  .  (A2) 

Here  Sk  is  block  diagonal  in  the  index  v  with  the  A  block 
equal  to 


(A3) 
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and  the  B  block  equal  to 
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The  basis  vectors  in  (A4)  are 
T3=(a/4)(1,1,1)  , 
r6=(a/4)(lfT,T)  , 
t7=(o/4)(T,I,T)  , 
and 

r,=(a/4)(T,T,I)  . 

Equation  (2)  follows  by  dividing  the  atomic-orbital 
Hamiltonian  as 

B  AO(k)=tff°(k)+tf  £°(k)  (A5) 

with  R  AO(k)  containing  only  intra-atomic  and  nearest- 
neighbor  interactions  and  /?AO( k)  containing  all  longer- 
ranged  interactions  (second  neighbors  in  the  present  case). 
The  quantities  <a,k  |jF/2  )£,k)  in  Eq.  (2)  are  matrix  ele¬ 
ments  of  §{R  2°{k)St  which  never  need  to  be  explicitly 
written  in  the  hybrid  basis.  The  quantities  tag  and 
hag{OJ)  in  Eq.  (2)  are  determined  by  analytically  evaluat¬ 
ing  5  lB  f°(k)Sk.  The  tag  are  elements  of  the  matrix 


FIG.  12.  On-site  and  nearest-neighbor  hopping  matrix  ele¬ 
ments  in  sp 5  hybrid  orbital  basis.  Lobes  a—  1  and  a  — 5  are  la¬ 
beled  explicitly  to  illustrate  convention  introduced  prior  to  Eq. 
(1).  Intracell  (intercell)  hoppings  (cf.  Fig.  2)  denoted  by  solid 
(dashed)  lines.  Elements  Vf‘  and  Vf  connect  orbitals  with 
dihedral  angles  of  60*  and  18CT,  respectively. 
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and 


VB  for  a  =  5— 8;  0=5  —  8;  f}=£a;  Kj=ra~rg  , 

V$B  for  a=  1  —  4;  0=5  —  8;  0=yfca  +  4;  R y  =  T0+4— rp, 

VAB  for  a  =  I  —4;  0=5  —  8;  0=^a+4,0';  Kj—rg-rg  where  /S'  —  5  —  8;  0T=jfca+4  , 
hag(0J)=  and  a  =  5  — 8;  0=  1—4;  aj±P+4,a'\  R ;=t„— ra-  where  a'  =  5  — 8;  aVf 1+4  ,  (A7) 

VAB  for  a  =  l— 4;  0=a+4;  Ry  =Ta'+*-rg  where  a'-  1  -4;  a'^a  , 

and  a  =  5  — 8;  0=a- 4;  Ry=Ta-r0-  where  a'  =  S-8;  a'=/ta  . 

0  for  all  other  matrix  elements  . 

The  hybrid  orbital  matrix  elements  appearing  in  (A6)  and  (A7>  [cf.  Fig.  (12)]  are  given  by 
^=[£b(000)w+3£„(000)vv]/4,  v=A,B, 

F?  =  [£0UX»)w-£u<<X»)„]/4,  v=A,£, 

^*  =  [£„(HI>^-3f«(HT)-t»-:5£«<TT7)«-3^(7TT^-6£V(iH)-*l']/4. 

^fl  =  [£n(|l})x8  +  £x,(ii{)xs-3£„(Hi),s+£u(|H!®-*+2£*>(777>^)/4-  (A8) 
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^'  =  [£B{HT)^+£«<yT7)^+£««TTT)  . . .  . 

^=[£,(Ui),«-3£IIIU;),»+£u 


■*,<7T7>^4  • 
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The  local  structural  properties  of  Hg,  _ ,  Cd,Te,  Hg,  _ ,  Zn,  Te,  and  Cd,  _  „  Zn,  Teare  examined 
using  a  self-consistent  pseudopotential  approach.  An  accurate  description  of  the  limiting  crystals 
is  obtained  by  adding  empirical  corrections  to  ab  initio  total  energies  calculated  with  the  group-11 
d  states  included  in  the  cores.  Similar  calculations  for  x  —  0. 5  ordered  alloys  confirm  the  presence 
of  nearest-neighbor  bond-length  differences  in  these  systems  without  violation  of  Vegard’s  law. 
An  anomalously  large  “relaxation”  is  predicted  here  for  Hg,  _,Cd,Te(~2%  bond-length 
difference  in  the  alloy  compared  to  only  0.3%  between  limiting  crystals)  due  to  the  dominance  of 
chemical  effects  neglected  from  simple  valence  force  models.  The  implications  of  the  present 
results  for  alloy  mixing  energies  and  possible  deviations  from  randomness  are  discussed. 


I.  INTRODUCTION 

The  local  structural  poperties  of  tetrahedrally  bonded  semi¬ 
conducting  alloys  play  an  important  role  in  determining  the 
electronic. 13  thermodynamic,3-6  and  defect  properties7  *  of 
these  materials.  Recent  extended  x-ray  absorption  fine- 
structure  (EXAFS)  measurements’'"  have  demonstrated 
that  in  a  variety  of  A,.,,  B,C  zinc-blende  systems,  the  indi¬ 
vidual  A-C  and  B-C  nearest-neighbor  bond  lengths  do  not 
simply  equalize  to  an  average  “virtual  lattice”  value  but  in¬ 
stead  each  bond  length  remains  much  closer  to  that  of  its 
limiting  crystal.  The  "relaxation”  of  an  A-C  bond  is  conve¬ 
niently  described  by  the  dimensionless  parameter 

*=<rfAc{BC:A]-c/Sc)/(rfic  -d% c), 

where  d\ c  and  are  the  limiting  crystal  bond  lengths 
and  d  AC  [  BC.  A  J  is  the  A-C  bond  length  associated  with  an 
isolated  A  impurity  in  a  BC  crystal.  Typical  values  of  e  mea¬ 
sured  in  EXAFS  experiments  range  from  0.6  to  0.8.  An  up¬ 
per  bound  of  e  =  1  is  predicted  by  classical  valence  force 
( VF)  models3-5  which  involve  a  competition  between  bond¬ 
stretching  and  bond-bending  forces. 

In  the  case  of  Hg,  _,Cd,Te  (MCT),  local  structural  dis¬ 
tortions  have  generally  been  assumed  to  be  unimportant  in 
view  of  the  excellent  agreement  between  limiting  crystal 
bond  lengths  (Arf— 0.01  A).  Tight-binding  calculations* 
presented  at  the  1983  MCT  Workshop,  however,  suggested 
the  possibility  of  an  anomalously  large  relaxation  (e  >  1 )  in 
this  system  due  to  an  additional  chemically  induced  force 
omitted  from  simple  VF  models.  We  have  recently  con¬ 
firmed  this  prediction  using  a  more  realistic  self-consistent 
pseudopotential  total  energy  minimization  procedure.13  In 
this  paper  we  present  a  more  detailed  account  of  this  work 
and  its  implications  for  other  alloy  properties  (e.g.,  charge 
redistribution  and  mixing  energies).  Similar  calculations  are 
reported  for  the  closely  related  Hg,  _,Zn,Te  and 
Cd,  _  ,  Zn,  Te  systems,  which  have  become  increasingly  im¬ 
portant  in  their  own  right. 


II.  THEORETICAL  APPROACH 
A.  Limiting  crystals 

We  begin  with  a  straightforward  application  of  the 
ab  initio  pseudopotential  method"  to  the  limiting  crystals 
HgTe,  CdTe,  and  ZnTe.  This  approach  has  been  extremely 
successful  in  describing  the  structural  properties  of  group  IV 
and  III-V  crystals  and  has  recently  yielded  important  in¬ 
sight  into  the  effects  of  bond  relaxation  in  In,  _ ,  Ga„  P4  and 
In,  Ga,  As. 14  A  complicating  factor  in  the  case  of  II-VI’s 
is  the  presence  of  shallow  group-II  d  states15  ( >  —  1  Ry). 
For  computational  convenience,  we  treat  these  states  here  as 
part  of  the  core.  We  later  add  empirical  corrections  to  the 
total  energy  to  compensate  for  the  errors  introduced  by  this 
assumption. 

Ab  initio,  “norm-conserving”  pseudopotentials  are  gener¬ 
ated  for  Hg3 + ,  Cd3+,  Zn3 + ,  and  Te6*  using  a  slight  modifi¬ 
cation16  of  the  Hamann-Schliiter-Chiang  procedure.17  Rel¬ 
ativistic  effects,  which  play  an  important  role  in  these  heavy 
ions,"  are  included  in  the  scalar  approximation  of  Ref.  19. 
Total  energy  calculations  are  performed  within  the  local 
density  approximation  using  a  plane-wave  basis30  and  a  He- 
din-Lundqvist  exchange-correlation  potential.31  Plane 
waves  with  energies  up  to  8  Ry  are  treated  exactly  and  those 
between  8  and  12  Ry  are  treated  perturbatively.  Brillouin 
zone  integrals  are  evaluated  using  two  special  k  points33  for 
zinc-blende  crystals  and  the  corresponding  k  point  sets  for 
lower  symmetry  structures. 

Total  energies  are  obtained  for  each  crystal  at  both  a  series 
of  zinc-blende  lattice  constants  and  a  series  of  ( II 1 )  trigonal 
distortions.  Results  in  the  former  case  are  used  to  calculate 
the  equilibrium  lattice  constant  (a),  bulk  modulus  (B),  and 
cohesive  energy  (£coh ).  The  latter  results  are  used  to  calcu¬ 
late  the  zone-center  transverse-optic  phonon  frequency33 
(  vto  (!")]■  Ab  initio  predictions  for  these  quantities  are 
compared  to  experiment34  in  the  upper  pan  of  Table  I.  The 
theoretical  lattice  constant  in  each  case  is  too  small  by 
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Table  I.  Top:  Comparisons  of  calculated  and  experimental  (Ref.  24)  lattice  constants  a  (in  A),  bulk  moduli  B  (in  kbar).  cohesive  energies  Ecm  un  eV/ 
cell),  and  zone-center  phonon  frequencies  vTO  ( T )  (in  101’  Hz).  Deviations  from  expenment  are  listed  in  parentheses.  Bottom:  Coefficients  (in  eV  A”)  of 
nearest-neighbor  (  V, )  and  cation  second- neighbor  ( t/1)e''>  repulsions  assumed  in  modified  total  energy  results. 


ZnTe 

CdTe 

HgTe 

a 

Ab  initio 

5.61 8(  -  8%) 

5.8!8(  -  10%) 

5.616(  -  )3%) 

modified:  expt 

6.103 

6482 

6.462 

B 

Ab  initio  (at  a,lp, ) 

273(  -46%) 

133(  -69%) 

47 (  -  89%) 

modified 

544  (  +7%) 

412  (  -  3%) 

447  (  +2%) 

ex  pi 

509 

424 

437 

oh 

Ab  initio  (at  a„,«  ) 

6.75(  +41%) 

6.77(  +54%) 

7.05  (  +  115%) 

modified 

4.69(  -2%) 

4.23(  —  4%) 

3.44(  -5%) 

expt 

4  80 

4.40 

328 

vto  ( r ) 

Ab  initio  (at  a„w ) 

4.41  (  -  17%) 

3.07 {  -  27%) 

2.20(  -  38%) 

modified;  expt 

5.30 

4.20 

3.54 

V, 

90,530 

193.350 

230733 

yt 

1074.311 

1482.937 

2556.274 

~  10%  and  the  other  three  quantities  are  predicted  with 
even  less  accuracy.  By  comparison,  similar  calculations  for 
group  IV  and  III— V  crystals13  typically  yield  errors  of  only 
1%  in  a,  5%  in  B and and  3%  in  vTO(D. 

We  attribute  the  much  larger  errors  here  to  an  inadequate 
treatment  of  the  cation  d  states.  The  "frozen  core"  approxi¬ 
mation  breaks  down  because  the  large  radii  of  these  states 
make  it  impossible  to  choose  fully  satisfactory  cutoff  radii 
for  the  d  components  of  the  ionic  pseudopotentials.  In  con¬ 
trast  to  the  present  results,  ab  initio  calculations  for  11-VI’s 
which  include  the  d  electrons  on  the  same  footing  as  valence 
s  and  p  electrons  yield  accuracies  comparable  to  those  for 
group  IV  and  III-V  systems.25'27 

To  compensate  for  the  errors  inherent  in  the  frozen  core 
approximation,  we  add  empirical  repulsive  forces  to  the  total 
energy  which  we  assume  to  be  independent  of  chemical  envi¬ 
ronment.  The  particular  choice  of  these  interactions  is  moti¬ 
vated  by  a  desire  to  provide  an  accurate  description  of  the 
limiting  crystal  properties  in  Table  I  with  as  few  empirical 
parameters  as  possible.  The  best  compromise  we  have 
achieved  assumes  pairwise  repulsions  of  the  form  V,r~6 
between  nearest  neighbors  and  V2r~6  between  cation  second 
neighbors,  where  r  is  the  separation  between  atoms.  This 
introduces  only  two  parameters  for  each  crystal  which  we  fit 
to  the  experimental  lattice  constants  and  vTO(D  values. 
The  resulting  V,  and  V7  parameters  are  listed  at  the  bottom 
of  Table  I.  The  increase  in  magnitudes  from  Zn  — Cd  — Hg 
is  consistent  with  a  corresponding  increase  in  the  d-state  ra¬ 
dius.  The  significant  improvements  achieved  in  the  modified 
B  and  ITcoh  values  in  the  upper  part  of  the  table  support  the 
validity  of  this  approach  and  give  us  the  confidence  to  em¬ 
ploy  the  same  empirical  corrections  in  the  alloy  calculations 
described  below. 

6.  Ordered  alloys 

A  direct  extension  of  this  approach  to  intermediate  alloy 
concentrations  is  practical  only  for  ordered  configurations 
wuh  small  unit  cells.  Here  we  consider  only  the  simplest 


such  arrangement:  the  Ao5B05C  simple  tetragonal  struc¬ 
ture  shown  in  Fig.  1.  We  assume  that  the  A  and  B  atoms  in 
this  structure  occupy  alternating  (001 )  planes  of  an  undis¬ 
torted  fee  sublattice.  The  neglect  of  an  overall  tetragonal 
distortion  is  consistent  with  the  relatively  weak  broadening 
of  the  cation-cation  separation  observed  in  EXAFS  mea¬ 
surements  on  random  alloys.’'1 1  The  C  atom  location  in  Fig. 

1  is  allowed  to  vary  from  its  ideal  tetrahedral  position 
( u  =  0.25)  to  accommodate  a  relaxation  of  nearest-neigh¬ 
bor  bond  lengths.  The  A-C  and  B-C  bond  lengths  are  given 
by  (i/2  +  0.125) 1/2  a  and  [(«  —  0.5 )2  -+  0.125Jl/2a,  respec¬ 
tively,  where  a  is  the  lattice  constant. 

The  modified  total  energy  is  minimized  with  respect  to 
both  u  and  a  for  each  of  the  HgojCdosTe,  Hg^Ziig  ,Te, 
and  Cdo  jZno  jTe  systems.  Ab  initio  calculations  are  first 
performed  for  each  system  in  exact  analogy  with  those  of 
Sec.  II  A.  Empirical  corrections  are  then  added  by  assuming 
that  the  A-C,  B-C,  A-A,  and  B-B  interactions  in  an 
AqjBojC  alloy  are  well  described  by  the  same  V,  and  V2 


Fic.  1.  Simple  tetragonal  structure 
assumed  for  an  A<, ,  Bo  ,C  ordered 
alloy  with  lattice  constant  c.  The  pa¬ 
rameter  u  is  allowed  to  vary  to  ac¬ 
commodate  a  difference  in  A-C  and 
B-C  bond  lengths. 
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parameters  as  in  the  limiting  crystal.  The  only  complication 
which  arises  concerns  art  A-B  interaction,  for  which  there  is 
no  crystalline  counterpart  Here  we  a>sume  that  the  appro¬ 
priate  F,  parameter  for  this  interaction  is  given  by  either  an 
arithmetic  or  a  geometric  mean  of  the  corresponding  V ,  pa¬ 
rameters  for  the  A-A  and  B-B  interactions.  The  two  ap¬ 
proximations  will  be  seen  in  Sec.  Ill  B  to  lead  to  slightly 
different  alloy  mixing  energies.  The  equilibrium  bond 
lengths  in  the  two  cases  are  indistinguishable,  however,  since 
the  cation-cation  interaction  play*  no  role  in  determining 
the  equilibrium  u  value  for  a  given  lattice  constant. 

III.  RESULTS  AND  DISCUSSION 
A.  Alloy  structural  properties 

The  calculated  equilibrium  lattice  constants  for 
Hgo  <  Cd,, .  Te.  Hg0 ,  Zn,, ,  Te,  and  Cd05Zn0?Te  are  all 
found  to  be  within  0.5^  of  the  limiting  crystal  averages. 
This  result  is  consistent  with  the  nearly  linear  (Vegard's 
law)  concentration  dependencies  observed  in  x-ray 
lattice  constant  measurements  on  Hg,  _  ,Cd,Te.18 
Hg,  _  ,  Zn,  Te.:8  and  Cd,  _  ,  ZnTTe.10 

The  predicted  nearest-neighbor  bond-length  behavior  is 
summarized  in  Fig.  2.  The  dashed  lines  represent  the  average 
variation  d (x )  expected  for  both  bond  types  in  an  undistort¬ 
ed  virtual  lattice.  The  relaxed  bond  lengths  calculated  for  the 
x  =  0.5  ordered  alloys  are  denoted  by  X’s.  In  the  corre¬ 
sponding  random  alloys,  one  expects  a  distribution  of  bond 
lengths  due  to  variations  in  the  local  environment.  We  esti¬ 
mate  the  mean  values  in  such  systems  (solid  lines  in  Fig.  2) 
using  a  binomial  distribution  analysis  similar  to  that  of  Ref 
4.  The  specific  assumptions  made  are  that  ( 1 )  the  A  and  B 
atoms  in  an  A,  _  ,B,C  system  remain  fixed  on  their  fee  lat¬ 
tice  sites,  (2)  the  A-C  bond  length  associated  with  a  given 
nearest-neighbor  environment  of  the  C  atom  varies  linearly 
with  the  number  of  B  neighbors,  ( 3 )  the  A-C  bond  associat¬ 
ed  with  a  configuration  of  two  A  and  two  B  nearest  neigh¬ 
bors  at  x  =  0.5  has  the  length  d°£  calculated  for  the  corre¬ 
sponding  ordered  alloy,  and  (4)  the  mean  A-C  bond  length 
d™ c'(x)  varies  linearly  with  x  (as  observed  in  EXAFS  ex¬ 
periments).  The  resulting  mean  value  at  x  =  0.5  is 


ALLOY  COMPOSITION 

Fig  2  Calculated  nearest -neighbor  (NN)  bond  lengths  in  ordered  ar  i 
random  alloys  compared  to  average  behavior  ( d )  predicted  for  unrdaxed 
virtual  lattice 


<r;"u(0.5)  =  3d“'^/4  -  d( 0.51/4 

The  smaller  .claxatson  compared  to  the  ordered  case  is  a 
consequence  of  the  fact  that,  while  the  bond  lengths  relax 
coherently  in  the  ordered  systems,  many  or  the  local  envi¬ 
ronments  in  the  random  alloys  are  more  highly  strained* 
[e.g.,  the  A-C  bond  length  associated  with  a  configuration 
of  four  A  nearest  neighbor'  in  our  model  is  always  the  virtual 
lattice  value  d{x) }. 

The  solid  lines  in  Fig.  2  for  Cd,  ,  Zn,  Te  correspond  to 
relaxation  parameters  of  £  =  0.6.  This  is  in  reasonable  agree¬ 
ment  with  recent  EXAFS  experiments10  (e  =  0.75)  as  well  as 
with  previous  VF3,5  and  tight-binding5  calculations.  The 
slightly  smaller  relaxation  predicted  here  may  be  an  artifact 
of  our  assumed  perfection  of  the  cation  sublattice. 

Much  more  unusual  behavior  is  found  here  for  th_*  two 
ised  systems.  The  anomalously  large  relaxation  pre¬ 
dicted  for  Hg,  _  ,  Cd,  Te(e  =  5.8 )  supports  the  earlier  tight- 
binding  analysis  of  Ref.  8  ( e  =  2 )  and  is  in  striking  contrast 
to  the  predictions  of  VF  models.  The  Hg-Te  and  Cd-Te 
bond  lengths  are  found  to  differ  by  ~2Cc-(0.05  A)  in  this 
system,  which  should  be  easily  resolvable  in  EXAFS  experi¬ 
ments.  By  contrast,  the  relaxation  predicted  here  for 
Hg,  _,Zn,Te(f=0.21)  is  much  smaller  than  that  in  pre¬ 
vious  VFJ5  and  tight-binding5  calculations  (£>0.70). 
EXAFS  results  for  this  system  would  thus  also  be  of  interest 

We  attribute  the  dramatic  failure  of  VF  predictions  for 
Hg,  -  ,  Cd,  Te  and  Hg,  _  ,Zn,Te  to  the  presence  of  an  addi¬ 
tional  chemically  induced  force  associated  with  a  difference 
in  cation  electronegativities.  Such  a  force  has  been  discussed 
previously  in  the  tight-binding  analysis  of  Refs.  5  and  8  and 
shown  to  result  from  the  difference  in  “metallic  coupling" 
between  the  alloy  and  crystalline  environments.  The  meta'- 
lic  coupling  is  defined  as  the  interaction  between  a  given 
bonding  state  and  its  neighboring  antibondirg  states.’9  he 
fact  that  an  A-C  bonding  state  is  coupled  to  some  B-C  ami- 
bonding  states  in  an  A,  _  , B, C  alloy  produces  a  change  in 
the  effective  A-C  force  constant.  Relative  to  the  virtual  lat¬ 
tice  structure,  the  presence  of  this  effect  generally  drives  a 
contraction  of  the  less  ionic  bond  in  order  to  increase  charge 
transfer  from  the  less  to  the  more  electronegative  cation.  In 
the  case  of  Hg,  _ ,  CdxTe,  Hg  is  more  electronegative  and 
the  contraction  of  the  Hg-Te  bond  results  in  a  net  Cd  —  Hg 
charge  transfer,  which  is  energetically  favorable.  The  anom¬ 
alous  behavior  in  this  system  results  from  the  unusual  situa¬ 
tion  in  which  the  limiting  crystals  have  roughly  the  same 
bond  length  despite  an  appreciable  difference  in  tonicities.30 
In  systems  which  are  poorly  lattice  matched  (e.g., 
Hg,  _,Zn,Te  and  Cd,  _  ,Zn,Te),  the  consequences  of  the 
chemical  force  are  more  difficult  to  predict  due  to  additional 
complications  associated  with  bond  angle  changes  (e.g.,  re- 
hybridization).  The  present  calculations,  which  include 
these  effects  automatically,  suggest  that  the  chemical  force 
has  little  effect  on  the  resulting  bond  lengths  in 
Cd  |  _  x  Zn,  Te  but  is  resp  jnsible  for  the  much  smaller  relax¬ 
ation  predicted  here  for  Hg,  _,Z-\Te  compared  to  pre¬ 
vious  VF  estimates. 

One  final  feature  of  Fig.  2  which  is  worth  noting  is  the  fact 
that  the  calculated  bond  lengths  satisfy  the  transitivity  rela¬ 
tionship 


J.  Vac.  Set.  Technol.  A.  Vol.  S.  No.  5,  Sap/Oet  1987 


3022 


K.  C.  Hass  and  D.  Vanderbilt:  Bond  relaxation  in  Hg,j$J,Te  and  related  alloys 


3022 


d  z„t<  [CdTe:Zn]  ■+■  dcaXt  [  HgTeCd]  +  d  HtTe  [ZnTerHg] 

~dLu+d°c^+d°Htr' 

to  within  better  than  0.2%.  (This  is  equivalent  to  saying  that 
the  sum  of  the  slopes  of  the  solid  lines  in  Fig.  2  is  zero. )  We 
are  unable  to  provide  a  simple  explanation  for  this  behavior 
at  this  time  but  we  note  that  simple  VF  estimates  of  impurity 
bond  lengths  in  a  wide  vauety  of  zinc-blende  systems3-'  pre¬ 
dict  a  similar  relationship  to  hold  in  most  common  anion  and 
common  cation  systems.  Further  EXAFS  studies  would  be 
useful  to  test  for  such  transitivity  experimentally. 

B.  Alloy  mixing  energies 

We  conclude  this  paper  by  exploring  some  of  the  implica¬ 
tions  of  the  above  bond-length  calculations  for  the  thermo¬ 
dynamic  properties  of  Hg,  _,Cd,Te,  Hg,  _,ZnxTe,  and 
Cd,  _  „ZntTe.  The  discussion  is  based  on  the  total  excess 
energies  A £0  of  the  x  =  0.5  ordered  alloys  relative  to  their 
segregated  crystals.  Srivastava.  Martins,  and  Zunger4  have 
recently  shown  that,  contrary  to  previous  expectations, 
the  A £0’s  associated  with  various  ordered  phases  of 
In,  _ ,  Gat  P  are  actually  negative  which  suggests  that  such 
phases  may  actually  represent  the  stable  low-temperature 
ground  states  of  this  system.  Here  we  find  a  similar  result  for 
Hg,  _  ,  Cd,  Te  but  a  much  smaller  tendency  towards  order¬ 
ing  in  the  two  Zn  alloys. 

We  proceed  as  in  Ref.  4  by  considering  the  formation  of  a 
relaxed  x  ~  0.5  ordered  alloy  as  a  three  tep  process.  In  ;*ep 
one,  the  segregated  crystals  are  appropriately  expanded  or 
contracted  to  the  alloy  lattice  constant  a.  This  costs  a  valence 
distortion  ( VD)  energy  A £  VD  which  is  always  positive  and 
is  the  only  contribution  considered  in  simple  virtual  lattice 
strain  models  of  alloy  mixing  energies.31  Calculated  values 
of  A£ VD  in  the  three  systems  considered  here  are  listed  in  the 
top  line  of  Table  II.  The  negligible  distortion  energy  in 
Hgo ,  Cdo  j  Te  is  a  consequence  of  the  excellent  lattice  match 
in  this  system. 

In  the  second  step,  the  ordered  alloy  is  formed  with  all 
atoms  in  their  ideal  tetrahedral  locations  ( u  =  0.25).  The 
associated  chemical  energy  contribution  A ECE  results  from 
a  slight  charge  redistribution  which  occurs  at  this  stage  to 
smooth  out  any  discontinuities  in  tne  charge  densities  at  the 


boundaries  of  the  crystalline  unit  cells.  A£CE ,  in  general,  can 
be  of  either  sign.  Here  we  find  negative  values  in  each  of  the 
three  syster  o  Table  II  with  magnitudes  which  depend 
sensitively  on  the  averaging  procedure  (arithmetic  or  geo¬ 
metric  mean)  used  to  treat  the  empirical  repulsion  between 
cation  second  neighbors. 

In  the  final  step,  the  individual  nearest-neighbor  bond 
lengths  in  the  alloy  are  allowed  to  relax  to  their  preferred 
equilibrium  positions.  This  yields  a  structural  energy  contri¬ 
bution  A £s  which  is  always  negative.  The  magnitudes  of 
A£s  are  generally  much  larger  than  the  predictions  of  sim¬ 
ple  VF  models1-5  since  the  local  distortions  in  the  alloy  are 
accompanied  by  the  additional  charge  redistribution  effects 
discussed  in  Sec.  Ill  A.  The  presence  of  these  effects  gives 
rise  to  a  much  larger  :A£S  j  value  compared  to  A£  vn  in 
Hg0  jCd05Te  but  is  not  sufficient  to  overcome  the  valence 
distortion  energies  in  the  Zn  alloys. 

The  total  excess  energies  in  Table  II  are  obtained  by  sum¬ 
ming  the  A£VD,  A£ce,  and  A £s  results.  Despite  the  large 
uncertainties  in  these  numbers,  there  does  seem  to  be  a  much 
larger  tendency  towards  ordering  (negative  A£0)  in  the 
Hgo  jCdajTe  system  than  in  the  two  Zn  alloys.  Even  in 
HgojCd^Te,  however,  the  magnitude  of  A £0  is  probably 
too  small  to  overcome  entropy  effects  at  typical  growth  tem¬ 
peratures.  [It  is  important  to  note  that,  while  the  smaller 
A E0  value  in  Hgo,  Cd^ ,  Te  compared  to  Hg0sZn05Te 
means  that  the  former  ordered  alloy  is  more  “stable”  in  the 
technical  sense,  the  present  results  provide  no  direct  infor¬ 
mation  on  individual  bond  strengths  in  the  two  systems.  T..? 
tight-binding  prediction8  that  the  weak.  Hg-Te  bond  (cf. 
Eeoh  values  in  Table  I)  may  be  somewhat  stronger  in 
Hg,  _„Zn,Tethau  >n  Hg,  _,Cd,Te  is  thus  not  contradict¬ 
ed  by  our  results.  ] 

The  bottom  line  of  Table  II  lists  experimentally  deter¬ 
mined  enthalpies  of  formation  A HD  for  disordered 
£d,  _,Zn,Te,  Hg,  _,Cd,Te,  and  Hg,  _  ,Zn,Te  alloys  31 
Like  AEq,  idiD  is  also  found  to  be  smallest  in  magnitude  in 
Hg,  _  ,  Cd,  Te,  although  its  sign  is  positive.  A  possible  origin 
of  the  positive  A HD  value  in  Hg,  _,Cd,Te  has  recently 
been  proposed  in  terms  of  the  Coulomb  energy  associated 
with  charge  fluctuations  in  a  disordered  ionic  system.31  The 
present  bond-length  results  suggest  an  additional  contribu- 


Table  II.  Contributions  to  the  total  excess  energies  A£„  of  (hex  =  0.5  ordered  alloys.  The  valence  distortion  energies  ( A£vo ),  chemical  energies  ( A£  Ct  ), 
and  structural  energies  (&£' )  are  defined  in  the  text.  Results  are  presented  for  both  the  arithmetic  mean  <  am. )  and  geometric  mean  (pm.)  treatments  of  the 
empirical  repulsion  between  unlike  cation  second  neighbors.  The  final  line  gives  the  experimentally  determined  enthalpies  of  formation  AW„  of  the 
corresponding  disordered  alloys.  All  energies  are  in  e  V/(  zinc-blende  cell ) . 
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tion  in  terms  of  the  strain  associated  with  different  local  en¬ 
vironments  in  the  disordered  alloy.  This  effect  is  believed  to 
be  the  dominant  source  of  the  positive  UiD  values  in  poorly 
lattice-matched  systems4  (eg.,  Cdi.^Zn.Te  and 
Hg ,  _  ,  Zn ,  Te )  but  has  previously  been  assumed  to  be  negli¬ 
gible  in  Hgi.,  Cd.Te.  The  fact  that  it  may  not  be  also  sug¬ 
gests  that  deviations  from  randomness46  in  Hg,  _  , Cd.Te 
may  also  be  larger  than  expected. 
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A  novel  analytic  approach  for  calculating  superlattice  effective  masses  both 
perpendicular  and  parallel  to  the  layer  planes  is  summarized.  The  approach  is 
based  on  the  crystalline  oscillator  strength  (“/-*)  sum  rule  and  the  envelope  func¬ 
tion  approximation.  Applications  to  GaAs/Gai_tAlxAs  and  HgTe/CdTe  yield 
excellent  agreement  with  experiment  for  a  conduction  :  valence  band  offset  ratio 
of  70:30  and  a  valence  band  offset  near  zero,  respectively. 


A  periodic  superlat'lce  (SL)  containing  an  arbi¬ 
trary  number  of  constituents  may  be  conveniently 
riewed  as  a  crystalline  solid  having  a  large  unit  cell. 
While  any  bulk  band  structure  technique  is  thus  di¬ 
rectly  applicable  to  SL’s,  most  realistic  calculations 
ire  limited  in  practice  either  to  relatively  thin-layered 
systems1  or  to  the  dispersion  only  along  the  growth 
direction.3  Recently,  we  presented  a  novel  analytic  ap¬ 
proach  for  the  calculation  of  SL  effective  masses  which 
s  valid  for  arbitrary  directions  and  layer  thicknesses  in 
iny  system  composed  entirely  of  direct  gap  materials.* 
the  present  note  briefly  summarizes  the  key  ingredi¬ 
ents  of  this  method  and  its  predictions  for  the 
GaAs/Gai-,AlsAs  and  HgTe/CdTe  systems.  A  more 
,  complete  description  of  this  work  will  be  given  else¬ 
where. 

The  approach  is  based  on  the  well  known  /-sum 
rale  relationship  between  effective  masses  and  optical ' 
oscillator  strengths.  For  a  SL  characterised  by  eigen¬ 
states  \L,K)  and  energies  where  L  and  K  are 

the  SL  band  index  and  wavevector,  respectively,  this 
relationship  takes  the  form 

=1+v  7  K&.Q1  Fel  m 

U./g  El(0)-Ev{0)  * 

Here  pa  is  the  momentum  operator  component  either 
perpendicular  (o  =  1)  or  parallel  (a  =  ||)  to  the  layer 

planes  and  (m0Jm)L  is  the  corresponding  K  =  0  ef¬ 
fective  mass  of  SL  band  L  in  units  of  the  electron  mass 
m.  The  quantities  summed  in  Eq.  (1)  represent  the 
oscillator  strengths  associated  with  optical  transitions 
between  SL  states  |L,0)  and  |Z/,0).  Analytic  solutions 
for  the  |L,0)’s  and  Ec(0)'s  are  easily  obtained  in  terms 
of  bulk  band  structure  parameters  using  the  Kane  k-p 
model4  (including  finite  spin-orbit  splitting)  and  the 
envelope  function  approximation;3’*  the  treatment  of 
band  discontinuities  and  the  boundary  conditions  are 
equivalent  to  those  of  Ref.  5.  The  relevant  momen¬ 
tum  matrix  elements  then  reduce  to  integrals  over  the 


envelope  functions  and  their  spatial  derivatives.  These 
integrals  may  also  be  evaluated  analytically  since  the 
envelope  functions  themselves  are  simply  trigonometric 
functions  within  each  layer. 

The  sum  in  Eq.  (lj  is  found  to  be  dominated  by 
only  a  small  number  ot  SL  states  whose  energies  lie 
well  within  the  range  which  is  adequately  described  by 
the  Kane  model.  The  use  of  only  K  -  0  information 
allows  my  to  be  calculated  as  easily  as  mj,  without  any 
of  the  previously  reported  difficulties3  associated  with 
the  coupling  of  SL  light  and  heavy  hole  bands  for  finite 
K  values  parallel  to  the  planes. 

Values  of  both  electron  effective  msaiea  for  an  80A 
G  a  As/ 20  A  Gaj-sAlsAs  SL  were  obtained  in  Ref.  3 
using  standard  bulk  parameters4  and  a  conduction  : 
valence  band  offset  ratio*  of  70:30.  The  results  agree 
well  with  recent  cyclotron  resonance  measurements3 
and  with  previous  theoretical  calculations*  of  mj_.  The 
two  masses  start  out  at  the  same  bulk  GaAs  value  of 
0  067m  for  *=0  and  increase  to  mj/m  »  0.114  and 
m||/m  =  0.070  for  z  =  0.3.  The  relatively  small  in-  i 
crease  in  my  follows  a  slight  increase  in  the  SL  band  gap  J 
which  results  from  the  increasing  barrier  height  in  the 
Gai-sAUAs  layers.  The  perpendicular  mass,  by  con-  ! 
trast,  is  much  more  sensitive  to  the  barriers;  for  thick  j 
Gat _(Ali As  layers,  m±  — •  oo.  In  terms  of  oscillator 
strengths,  the  difference  between  m  ■  and  my  results 
primarily  from  the  coupling  between  the  conduction 
band  minimum  and  the  next  highest  K  =  0  conduc¬ 
tion  state  which  lies  i  160  meV  higher  due  to  sone- 
folding.  This  transition  has  an  appreciable  oscillator 
strength  only  for  the  perpendicular  direction*  where  it 
makes  a  significant  negative  contribution  to  the  sum  in 

Eq-  (J)' 

The  /-sum  rule  approach  has  also  been  applied  to 
HgTe/CdTe  SL’s  using  the  bulk  parameters  of  Ref. 

9.  While  the  appropriate  value  of  the  valence  band 
offset  A  (defined  to  be  positive  if  the  valence  band 
maximum  of  HgTe  lies  above  that  of  CdTe)  remains 
controversial,10  the  calculated  electron  my  values  in 
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Fig.  1  Calculated  variation*  of  the  auperlattice  electron  assumed  alignment  of  the  bulk  conduction  (aolid) 
effective  maaaes  mj.  (dotted)  and  mg  (daahed)  and  and  valence  (dashed)  band  edge*  (aero  valence 
band  gap  Et  (solid)  as  functions  of  layer  widths  in  band  offset), 
the  HgTe/CdTe  system.  The  inset  shows  the 


Ref.  3  were  found  to  be  consistent  with  experimental 
magneto-absorption  measurements11  only  if 

h  *»  0.  Theoretical  predictions  for  mx«  mg  and  the  SL 
energy  gap  E,  for  A  =  0  are  shown  in  Fig.  1  as  a  func¬ 
tion  of  HgTe  layer  width  for  a  series  of  CdTe  widths. 
The  results  are  consistent  with  previous 

theoretical  calculations*'1*  and  with  available  exper¬ 
imental  values11*1*  of  mg  (for  slightly  different  CdTe 
widths).  The  increase  in  Et  with  decreasing  HgTe 
width  reflects  the  quantum  confinement  of  the  lowest 
SL  conduction  state.  Both  m±  and  mg  also  increase 
monotonically  in  this  direction  in  Fig.  1  although  nei¬ 
ther  is,  in  general,  proportional  to  Et.  For  thin  CdTe 
layers  (e.g.  20A),  mg  w  mj,  and  both  masses  are 
within  10%  of  the  value  which  would  be  obtained  in 
a  Hg|_sCd,Te  alloy  of  equivalent  composition.  The 
perpendicular  mass  is  extremely  sensitive  to  the  CdTe 
(barrier)  width  and  increases  by  more  than  a  factor 
of  four  uom  20A  CdTe  to  50A  CdTe  widths  for  SL’s 
whose  HgTe  width  is  allowed  to  vary  slightly  to  fix 
at  0.1  eV.  This  ability  to  tailor  independently  of  E, 
has  previously  been  suggested  as  a  means  of  controlling 
reverse  currents  in  HgTe/CdTe  infrared  detectors.14 
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The  /-sum  rule,  relating  effective  masses  to  oscillator  strengths,  is  extended  to  semiconducting  super- 
lattices  and  applied  to  GaAs-(Ga,Al)As  and  HgTe-CdTe.  This  novel  approach  is  implemented  analyti¬ 
cally  by  use  of  the  envelope-function  approximation  to  calculate  both  parallel  and  perpendicular  masses 
and  is  used  to  account  for  their  difference  physically.  Agreement  with  experiment  is  excellent,  but  m 
HgTe-CdTe  only  if  the  valence-band  offset  is  small. 

PACS  numbers:  73.20.Dx.  73  40,Kp,  73.40.Lq 

Equation  (1)  is  exact  as  it  stands.  Here  we  evaluate 
the  relevant  SL  quantities  analytically  in  terms  of  bulk 
electronic  structure  parameters  using  the  envelope-func¬ 
tion  approximation.1  The  envelope  function  F„(L, K:r) 
is  defined  by  the  coefficients  of  the  expansion  of  <r  |  L,K> 
in  terms  of  bulk  Bloch  functions  <r|/t>  for  band  n  at 
k”0.  Fn(.L, K;r)  varies  slowly  with  r  on  the  scale  of  the 
unit-cell  size.  For  the  well-lattice-matched  SL’s  con¬ 
sidered  here,  <r|n)  may  be  assumed  the  same  in  each 
constituent.  This  easily  gcneralizable  assumption  is 
justified  here  by  the  similarity  of  the  bulk  pseudopoten¬ 
tials  and  momentum  matrix  elements. 2 

For  the  energy  region  of  interest  here,  the  envelope 
function  may  be  calculated  with  the  Kane  model  includ¬ 
ing  finite  spin-orbit  coupling. 3  A  finite  heavy-hole  mass 
is  obtained  by  the  inclusion  of  the  next  higher  conduction 
band  by  perturbation  theory.  The  function  F(£,K;r) 
with  components  F„(£,K;r)  in  an  A  ( B )  layer  is  deter¬ 
mined  from 

fiAtM)lkx,ky,k,—  -i  (9/dr)]F(£,K;r) 

-£i(K)Fa,K:r), 

where  Hakm)  is  the  8x8  Hamiltonian  matrix.3  For 
K" (0,0, K,)  only  bulk  states  with  the  same  mj  mix, 
where  J  is  the  total  angular  momentum,  and  each  F„  be¬ 
comes  independent  of  x  and  y.  These  simplifications'  do 
not  occur  for  K”(Af;,,0,0)  since  the  bulk  states  being 
mixed  correspond  to  Amy”  ±  1,0.  Both  effective  masses 
mx  and  m»  can  be  calculated  from  the  /-sum  rule  if 
F(£,0.z)  is  known.  The  involvement  of  only  K”0  states 
reduces  the  number  of  coupled  differential  equations.1 
thereby  permitting  an  analytical  solution  to  the  problem 
for  arbitrary  direction.  The  boundary  conditions  used 
are  equivalent  to  those  of  Bastard  and  Mailhiot  and  co- 
workers.3*5 

The  relevant  matrix  elements  are  given  by 

t±Mp,\L\V-J,„\PUam(LA')  +  6mK^L,L,)l  <E.0|p* \L',0)-'£m.Pl,.almXL,L,l  (2) 


The  /-sum  rule  has  been  extremely  useful  for  the  ex¬ 
traction  of  a  wide  range  of  physical  information  pertain¬ 
ing  to  condensed  matter.  As  shown  here,  this  is  equally 
true  for  superiattices,  in  particular,  GaAs-(Ga,Al)As 
and  HgTe-CdTe.  Specifically,  we  (1)  relate  the  parame¬ 
ters  in  the  formal,  exact  expression  for  the  /-sum  rule  to 
those  of  the  bulk  constituents  using  the  envelope-func¬ 
tion  approximation1;  (2)  obtain  oscillator  strengths 
relevant  to  optical  absorption  and  show  that  only  a  small 
number  of  superlattice  (SL)  bands  contribute  to  the 
sum;  (3)  derive  values  of  both  mt  and  mx  (the  effective 
masses  in  the  plane  of  the  SL  and  along  the  growth  or  z 
axis,  respectively)  simultaneously  and  show  that  they' 
compare  well  with  experimental  information;  (4)  com¬ 
ment  on  band-offset  values  that  yield  effective  masses 
consistent  with  cyclotron  resonance  experiments.  It 
should  be  emphasized  that  these  results  can  all  be  ob¬ 
tained  from  physically  transparent,  analytic  expressions 
without  extensive  numerical  computation. 

For  superiattices  characterized  by  eigenstates  |£,K) 
and  energies  £/( K),  where  K  and  £  are  the  SL  wave 
vector  and  band  index,  respectively,  the  /-sum  rule  takes 
the  form 

(m/mi  )«”!+£,  ■/?.,,  (1) 


_  2  l<£,0|p.|r,0>r 

m  El (0)  — Et.(0) 


is  the  oscillator  strength.  The  valence-  and  conduction- 
band  extrema  are  assumed  to  be  at  K”0.  p„  is  the 
momentum  operator  component  along  the  principal  axis 
a  (a-:  or  x  for  the  growth  axis  and  x,  y ,  or  11  within 
the  layers,  respectively),  and  ( mi/m ).  is  the  correspond¬ 
ing  effective  mass  in  units  of  the  electron  mass  m. 
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FIG.  1.  Contributions  to /-sum  rule  for  80-A  GaAs,  20-A  GaorAlojAs  superlatticc.  Envelope  functions  shown  for  important  su¬ 
perlattice  K—0  states  I  i',0)  at  energies  EtlO).  Partial  sums  of  oscillator  strengths  over  superlatticc  conduction  and  valence  bands 
(CB  and  VB)  in  parentheses.  Masses  calculated  from  Eq.  (1). 


where  —  <n !  p,  |  n ')  is  the  bulk  momentum  matrix  element,  and 

,  f  run  rlj/ 1+1, ] 

a„XL,L‘)“d~l  [J_V2+  J/V2 

x„(L,L')  “(h/i )d  ~~  [J_V2  +  J,V2  •  j dz F* (L ,0;z ) (d/dz )Fm (.L ’,0 ;z ). 


Here  /*<*)  is  the  A  (fl)  layer  width  and  d  «•/<  +1&  is  the 
superlattice  period.  The  Fn  s  are  trigonometric  functions 
within  each  layer;  the  integrations  are  therefore  straight¬ 
forward. 

Figure  1  shows  the  dominant  F’s  for  an  80-A  GaAs, 
20- A  Gao?Alo  jAs  SL  over  an  energy  range  —0.36 
<  El-o  <  1  .72  eV.  The  condition-band-vaience-band 
offset  ratio  is  taken  to  be  70:30. 6  and  standard  bulk  input 
parameters  are  employed.2  The  large  number  of  SL 
valence  bands  are  associated  with  the  zone-folding  due  to 
the  smaller  SL  Brillouin  zone.  The  few  |L',0>’s  of  pri¬ 
mary  importance  to  the  /-sum  rule,  whose  F's  are 
sketched  in  Fig.  1,  have  substantially  the  atomic  symme¬ 
try  of  the  bulk  bands  from  which  they  originate,  al¬ 
though  small  admixtures  of  other  bands  included  in  the 
Kane  model  are  present.  This  behavior  is  associated 
with  the  small  curvature  of  the  F's  (for  a  bulk  crystal 
they  would  be  constant).  The  closely  spaced  SL 
conduction-band  states  |C1,0>  and  I  C2,0>  have  F's 
resembling  the  ground  and  first  excited  states  of  standing 
waves  in  a  box.  Even  though  they  derive  primarily  from 
the  same  bulk  symmetry  f  6,  they  can  have  nonvanishing 
momentum  or  optical  matrix  elements  coupling  them  be¬ 
cause  of  the  crystal  momentum  supplied  by  the  barriers. 

Values  for  the  electron  masses  m«  and  m  x  may  be  cal¬ 


culated  with  the  oscillator  strengths  shown  in  Fig.  I. 
The  results  are  shown  in  Fig.  2  as  functions  of  A1  con¬ 
centration  x  for  the  layer  widths  used  in  Fig.  1  and  com¬ 
pared  to  the  T-75  K  experimental  cyclotron  resonance 
values  of  Duffieid  ei  al.1  As  expected,  the  mx  value  in¬ 
creases  with  x,  i.e.,  with  the  barrier  height  separating  the 
GaAs  layers,  and  agrees  well  with  that  obtained  by 
differentiation  of  the  dispersion  relation  derived  in  Ref. 
3.  By  contrast,  m*  is  nearly  proportional  to  the  band 
gap,  also  shown  in  Fig.  2,  much  as  in  bulk  GaAs.  The 
agreement  between  theory  and  experiment,  although  ex¬ 
cellent,  could  be  improved  by  the  addition  of  tempera¬ 
ture  corrections  to  the  7"  ”0  K  theoretical  results. 

It  is  clear  that  mx>mt  because  of  the  barriers.  A 
more  subtle  explanation  of  this  inequality  is  provided  by 
consideration  of  the  oscillator  strengths  fL  C\  and  their 
sums,  as  shown  in  Fig.  1 .  We  note  first  that  the  principal 
contributions  to  the  /-sum  rule  determining  mx  and  m, 
come  from  SL  states  near  the  GaAs  bulk  I/,  H.  and  T» 
levels.  The  total  valence-band  contributions  to  mx  and 
m «  obtained  by  summation  of  f£C\  an<*  /r.ci*  respec¬ 
tively,  are  the  same  and  are  nearly  to  the  bulk  value.  In¬ 
dividual  f's  differ,  however,  just  as  in  the  bulk  Kane 
model  where  the  z  direction  ts  given  special  significance. 
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X 

FIG.  2.  Comparison  of  experimental  (crosses,  Ref.  7)  and 
theoretical  (solid  lines)  values  of  electron  masses  for  80-A 
GaAs,  20-A  Gai  -„Al„As  superlattice.  Top:  theoretical  super- 
lattice  band  gap. 

The  difference  between  X/x  and  £/"  is  seen  to  arise 
from  the  negative  contribution  of  C2  to  £/x,  which 
has  no  analog  in  the  bulk  band  structure.  The 
<0,0 1 p,  |  C2,0)  matrix  element,  while  smaller  than, typ¬ 
ical  bulk  values,  gives  rise  to  an  appreciable  oscillator 
strength  because  of  the  energy  proximity  of  Cl  and  C2. 

Results  for  HgTe-CdTe  are  obtained  with  standard 
bulk  parameters2  and  a  variable  valence-band  offset  A 
(defined  to  be  positive  if  the  Tg  level  of  HgTe  lies  above 
that  of  CdTe).  Values  of  mjm  and  m*/m  calculated 
for  the  controversial  common-anion-rule  value  A“0  are 
plotted  in  Fig.  3  as  functions  of  HgTe  layer  width  UA ) 
for  a  series  of  CdTe  widths  (/g).  The  behavior  of  the  SL 
band  gap  E,  is  shown  for  a  single  representative  CdTe 
width  of  50  A  For  thick  CdTe  widths,  Et  corresponds 
physically  to  the  kinetic  energy  of  confinement  in  the 
HgTe  quantum  well.  Et  increases  with  decreasing  lA  as 
expected.  For  narrow  CdTe  widths  (eg.,  la  ”20  A),  for 
which  the  extent  of  the  £’ s  is  greater  than  /j,  the  SL 
case  can  be  shown  to  be  substantially  equivalent  to  that 
of  the  alloy  Hgi-,Cd,Te  (x“/g/d)  and  /m=smJioy  to 
better  than  10%. 

The  remarkable  peak  in  mj.  as  a  function  of  HgTe 
thickness  for  fixed  CdTe  width  (e  g.,  /g”50A)  can  be 
explained  by  reference  to  the  inset  in  Fig.  3  showing  the 
complex  band  structure  of  bulk  CdTe  near  k“0.  Note 
that  the  SL  gap  £f(SL)  lies  irside  the  CdTe  gap 
£f(CdTe).  The  imaginary  wave  vector  k.  which  charac¬ 
terizes  the  decay  length  of  F  in  the  CdTe  barriers,  in¬ 
creases  as  £j(SL)  becomes  larger  and  causes  F  to  decay 


FIG.  3.  Variation  of  effective  masses  as  functions  of  layer 
widths  in  HgTe-CdTe  superlattice.  The  superlattice  band-gap 
behavior  corresponds  to  50-A  CdTe.  Inset:  Schematic  com¬ 
plex  band  structure  of  bulk  CdTe  near  k  “0. 

more  rapidly.  This  effect  is  most  pronounced  when  the 
SL  gap  is  y  Et (CdTe),  i.e.,  at  £,(SL)  ”0.8  eV.  Figure 
3  shows  the  peak  in  m  A  to  occur  at  that  energy.  For  lA 
values  smaller  than  that  for  which  the  peak  occurs,  m  L 
decreases  and  approaches  the  CdTe  value  as  lA  ap¬ 
proaches  zero.  Values  of  mx  are  within  5%  of  those  ob¬ 
tainable  from  the  dispersion  relation  of  Ref.  3. 

Magnetoabsorption  measurements  of  Berroir  ei  at.  “ 
for  a  100- A  HgTe,  36-A  CdTe  SL  have  yielded  m,/m 
”0.017  ±  0.003.  The  present  theoretical  results  for  a 
positive  band  offset  A  (in  electronvolts)  can  be  empirical¬ 
ly  represented  by  mi/m  “0.014  —  0.046A.  Good  agree¬ 
ment  with  experiment  is  thereby  achieved  for  small  A 
but  not  for  the  value  A  =  0.36  eV  suggested  by  recent 
photoemission  experiments.9  We  are  not  suggesting  that 
any  of  these  experiments  is  flawed;  neither  is  it  likely 
that  the  results  of  k-  p  calculations  can  be  seriously  in  er¬ 
ror.  (Large  band  offsets,  however,  have  been  obtained 
from  first-principles  band  calculations, 10  which  do  not 
address  effective  mass  values.)  These  inconsistencies 
pose  an  interesting  dilemma  which  remains  unresolved. 11 
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The  electronic  structure  and  magnetic  properties  of  Mn-substituted  II-VI  diluted  magnetic  semi¬ 
conductors  are  treated  theoretically  with  emphasis  on  Cd,_,Mn,Te.  The  derived  electronic  struc¬ 
ture  is  based  on  a  combination  of  ab  initio  spin-polarized  band  calculations,  a  semiempirical  tight- 
binding  model  containing  the  relevant  experimental  input,  and  consideration  of  alloying  effects. 

The  magnetic  properties  are  calculated  using  a  multisite  Anderson  Hamiltonian  incorporating  the 
derived  electronic  structure.  The  derived  rp-band-Mn-d  and  Mn-Mn  exchange  constants  compare 
as  well  with  experiment  as  any  previous  calculations  of  this  kind.  The  results  establish  the  impor¬ 
tance  of  sp-d  hybridization  and  demonstrate  superexchange  as  the  dominant  Mn-Mn  exchange 
mechanism.  A  phenomenological  three-level  model  for  superexchange  is  constructed,  which  gives 
results  in  excellent  agreement  with  the  detailed  calculations,  provides  physical  insight,  and  permits 
exploration  of  chemical  trends  in  the  magnetic  behavior  for  the  series  (M"=Cd  or 

Zn;  Xvl—Te,  Se,  or  S).  The  same  model,  with  minor  modification,  is  found  to  be  applicable  to  MnO 
and  a-MnS,  which  are  insulating  and  have  the  rocksalt  structure. 


I.  INTRODUCTION 

This  paper  presents  a  comprehensive  treatment  of  the 
electronic  structure  and  magnetic  properties  of  the  Mn- 
substituted  II-VI  class  of  diluted  magnetic  semiconduc¬ 
tors  (DMS’s).1  The  discussion  of  the  electronic  structure 
is  based  on  a  combination  of  ab  initio  band  calculations,  a 
semiempirical  tight-binding  model  (ETBM)  based  on 
these  results,  carefully  referenced  relevant  experimental 
input,  and  consideration  of  effects  associated  wifh  alloy¬ 
ing.  The  resulting  electronic  structure  model  is  therefore 
consistent  with  currently  available  experimental  and 
theoretical  evidence  and  represents  a  suitable  starting 
point  for  the  formulation  of  a  model  Hamiltonian  useful 
for  calculating  magnetic  properties. 

The  magnetic  properties  to  be  considered  here  are 
Mn-(sp-band)  exchange  and  Mn-Mn  exchange.  The  re¬ 
sults  establish  the  importance  of  p-d  hybridization  and 
demonstrate  superexchange  as  the  dominant  Mn-Mn  ex¬ 
change  mechanism.2  Related  calculations  of  exchange 
anisotropy  and  spin-resonance  linewidths  will  be  dis¬ 
cussed  in  a  subsequent  publication.3  Some  of  the  present 
results  have  been  briefly  reported  previously.4,5 

The  first  picture  of  the  DMS  electronic  structure 
emerged  from  the  empirical-tight-binding-method - 
coherent-potential-approximation  (ETBM-CPA)  calcula¬ 
tions  of  Hass  and  Ehrenreich.6  These  calculations  em¬ 
phasized  the  effect  of  chemical  disorder  on  the  s  and  p 
levels.  The  occupied  Mn  3d  states  were  included  much  in 
the  same  way  as  in  the  combined  interpolation  scheme7 
for  the  transition  metals  and  exhibited  strong  hybridiza¬ 
tion  with  the  anion  derived  p  states. 

The  results  to  be  described  here  are  based  on  self- 
consistent  augmented-spherical-wave  (ASW)  band  calcu¬ 
lations8  utilizing  the  local-spin-density  approximation9 


(LSDA)  for  a  hypothetical  zinc-blende  MnTe  compound. 
(The  structure  of  MnTe  is  nickel  arsenide.)  The  derived 
electronic  structure  represents  the  x  —  1  limit  of  the 
Cd^Mn^Te,  Zn^Mn^Te,  and  Hgi.^Mn^Te  alloys  to 
be  considered  here.  The  spin-polarized  band  calculations 
for  Cd|_,MnxTe  will  be  described  here  in  detail.  In  ad¬ 
dition,  we  present  new  results  for  MnSe  and  MnS  (Sec. 
II  A).  The  inclusion  of  spin  polarization  in  these  calcula¬ 
tions  is  of  particular  importance  for  the  placement  of  oc¬ 
cupied  (spin-up)  and  unoccupied  (spin-down)  Mn  d  bands 
and  for  treating  their  hybridization  with  sp  bands 
correctly.  The  derived  band  structures  are  fit  by  an  ap¬ 
propriate  parametrization  of  simplified  ETBM  results 
and  then  adjusted  using  optical10-13  and  photoemission 
data14- 16  (Sec.  II B). 

The  magnetic  interactions  to  be  considered  here  are  as 
follows. 

(1)  The  (sp-band-edge)-Mn  or  sp-d  exchange  interac¬ 
tion  having  the  Rondo  form17 

n.i) 

* 

where  S,  is  the  Mn  moment  at  site  i,  ah  t  is  the  spin 
operator  associated  with  a  valence-band-edge  hole  ih)  or 
a  conduction-band-edge  electron  (e),  and  Jcsp^~  —  1.0 
eV,  y/p.rfa0.2  eV  are  the  corresponding  exchange  con¬ 
stants.18-30  The  sum  extends  over  Mn  occupied  sites 
only. 

(2)  The  Mn-Mn  or  d-d  exchange  described  by  the  spin- 
}  Heisenberg  Hamiltonian 

-2V"(Rfy)S,-Sy  ,  (1.2) 

I 

where  —  \  meV  (Refs.  31-40)  is  the  anttferro- 
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magnetic  (AF)  coupling  between  spins  separated  by  RtJ. 
Again,  the  sum  extends  over  Mn-occupied  sites  only. 
The  exchange  constants  are  determined  by  a  random 
muitisite  Anderson  Hamiltonian  (Sec.  II B),  which  in¬ 
corporates  the  relevant  features  of  the  DMS  electronic 
structure4  (Sec.  II  A),  using  second-  and  fourth-order  per¬ 
turbation  theory41,42  for  Eqs.  (1.1)  and  (1.2),  respectively 
(Secs.  Ill  and  IV).  J ^  is  theoretically  determined  from 
band-edge  spin  splittings  of  ferromagnetic  ASW  bands, 
or  experimentally  from  magnetooptic  experiments.  The 
numerical  relationship43  between  J“p.d  and  the  hybridiza¬ 
tion  parameter  V ^  [Eq.  (2.4)]  determining  the  sp-d  band 
mixing,  follows  directly  from  a  Schrieffer-Wolff  transfor¬ 
mation.44  The  detailed  calculation  of  7‘w(Rjy)  presented 
here  establishes  superexchange,  resulting  from  p-d  hy¬ 
bridization,  as  the  dominant  mechanism  at  near-neighbor 
distances,  and  as  significantly  more  important  than  the 
Bloembergen-Rowland  interaction.45  The  latter  has  been 
previously  suggested  as  responsible  for  Mn-Mn  ex¬ 
change.46  Further  suppo~t  for  the  present  view  is  provid¬ 
ed  by  numerical  estimates  of  the  total  ASW  energy 
differences  between  ferromagnetic  and  antiferromagnetic 
configurations  which  are  in  surprisingly  good  agreement 
with  the  perturbation  results.  The  excellent  agreement 
between  theory  and  experiment  ( ~  50% )  results  from  the 
accuracy  of  the  input  parameters  (most  notably  V ^  as 
determined  by  the  experimental  J and  the  detailed 
understanding  of  the  electronic  structure.  The  superex¬ 
change  results  are  at  least  as  accurate  as  any  theoretical 
values  previously  obtained  for  other  materials. 

The  detailed  results  for  Cd,_,MnxTe  are  used  to  con¬ 
struct  a  three-level,  four-parameter  phenomenological 
model  for  supercxchange  which  is  able  to  reproduce  them 
simply,  thereby  providing  insight  into  their  -physical 
significance  (Sec.  V).  More  importantly,  the  model  is 
applicable  to  other  Mn-based  DMS’s  and  permits  the  ex¬ 
ploration  of  chemical  trends  in  magnetic  behavior.  This 
model  expresses  JM(R/j)  as  a  product  of  two  factors. 
The  first  depends  explicitly  on  the  electronic  level  param¬ 
eters;  the  second  is  a  function  f{R,t  /a ),  where  a  is  the 
lattice  parameter,  which  is  approximately  the  same  for  all 
members  of  a  class  of  materials  like  the  DMS’s  having  a 
given  chemical  structure.  The  model  is  supported  by  the 
results  of  exchange  constant  estimates  derived  from  ASW 
band  and  total-energy  calculations.  Applications  are 
made  to  the  DMS  series  Ml|1_1MnITvl  (A/n  =  Cd  or  Zn; 
Xvl  =  Te,  Se,  or  S).  Experimental  information  is  used  to 
fix  the  input  parameters.  The  calculated  exchange  con¬ 
stants  are  in  satisfactory  agreement  with  experiment. 

Somewhat  surprisingly,  the  model  turns  out  to  be  appl¬ 
icable  as  welt  to  at  least  some  materials  (MnO  and  o- 
MnS)  which  are  largely  ionic,  insulating,  and  have  the 
rocksalt  rather  than  the  zinc-blende  structure.  The  func¬ 
tion  f{R,j/a),  while  quantitatively  different  from  that 
appropriate  for  the  zinc-blende  materials,  is  again  insensi¬ 
tive  to  the  chemical  composition  for  this  crystal  struc¬ 
ture. 

Discussion  of  theoretical  matters  pertaining  to  the  ac¬ 
curacy  of  the  LSDA,  the  ETBM  model  and  its  implemen¬ 
tation,  and  the  derivation  and  properties  of  the  function 
/( R,j  / a )  are  relegated  to  appendixes. 


II.  ELECTRONIC  STRUCTURE 
AND  MODEL  HAMILTONIAN 

A.  Electronic  structure 

As  a  guide  to  the  electronic  structure  of  DMS’s,  we 
have  performed  self-consistent  spin-polanzed  band  calcu¬ 
lations  for  hypothetical  stochiometric  antiferromagnetic 
MnTe,  MnSe,  and  MnS  compounds  having  the  zinc- 
blende  structure.  This  section  discusses  only  results  for 
MnTe;  the  results  for  MnSe  and  MnS  are  quite  similar. 
The  AF-I  ordering,  consisting  of  alternating  (001)  spin-up 
and  spin-down  planes,  is  chosen  for  simplicity,  although 
the  DMS’s  are  believed  to  prefer  the  more  complicated 
AF-III  ordering.  The  zinc-blende  lattice  constant  of 
6.430  A  used  here  is  obtained  by  linear  extrapolation  of 
measured  values  for  x  <  1 .4T  Possible  tetragonal  distor¬ 
tions  due  to  the  antiferromagnetic  ordering  are  neglected. 

Exchange  and  correlation  effects  are  treated  in  the 
local-spin-density  approximation  (LSDA)  using  an 
exchange-correlation  functional  of  the  von  Barth  -Hedin 
form.9  The  LSDA  is  primarily  a  ground-state  formalism 
and  yields  band  gaps  in  semiconductors  and  insulators 
which  are  typically  40-60  %  too  small.  Relativistic 
effects  are  neglected. 

The  one-electron  Schrodinger  equation  is  solved  using 
the  augmented-spherical-wave  (ASW)  tecl  nique,8  with 
extra  ASW  spheres  centered  on  the  tetraheu.al  inter¬ 
stices.4*  This  results  in  a  bcc  lattice  of  spheres  for  which 
the  sphericalization  of  the  Wigner-Seitz  call  inherent  in 
the  ASW  method  is  a  good  approximation.  This  radii  of 
spheres  are  chosen  to  be  equal.  This  procedure  produces 
results  for  tetrahedrally  coordinated  materials  which 
agree  well  with  state-of-the-art  linear-augmented-plane- 
wave  (LAPW)  and  pseudopotential  calculations.49  Re¬ 
sults  for  zinc-blende  MnTe  similar  to  those  reported  here 
have  recently  been  obtained  using  an  LSDA-LAPW  ap¬ 
proach.50 

The  calculated  ASW  bands  for  AFI  zinc-blende  MnTe 
are  shown  in  Fig.  1.  The  energy  zero  is  fixed  at  the 
valence-band  maximum.  The  corresponding  density  of 
states  and  the  densities  of  states  projected  on  the  Mn 
sphere  majority  ( t )  and  minority  ( 1 )  spin  d  components 
are  plotted  in  Fig.  2.  We  define  the  majority  (minority) 
spin  component  to  be  that  which  contains  a  larger  (small¬ 
er)  percentage  of  the  occupied  d  states  at  a  given  site. 
The  magnitude  of  the  net  magnetic  moment  inside  each 
Mn  sphere  is  4.2/zB .  This  is  less  than  the  atomic  value  of 
5/tj  because  of  hybridization. 

The  states  lying  between  —4  and  0  eV  are  derived  pri¬ 
marily  from  Mn  majority  spin  d  levels  and  Te  sp  levels. 
Those  between  —4  and  —  3  eV  and  between  —2  and  0  eV 
have  the  largest  Te  sp  components  but  display  strong  p-d 
hybridization  effects.  The  Mn  d  content  of  the  valence- 
band  maximum  £,,,  for  example,  is  roughly  50%.  The 
bands  are  quite  flat  between  —  2  and  —  2. 5  eV  and  consist 
of  largely  unhybridized  d  levels  (>  80%  Mn  d  content  at 

n. 

The  states  lying  between  +1.0  and  +2.5  eV  are  de¬ 
rived  primarily  from  unoccupied  Mn  minority  spin  d  lev¬ 
els.  The  lower  bands  in  this  complex  are  only  slightly  hy¬ 
bridized  with  the  Te  levels  (  >  80%  Mn  d  content  at  D, 
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while  the  upper  bands  exhibit  stronger  hybridization 
effects  (<65%  Mn  d  content  at  D.  The  spin  splitting, 
which  is  most  directly  associated  with  the  splitting  e^-e] 
in  Fig.  2,  is  roughly  3.5  eV.  The  bands  above  3  eV  corre¬ 
spond  to  the  conduction  band  in  an  ordinary  sp-bonded 
semiconductor.  The  minimum  at  T  contains  roughly 
equal  contributions  from  the  s  orbitals  in  the  Mn  spheres, 
the  Te  spheres,  and  the  empty  spheres  neighboring  the 
Mn  spheres,  and  none  from  the  Mn  d  levels. 

It  should  be  noted  that  LSDA  band  energies  have  no 
rigorous  significance  except  for  the  highest  occupied  level 
and  the  lowest  unoccupied  level.51  Furthermore,  the  ap¬ 
proximate  LSDA  one-electron  potential  does  not  contain 
the  discontinuity52'53  between  the  valence  and  conduction 
bands  which  must  be  present  in  the  exact  densitv- 
functional  potential.  Some  insight  is  gained54  by  associat¬ 
ing  the  LSDA  eigenvalues  with  hypothetical  quasiparti¬ 
cles  which  are  completely  screened  as  they  would  be  in  a 
uniform  electron  gas.  Since  true  Landau  quasiparticles  in 
an  insulator  are  not  completely  screened  in  the  absence  of 
other  quasiparticles  the  LSDA  underestimates  quasiparti¬ 
cle  excitation  energies:  conduction  bands  are  too  low, 
valence  bands  are  too  high,  and  band  gaps  are  too  small. 
In  the  present  case  the  occupied  d  states  may  be  about  I 
eV  too  high  and  the  unoccupied  d  states  about  1  eV  too 
low.  Appendix  A  contains  a  more  detailed  discussion  of 
the  errors  associated  with  the  LSDA  and  with  the  neglect 


FIG.  I.  Spin-polarized  ASW  band  structure  for  hypothetical 
zinc-blende  MnTe  with  AF-I  ordering.  The  symmetry  direc¬ 
tions  r~M  and  F -R  in  the  tetragonal  unit  cell  (shown)  corre¬ 
sponding  to  F  -  T  and  f"-L  in  the  zinc -blende  zone,  respective¬ 
ly- 


of  relativistic  effects. 

In  applying  the  crystalline  MnTe  and  well-known 
CdTe  results  to  Cd,  .,Mn,Te,  we  use  insight  drawn  from 
Hass  and  Ehrenreich's  empirical  tight-bindtng- 
method -coherent-potential-approximation  (ETBM-CPA) 
calculations  for  Hg^.Mn^Te  and  Cd, Mn,Te.<’ 55  The 
ETBM-CPA  calculations  indicate  that  the  important 
features  of  the  alloy  electronic  structure  for  the  present 
purposes  are  understandable  within  the  virtual-crystal 
approximation  (VCA),  which  will  be  made  in  Sec.  II  B. 

The  upper  valence  bands  in  both  CdTe  and  zinc-blende 
MnTe  are  largely  Te  5 p  derived.  Using  the  common 
anion  rule,  it  is  assumed  that  these  lie  at  the  same  abso¬ 
lute  energy  level  before  p-d  hybridization.  The  ETBM 
calculations  indicate  that  the  effect  of  such  hybridization 
on  the  valence-band  edge  is  small.  The  valence-band 
edge  thus  remains  largely  independent  of  x.  This  asser¬ 
tion  is  supported  by  the  observed  x  independence  of  the 
photothreshold  in  Cd,_,Mn,Te.14  It  is  also  consistent 
with  experimental  evidence  for  a  small  valence-band 
offset  in  epitaxial  Cd^Mn^Te  grown  on  CdTe.54  The 
sp  conduction-band  edge,  on  the  other  hand,  is  predicted 
to  increase  linearly  with  x  in  the  VCA  due  to  the 
difference  between  the  Cd  5r  and  Mn  4s  atomic  levels. 
This  is  consistent  with  the  linear  increase  in  the  net  sp 
band  gap  observed  in  optical  absorption 10  and 
reflectivity12  measurements. 

The  location  of  the  occupied  and  unoccupied  Mn  3 d 


FIG.  2.  Total  and  projected  densities  of  slates  (per  unit  cell) 
of  zinc-blende  MnTe  in  the  AF-I  ordering,  (a)  Total  density  of 
states,  (b)  Mn  d  majority  spin  (solid  line)  and  minority  spin 
(dotted  line)  projected  densities  of  states.  Calculations  em¬ 
ployed  the  ASW-LSDA  scheme  described  in  the  text.  Maiority 
and  minority  spin  Mn  d  slates  of  et  symmetry  at  T  are  labeled 
by  ch  and  c,},  respectively.  The  valence-band  edge  is  labeled  E 
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states  relative  to  the  Te  p-Iike  valence-band  maximum 
should  not  be  very  sensitive  to  x.  Photoemission  stud¬ 
ies14,15  indeed  show  the  growth  of  a  Mn  d  peak  approxi¬ 
mately  3.4  eV  below  the  valence-band  edge  for  all  con¬ 
centrations.  Angle-resolved  measurements  indicate  that 
the  occupied  states  contributing  to  this  peak  exhibit 
dispersion  of  about  1  eV,16  suggesting  that  they  are  actu¬ 
ally  bands  resulting  from  p-d  hybridization.  Spectral 
changes  higher  in  the  valence  band  as  a  function  of  x  are 
also  attributable  to  hybridization.  In  addition,  its  pres¬ 
ence  provides  a  qualitative  explanation11  for  the  decrease 
of  the  £,  optical  transition  energy  observed  in  eliip- 
sometry  measurements  with  x. 

The  location  of  the  unoccupied  Mn  d  states  has  not  yet 
been  established  definitively.  Transitions  from  sp 
valence-band  states  to  the  unoccupied  d  states  should  be 
optically  observable.  Kendlewtcz  interprets  structure  at 
4.5  eV  in  reflectivity  measurements  as  arising  from  these 
transitions.12  Structure  at  4.5  eV  has  also  been  observed 
recently  in  ellipsometry  data.11  The  most  plausible 
initial-state  energy  for  these  transitions  corresponds  to 
the  first  maximum  in  the  upper-valence-band  density  of 
states.  This  assignment  would  place  the  unoccupied  d 
states  3.5  eV  above  the  valence-band  edge.  The  optical 
structure  at  lower  energies  can  be  explained  in  terms  of 
standard  interband  transitions  in  zinc-blende  semicon¬ 
ductors  and  Mn2+  multipletlike  excitations,13  which  are 
essentially  Frenkel  excitons  and  do  not  appear  in  a  band 
picture. 


B.  Model  Hamiltonian 

The  model  Hamiltonian  to  be  used  in  the  determina¬ 
tion  of  the  magnetic  exchange  constants  has  the  form  of  a 
multisite  Anderson  Hamiltonian  containing  the  essential 
ingredients  of  the  band  structure.  Explicitly, 

H=H0  +  Hd  +  Hpd+Hx  .  (2.1) 

Here 

W0=  2  Znlkk'nkocBkg  (2.2) 

n,k,o 

describes  the  virtual-crystal  sp  bands,  £„lk);  c„*ko  creates 
an  electron  in  band  n,  with  wave  number  k,  and  spin  a  in 
the  Bloch  state  i £„*(r).  The  sp  bands  are  determined  by 
the  ETBM  using  a  basis  of  three  anion  p  orbitals  and  one 
cation  s  orbital  (Appendix  B).  With  the  proper  choice  of 
parameters  this  model  yields  band  gaps  in  agreement 
with  experiment  as  well  as  reasonable  bandwidths  and 
wave-function  components  for  the  highest  valence  bands 
and  lowest  conduction  band. 

The  term 

=  2  (2.3) 

i  m,o 

describes  five  degenerate  Mn  d  levels  per  site  i  with  site- 
localized  linearized  electron-electron  interactions  of  the 
Hubbard  form.  Here  n,ma  is  the  number  operator  for  d 
electrons  of  magnetic  quantum  number  m  on  site  /.  The 


prime  indicates  that  the  sum  extends  over  only  Mn- 
occupied  sites.  Hd  acts  on  a  subspace  (per  site)  consisting 
only  of  dA,  d \  and  db  configurations.57  We  assume 
<ntm<,)=0  or  1,  and  that  Hund's  rule  remains  in  effect, 
consistent  with  the  observed  magnetic  moment  of  Sp B. 58 
The  parameter  id  is  taken  to  have  the  value  —3.4  eV 
with  respect  to  the  valence-band-edge  zero  of  energy. 
The  parameter  t/cff  is  assigned  a  value  of  7.0  eV  in  accor¬ 
dance  with  the  discussion  at  the  end  of  Sec.  II  A.  This  is 
somewhat  larger  than  the  value  5.5  eV  used  in  our  previ¬ 
ous  calculations  of  Jdd(R,j  ).4  The  results  of  Sec.  IV  are 
not  qualitatively  sensitive  to  variations  in  t/c(r  of  this 
magnitude. 

The  term 

Npd  =  T  2  H.C.]  (2.4) 

i  m,a  n.k 

describes  Mn3d-Te5p  hybridization.  Here  d*mo  creates 
a  d  electron  at  site  i  in  orbital  m  with  spin  a.  We  define 
to  be  the  real-space  hopping  amplitude  from  a  Mn  d 
to  a  neighboring  p  orbital,  neglecting  any  m  dependence. 
The  four-orbital  ETBM  model  of  Appendix  B  then  yields 
V"  ,0)  =  4A'  ~u2ypd  for  the  upper  valence  band  and  a 
general  wave-vector-dependent  hopping  amplitude  of 

^(n,k)=I^(/i,0)  |2(p,lk|«k>  |  |t  *  j 

(2.5) 

Here  <ctvk  |  nk>  is  the  coefficient  in  the  Bloch  function 
|  nk>  of  the  Bloch  sum  |  avk>  corresponding  to  orbital 
a  of  basis  atom  v  l  =  0  (cation),  1  (anion)]  in  the  unit  cell. 
The  6 j  are  the  four  basis  vectors  to  neighboring  Te  with 
respect  to  a  Mn  cation  at  R  =  0;  A’  is  the  number  of  unit 
cells  in  a  normalization  volume.  The  value  of  is  ob¬ 
tained  in  Sec.  Ill  from  experimental  sp-d  exchange  con¬ 
stants.  As  discussed  in  Appendix  B,  the  numerical  calcu¬ 
lations  in  Sec.  IV  involve  averaging  Eq.  (2.5)  over  princi¬ 
pal  directions. 

The  Mn-d-rp-band  potential  exchange  is  given  by 

ffjr  =  -i2  2  2^d,r( k.kVk“k'"R- 

i  n  k.k' 

•*s,- I  •  f2-6) 

I**.**  I 

Here 

y„d,r(k,k’)  =  2  f  d'r  f  d  V^Jm(r)if'**(r')i>sc(  jr-r'|  ) 

m 

X*rf«<r'M„»-(r)  (2.7) 

is  the  ordinary  exchange  integral  with  screened  Coulomb 
interaction  |  r— r' j  )  between  a  d  wave  function 
<£Jm(r)  and  sp  Bloch  states  (n.k)  and  (n.k');  a MV  are  the 
Pauli  matrices.  Hx -derived  terms  are  unimportant  for 
d-d  exchange,  and  become  important  for  sp-d  exchange 
only  when  the  H ^  contribution  vanishes  by  symmetry. 
Mn-Mn  direct  exchange  is  even  smaller  and  is  neglected. 
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III.  sp-d  EXCHANGE 

The  commonly  used  sp-d  exchange  Hamiltonian17 

*2'  1 

t  n.k.k' 

XS.‘  j  (3-D 

involves  k,k'),  the  exchange  between  sp  band  states 
(n, k)  and  (n.k'l  and  Mn  local  moments  S,  (S  =  }(  for 
valence  bands  (n  =u)  and  conduction  band  (n  =c).  In¬ 
terband  terms  n=£n'  in  Eq.  (3.1)  are  smaller  and  are 
neglected.  The  analysis  below  is  restricted  to  the  band- 
edge  sp-d  exchange  constants  a=Jcv-<i(  0,0)  and 
tfs/^IO.O).  The  former  will  be  seen  to  result  ex¬ 
clusively  from  the  term  Hx  in  Eq.  (2.1).  The  latter  de¬ 
pends  predominantly  on  H ^  and  is  thus  more  sensitive  to 
details  of  the  band  structure. 

Experimentally,  a  and  P  are  determined  from  the 
enhanced  Zeeman  splittings  of  free-exciton  lines  in  mag¬ 
netooptic  experiments.18  For  an  external  magnetic  field 
along  the  z  direction,  the  spin  S,  is  replaced  in  standard 
mean-field  theory  by  an  average  spin  S,  proportional  to 
the  magnetization.  Equation  (3.1)  is  then  diagonal  in  k. 
The  effect  of  Hsp ^  on  band-edge  states, 

-{x4;^(O,O)(r„totc„ot-f,t01c,ol)  ln=c,v),  (3.2) 

can  thus  be  considered  independently  of  other  k  states  in 
the  same  band.  In  all  DMS’s  except  Hg-based  com¬ 
pounds,  the  splitting  produced  by  an  external  magnetic 
field  in  the  presence  of  Hsp  <J  is  more  than  an  order  of 
magnitude  larger  than  the  intrinsic  Zeeman  splittings  of 
these  states.39  The_observed  splittings  therefore  a ri  near¬ 
ly  proportional  to  Sz.  From  Eq.  (3.2),  the  splitting  of  the 
j=\,  mj  =  \  (valence-band  edge)  to  _/  =  {,  =  { 

(conductionJ>and  edge)  exciton  transition  is  seen  to  be 
A£3/2  =xNSz(P—a).  A  different  linear  combination  of  a 
and  P  can  be  obtained  from  a  different  exciton  transition. 


Simultaneous  measurements  of  such  transitions  together 
with  magnetization  data  yield  the  experimental  values 
given  in  Table  I. 

The  exchange  constants  a  and  P  can  be  determined 
within  the  mean-field  approximation  from  the  ASW 
bands  for  a  hypothetical  ferromagnetic  zinc-blende  MnTe 
compound  5  The  ferromagnetic  order  is  imposed  only  to 
model  the  effects  of  a  magnetic  field  in  producing  finite 
magnetization  and  associated  mean-field  spin  splittings. 
More-direct  calculations  of  sp-d  exchange  constants  for 
spin-disordered  alloys  are  difficult.  We  believe  the  x  =  1 
case  to  be  relevant  because  experimentally  determined  ex¬ 
change  constants  are  reasonably  insensitive  to  x,  at  least 
for  x  <  0. 30.60  The  ASW-LSDA  calculation  scheme  is 
the  same  as  that  described  in  Sec.  II.  The  results  for  the 
majority  and  minority  spin  bands  are  shown  in  Fig.  3. 
We  take  S;  to  be  the  calculated  total  magnetic  moment 
(4.8 pB).  Assuming  the  conduction-  and  valence-band- 
edge  spin  splittings  {A £'•"=£'■"(  I )  —  Ec ■"(  T )]  to  be  pro¬ 
portional  to  St ,  we  find 

Na =A£r/5z  =0.33  eV,  NP= AEU/S:  -  - 1.05  eV  . 

(3.3) 

Similar  ASW  calculations  were  performed  for  a  fer¬ 
romagnetic  Cdo  jMno  jTe  alloy  in  an  ordered  simple 
tetragonal  structure.  These  assume  a  basal-plane  lattice 
constant  of  6.414  A  and  perfect  tetrahedral  coordination. 
The  x  independence  of  Jip'd  is  supported  by  the  good 
agreement  between  the  calculated  values  JVa= 0.32  eV 
and  NP=  —  1 . 12  eV  and  the  results  in  Eq.  (3.3). 

The  comparison  of  MnTe  results  with  experiment  in 
Table  I  shows  satisfactory  agreement.  This  agreement 
should  be  viewed  with  caution  because  (1)  the  perturba¬ 
tive  treatment  of  NP  given  below  indicates  that  this  ex¬ 
change  constant  would  be  reduced  in  a  calculation  em¬ 
ploying  the  correct  d  level  locations;  and  (2)  the  experi¬ 
mental  NP  is  properly  defined  as  the  exchange  constant 
for  the  T 8  level  (/  =  j ),  whereas  the  present  calculations 


TABLE  I.  Ml|,_„Mn,X  v'  sp-d  exchange  constants  from  experiment,  and  corresponding  Mni’y| 
sp  -d  exchange  constants  from  the  ferromagnetic  ASW  band  calculations. 


Experimental  ASW  calculation 

Na  (eV) _ N0  (eV)  Na  (eV)  NP  (eV) 


Cd|_„Mn„Te 

0.22 

-0.88* 

MnTe 

0.33 

-1.05 

Zni_,Mn,Te 

0.18 

— 1.05” 

Cd|  _MMn,Se 

0.26 

-1.11' 

MnSe 

0.33 

— 1.35 

Zn,_,Mn,Se 

0.26 

-  1.31d 

Cdt_,Mn,S 

0.22' 

— 1.807 

MnS 

0.36 

-1.50 

•References  18  and  20. 
^References  19,  21,  22,  and  23. 
'References  19,  21,  24,  and  25. 
dReferences  19,  21.  and  26. 
'Reference  30. 

'Reference  27. 
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FIG.  3.  Spin-polarized  ASW  energy  bands  for  ferromagnetic 
MnTe  along  the  symmetry  direction  T -X.  Left  (right)  panel 
shows  majority  (minority)  spin  bands.  Shown  also  are  the 
valence-  and  conduction-band-edge  spin  splittings,  &EV  and 
A£c. 


refer  to  a  nonrefativistic  F ,5  band  edge.  The  neglect  of 
spin-orbit  splitting  in  the  present  calculations  may  be 
unimportant  because  of  experimental  evidence  that  the 
exchange  constants  of  the  I~g  and  I"7  ij  =  j )  levels  are  the 
same.61  The  uncertainty  due  to  effects  (1)  and  (2)  should 
not  exceed  20%. 

The  qualitative  difference  between  a  and  0  reflects  the 
importance  of  p-d  hybridization  and  the  different  symme¬ 
try  character  of  the  conduction-  and  valence-band  edges. 
The  present  ASW  results  support  th"  analysts  of  Ref.  43. 
The  presence  of  hybridization  introduces  an  appreciable 
Mn  d  admixture  in  'lie  rt,  valence-band  maximum.  This 
is  seen  in  Fig.  3  to  give  rise  to  a  strong  repulsion  from 
lower,  occupied  Mn  d  states  in  the  majority  spin  bands 
and  higher,  unoccupied  Mn  d  states  in  the  minority  spin 
bands.  Large  negative  values  of  A Ev  and  hence  0  result. 
By  contrast,  hybridization  between  the  T,  conduction- 
band  edge  and  Mn  d  states  is  forbidden  by  symmetry. 
The  much  smaller,  positive  values  of  A Ec  and  a  are  thus 
determined  exclusively  by  potei  *'’1  exchange  [the  Hx 
terms  in  Eq.  (2.1)]. 

An  explicit  theoretical  expression  for  0  in  terms  of  the 
parameters  defined  in  Sec.  II  B  permits  the  calculation  of 
the  hybridization  parameter  from  experimental  sp-d 
exchange  constants.  By  neglecting  Hx.  and  performing  a 
Schrteffer-Wolff  canonical  transformation44  to  eliminate 
H to  first  order  in  Eq.  (2.1),  we  obtain 

.Y0=-32^[(E,  +  {/tff-£,  .  (3.4) 

where  E,  is  the  valence-band-edge  energy.  Substituting 
S0  —  --0.88  eV.  £,.  —  erf  =  3.4  eV.  and  Ucf  =  7.0  eV  for 
Cdt_,Mn,Te  yields  l’„d=0.22  eV.  The  value  of 
agrees  verv  well  with  ,  iat  (  —  0.2  eV)  obtained  from  an 
ETBM  fit  to  the  ASW  bands.62 


IV.  Mu-Mu  EXCHANGE 

The  spm-4  Heisenberg  Hamiltonian  describing  the 
Mn-Mn,  or  d-d,  exchange  in  Cd,  _,MnzTe  is  given  by 

.  (4.11 

Jdd(Ri: )  is  the  exchange  constant  for  Mn  lord  moments 
S,  and  S,,  separated  by  RtJ=  i  R,  —  R;  ! ,  and  the  sum  ex¬ 
tends  over  Mn-occupied  sites.  [Note  that  with  the 
present  convention  the  total  interaction  between  two 
spins  is  —2Jdd(R,j  )S, -S;.] 

The  value  of  Jdd  ~Jdd  (nearest  neighbor  Rtj)  is  estimat¬ 
ed  first  from  ASW-LSDA  total-energy  calculations. 
More  extensive  calculations  of  Jdd{R,j )  are  then  per¬ 
formed  within  fourth-order  perturbation  theory  using  the 
model  Hamiltonian  (2.1)  and  the  electronic  structure  a- 
rameters  obtained  earlier. 

The  estimate  of  Jdd  is  based  on  the  ASW-LSDA  total- 
energy  difference  between  (hypothetical)  zinc-blende 
MnTe  in  antiferromagnetic  and  ferromagnetic  orderings. 
We  assume  only  nearest-neighbor  interactions  in  the  fee 
Heisenberg  Hamiltonian  (4.1)  leading  to  an  energy  per 
spin  of  —  24JddS:  in  the  totally  aligned  (ferromagnetic' 
state  and  &/ddS2  in  the  AF-1  state.  S  is  taken  t^  be  one- 
half  the  computed  Mn-sphere  moment:  Sr  =  4(4.47gifi  ) 
for  ferromagnetic  ordering  and  SAF  =  4-1 4. 23gas  )  for  anti- 
ferromagnetic  ordering.  The  difference  in  Heisenberg  en¬ 
ergies  per  spin,  +245/-)  is  equated  to  A £*sw, 

the  difference  between  antiferromagnetic  and  ferromag¬ 
netic  ASW-LSDA  total  energies  per  Mn.  The  computed 
A£-asw  _q  23  eV  yields  an  antiferromagnetic  ex 
change  constant  ofJdd~  —  17.1  K. 

This  result  can  be  directly  compared  to  experimental 
Cd,_^MnxTe  exchange  c -nstants  since  the  latter  are 
only  weakly  x  dependent.  The  best  evidence  for  the  weak 
x  dependence  is  the  good  agreement  between  the  value  of 
Jdd /kB  ( as  —7  K)  obtained  from  magnetization  step  ex¬ 
periments21"’2  14  for  x<0.05  and  the  value  (Jdd /kB 

—  7. 5  K)  obtained  from  neutron  scattering  experi¬ 
ments35  for  ,x=0. 65.  The  ASW-LSDA  calculations 
overestimate  1  Jdd  l .  Similar  overestimates  result  from 
ASW-LSDA  calculations  of  d-d  exchange  constants  in 
MnO,  MnS.  and  NiO.63  This  effect  is  probably  associated 
with  the  LSDA  underestimate  of  the  energy  of  unoccu¬ 
pied  Mn  3d  levels  discussed  in  Sec.  II. 

The  perturbative  calculation  of  Jdd(R,1 )  begins  with 
the  unperturbed  Hamiltonian  Hn  +  Hd  in  Eq.  (2.1).  The 
perturbation  H^+Hx  partially  lifts  the  large  ground- 
state  degeneracy  of  Hn  +  Hd  associated  with  the  moment 
directions  on  each  Mn  site.  The  resulting  spectrum  of 
low-lving  states  is  described  by  the  Heisenberg  Hamil¬ 
tonian  (4.1).  The  lowest-order  contributions  to  JddlR;/) 
arising  from  Hpd  and  Hx  are  termed  kinetic  and  potential 
exchange,  respectively.2  As  pointed  out  in  Sec.  Ill,  Hx  is 
important  only  at  k  points  where  H ^  vanishes  (e.g.,  the 
conduction-band  edge).  Since  Jdd(R,,)  is  determined  by- 
integrals  over  the  entire  zone,  the  contribution  of  Hx  is 
siemficanily  smaller  and  may  be  neglected. 

Previous  estimates  of  Jad*Ri:)  in  DMS’s  have  started 
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from  H0  and  the  sp-d  exchange  Hamiltonian  (3.1  ).**  This 
fundamentally  different  approach  neglects  important  in¬ 
termediate  states  in  which  the  Mn  d-sheil  occupations 
differ  from  five.  The  restriction  to  fixed  occupancy  is  val¬ 
id  at  near-neighbor  distances  only  in  materials  in  which 
potential  exchange  dominates  kinetic  exchange  [e.g.,  EuO 
(Ref.  65)].  Since  the  opposite  limit  holds  for 
Cd|_xMnxTe  it  is  important  to  consider  the  effects  of 
Hpj  explicitly  in  calculating  Jdd{R,j)  instead  of  starting 
from  Eq.  (3.1). 

The  kinetic  exchange  contributions  are  calculated  by 

considering  an  initial  state  |  i  )  =  1 .  M,  =  t, 

My  =  •},...)  and  final  state  i Af,=|, 
Af :  ={»  •  •  •  )•  The  specification  of  1 1 )  and  |  /  >  implicit¬ 


ly  includes  the  quantum  numbers  associated  with  filled 
ip-valence  and  empty  ip-conduction  bands,  and  the  mag¬ 
netic  quantum  numbers  of  S, .  }.  Hh  of  Eq. 

(4.1)  connects  |  / )  and  j  /  ) ; 

=  (4.2) 

Since  Hh  is  an  effective  Hamiltonian  representing  the 
effects  of  the  more  fundamental  Hamiltonian  (2.1), 
•/*“(/?,,)  can  be  calculated  by  computing  the  matrix  ele¬ 
ment  on  the  left-hand  side  of  (4.2)  in  terms  of  H ^ .  The 
first  nonvanishing  terms  in  H ^  connecting  :  i )  and  I  /  ) 
are  of  fourth  order.  Thus, 


2<{U‘w(Rl/)=  2 


(f\Hpd\IlHJ,\Hpd\I2)<I2\Hpd\I!)Ui\Hpd\i) 
(E0—El)(E0  —  E2)(E0  —  E}) 


(4.3) 


Here  label  intermediate  states,  to  be  described  in  more  detail  below,  specified  by  the  occupation  of  sp-band 

states  and  Mn  d  orbitals  and  sites  i  and  j  with  four,  five,  or  six  electrons  per  site.  E2,  £,,  and  £0  are  the  energies  of 
the  intermediate  states  and  the  ground  state,  respectively.  This  method  of  calculating  Jdd(Ru  )  is  very  similar  to  the  ap¬ 
proach  developed  for  rare-earth  compounds  and  NiO  by  Falicov  and  co-workers.41  42 

The  assumption  in  Sec.  II  B  that  ,k)  is  independent  of  the  Mn  orbital  index  m  allows  Eq.  (4.3)  to  be  factored 
into  two  terms.  The  first  term  depends  only  on  the  Mn-ion  ground  state,  and  is  exactly  one  for  the  Mn2  +  (*S5/2) 
configuration  assumed  here.  The  second  term  is  a  perturbation  expression  identical  to  Eq.  (4.3)  but  for  S  =  j.  The  cal¬ 
culation  of  Jdd{Rtj )  thus  proceeds  exactly  as  in  the  case  of  a  single  d  orbital  per  Mn. 

Figure  4  shows  a  schematic  representation  of  terms  contributing  to  J^iR^  ).  Each  arrow  represents  the  formation  of 
one  on  the  intermediate  states  / , ,  /2,  or  7  3  through  transfer  of  one  electron  between  Mn  ions  at  R ,  or  R  ,  and  the  sp 
bands.  All  permutations  of  the  arrow  labels  consistent  with  panicle  conservation  and  the  exclusion  principle  produce 
intermediate  states  that  contribute  to  the  exchange  constants.  The  sums  of  terms  with  two-hole  [Fig.  4(a)],  hole- 
electron  [Fig.  4(b)],  and  electron-electron  (not  shown)  intermediate  states  are  denoted  by  Jjjd(Rt/),  Jdd(R,, ).  and 
Jdd(R,j ),  respectively.  Thus  JddlR,j  )=Jdd(RtJ  )+Jdd{R,l  )+J%l[Rlj). 

Let  [  A,B,C,D]  be  the  sum  of  the  terms  in  Eq.  (4.3)  corresponding  to  the  intermediate-state  sequence  shown  in  Fig. 
4(a)  plus  the  same  term  with  »  and  j  interchanged.  The  total  contribution  to64  •/"(*,, )  is  then 

Jdd(R,j)  =  [A,B,C,D]  +  [C,D,A,B}  +  [A,C,D,B]  +  [A  ,C,5,Z)]  +  [C .A,D,B)  +  [C  ,A,B,D] 

=  -2  2  21  M  1 1  Vpdin'k')  1 2cos[(k— k'FR,-,  ] 

k,k‘  n.n’ 

X(UcV(E„«c)-Erf-t/tfr]-,[M*')-^-l/elf]-l-[E„(k)-e,-(7t(r]-2[e,.(k')-£,-17t(r3-1! 


'4.4) 

Here  the  sum  on  bands  is  restricted  to  the  upper  valence  bands,  and  the  k,k'  sums  extend  over  the  first  Brillouin  zone. 
Both  terms  in  curly  brackets  are  positive.  The  rapid  decrease  of  j  !  1 2  away  from  k  =0  discussed  in  Appendix 

B  implies  that  the  integrals  over  k  and  k '  are  positive.  is  thus  negative  or  antiferromagnetic. 

Jdd(Ru)  will  be  seen  below  to  be  the  dominant  exchange  mechanism  in  Cd,_xMn,Te  at  near-neighbor  distances. 
Since  Jdd{R,])  involves  only  the  anion-denved  upper-valence-band  states,  it  is  identified  with  superexchange. 
The  present  ic-space  description  of  superexchange  is  believed  to  be  superior  for  Cd,  .,Mn,Te  to  more  familiar  real- 
space,  path-counting  schemes67  because  the  upper  valence  bands  are  relatively  broad.  In  materials  with  narrower 
valence  bands  (e.g.,  NiO),  the  sp  hopping  itself  can  be  treated  as  a  perturbation  and  only  the  shortest  paths  contribute 
significantly  to  Jdd{R,2).  Correlation  effects  within  the  valence  band  may  also  be  important.  In  Cd,_xMn,Te.  howev¬ 
er,  the  broader,  uncorrelated  valence  bands  require  a  relatively  large  number  of  paths  to  be  retained.  The  appropriate 
summation  over  paths  is  taken  care  of  automatically  in  Eq.  (4.4)  by  the  cosine  factor  and  A-dependent  hopping  ampli¬ 
tudes  P^ln./c). 

Jdd(Rif )  contains  intermediate  states  involving  the  lowest  conduction  band  and  the  upper  valence  bands.  In  analogy 
to  Eq.  (4.4),  we  find 
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2  2  2  I  Vn'.fc'M'cosKk-k’l  R.J 

k, k'  *,n‘ 

+  \[^k)-tJk')]-'\[td-C„\k-))->  +  [t^k)-t<l-Ut1t}-'\2)  ,  (4.5) 


where  n  =c  and  n’~u  refer  to  conduction  and  valence 
bands,  respectively.  In  a  metal  [e„(A)  — e„(A'}]_1  is 
singular  over  the  Fermi  surface,  leading  to  the  oscillatory 
long-ranged  Ruderman-Kittel-Kasuya-Yosida  (RKKY) 
interaction  at  large  distances.  In  systems  with  an  energy 
gap,  there  is  no  singularity  and  the  interaction  (the 
Bloembergen-Rowland  interaction68)  is  characterized  by 
a  large-distance  associated  exponential  decay.  This  in¬ 
teraction  dominates  asymptotically  in  DMS’s.  The  su¬ 
perexchange  contribution  Jdd{RtJ)  also  decays  exponen¬ 
tially  but  with  a  larger  decay  constant.  For  first  and 
second  neighbors  in  Cd^^Mn^Te  the  calculations  below 
indicate  that  Jdd(Rtj)  (which  in  general  can  be  of  either 
sign)  is  antiferromagnetic  and  much  smaller  (  —  5%)  than 
Jdd(R,j ).  The  smaller  magnitude  results  from  (1)  the 
smaller  density  of  states  in  the  lowest  conduction  band 


FIG.  4.  Diagrammatic  representation  of  fourth-order  contri¬ 
butions  to  •/"(£,, ).  The  filled  valence  bands,  empty  conduction 
band,  and  Mn  d  levels  at  R,  and  are  shown.  Solid  (dashed) 
arrows  at  i  and  j  represent  the  initial  (final)  Mn  spin  states. 
Terms  contributing  to  (a)  J"(/t,;)  and  (b)  JtfiR,, )  correspond 
to  allowable  permutations  of  the  spin-conserving  transfers  A.  B, 
C,  and  D.  The  intermediate  states  of  holes  or  electrons  are  la¬ 
beled  by  ( n.k !  or 


compared  to  the  upper  valence  band,  and  (2)  the  fact  that 
y^c.  k)  vanishes  at  k  =0  and  remains  small  throughout 
the  Brillouin  zone.  These  same  factors  cause  the  two- 
electron  contribution  jfflR  ),  which  is  also  antiferro¬ 
magnetic,  to  be  completely  negligible. 

Equation  (4.3)  fo t  Jdd(R,f)  has  been  evaluated  numeri¬ 
cally  for  first  and  second  neighbors  in  Cd,„,Mn,Te 
( 0<x  <0.70),  using  the  e„(A)  and  P^t n.k)  determined 
by  the  four-orbital  ETBM  model  described  in  Appendix 
B.  The  sphericahzation  procedure  which  is  used  assumes 
e„(A)  and  iepend  on  <  k  (  according  to  analytic 

expressions  obtained  along  T  —  X.  This  approximation  is 
reasonable  because  the  main  contribution  to  JddlRtl) 
arises  from  the  central  region  of  the  Brillouin  zone  where 
e„(A)and  i^U./c)  are  isotropic. 

For  x  =0.30,  we  find  Jdd  /kB  =  —  8  K  and 
jf* /kB=J ^(second  neighbor  R,j)/kg  at  —0.9  K.  (also 
antiferromagnetic).  The  ratio  Jf/Jf  =0. 1 1  is  probably 
more  accurate  than  the  absolute  values  because  it  is  in¬ 
dependent  of  V pd.  Superexchange,  or  J^[Rtj)  contrib¬ 
utes  about  95%  to  the  total  Jf  and  Jf  for  x  =0.3.  The 
Jd'[Rij )  contribution  accounts  for  most  of  the  remaining 
5%.  If  is  assumed  independent  of  x,  the  calculated 
values  of  Jf  and  Jf1  are  nearly  constant  throughout  the 
physically  attainable  concentration  range  (0<x<0. 70). 
In  Sec.  V  we  argue  that  V ^  should  actually  increase 
slightly  with  x,  leading  to  an  increase  of  —20%  in  the 
magnitude  of  Jdd  and  Jf1  between  x  =0  and  x  =0.7. 

The  nearly  complete  x  independence  of  Jdd  /k„  (with 
Vpd  assumed  constant)  results  in  part  from  a  competition 
between  Jdd/kB  and  Jdd /k B .  The  former  increases  in 
magnitude  for  nearest  neighbors  from  —  7.6  K  at  x  =0. 1 
to  —8.1  K  at  x=0.7.  This  enhancement  results  from 
the  increasing  Te  p  character  of  the  upper  valence  bands 
which  accompanies  the  increase  in  band  gap.  The 
Jdd/kB  contribution  for  nearest  neighbors  decreases  in 
magnitude  over  the  same  composition  range  from  —0.6 
to  —0.3  K.  The  much  larger  percentage  change  in  Jdd 
reflects  the  strong  band-gap  dependence  of  the  energy 
denominator  l er< A)— E,,(fe’)J_l  in  Eq.  (4.5). 

The  principal  uncertainty  in  our  numerical  results  lies 
in  the  parameters  r*  and  U t(r.  The  magnitude  of  y *  » 
largely  constrained  by  Eq.  (3.4)  and  the  values  of  td,  U,w, 
and  N0  but  Jdd  is  proportional  to  V^.  Sample  calcula¬ 
tions  show  Jdd  to  vary  by  —  ±50%  for  changes  in  U<n  of 

—  i  15%,  and  by  —±30%  for  changes  in  A‘0  or  td  of 

—  ±15%.  The  overall  accuracy  of  the  calculation  of  Jdd 
is  thus  —  ±50%. 

The  most  accurate  experimental  values  of  Jdd  /kB  in 
Cd,_,Mn,Te  range  from  —6.1  to  —7.7  k As 
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discussed  earlier,  no  significant  differences  have  been  ob¬ 
served  between  experimental  determinations  for  dilute 
( jc  <0.05)  and  concentrated  (x  >0.6)  samples.  Much  of 
the  experimental  variation,  in  fact,  may  only  reflect  a 
difference  in  assumptions  made  concerning  Jf  and  more 
distant  neighbor  exchange  constants.  Direct  experimen¬ 
tal  information  on  interactions  beyond  nearest  neighbors 
is  unavailable.  An  upper  bound  of  Jdd  /Jdd  <  0. 5  (Ref. 
69)  is  imposed  by  the  observation  of  short-ranged  AF-1II 
ordering  in  neutron  scattering  experiments.  Detailed 
analysis  of  the  neutron  scattering  data  as  well  as  magneti¬ 
zation  step  data  place  this  ratio  in  the  narrower  range 
0.1  -0.3. 35,31  Overall,  the  agreement  between  the  present 
perturbative  calculations  of  Jdd  and  Jdd  and  experiment  is 
excellent.  This  agreement  strongly  supports  the  basic  va¬ 
lidity  of  the  electronic  structure  model  used  here  and 
confirms  superexchange  as  the  dominant  source  of  Mn- 
Mn  interactions  at  near-neighbor  distances.  Conversely, 
the  success  of  the  present  calculation  of  superexchange 
may  be  attributed  to  the  detailed  knowledge  of  the 
relevant  parts  of  the  electronic  structure. 

More-accurate  calculations  of  J have  been  performed 
in  connection  with  a  recent  study  of  anisotropic  superex¬ 
change  in  DMS’s.3  These  calculations  employ  the  Bal- 
dereschi  “special  k  points”  method,  with  10  k  points  in 
the  irreducible  Brillouin  zone  (as  well  as  more  realistic  et 
and  tlg  symmetry  d  orbitals).70- 71  The  results  are  very 
similar  to  those  reported  here:  Jdd—  —  5.6  K  ( —25% 
smaller),  and  relative  chemical  and  compositional  trends 
are  effectively  unchanged  (  <  10%  difference).  The  good 
agreement  supports  the  adequacy  of  the  spherical  ap¬ 
proximation  used  in  this  section  for  treating  Jdd.  The 
same  approximation  also  leads  naturally  to  the  simple 
three-level  model  for  superexchange  described  in'-the  fol¬ 
lowing  section. 

V.  THREE-LEVEL  MODEL  OF  SUPEREXCHANGE 
IN  Mn-BASED  MATERIALS 

A.  Three-level  model 

A  transparent  expression  for  the  superexchange  contri¬ 
bution  to  Jdd(R,j )  that  is  unobscured  by  the  elaborate 


calculations  of  the  preceding  section  provides  physical  in¬ 
sight  for  this  and  other  Mn-based  systems.  The 
simplified  expression  to  be  developed  here  is  based  on  a 
three-level  model  which  contains  only  the  most  relevant 
characteristics  of  the  electronic  structure.  The  model 
contains  four  parameters:  an  occupied  d  level  at  energy 
an  unoccupied  d  level  at  energy  td  +  U^,  a  p  level  at 
the  energy  of  the  sp-valence-band  edge,  E„,  and  the  single 
hopping  parameter  (defined  in  Sec.  II)  which  con¬ 
nects  the  p  level  to  both  d  levels.  The  three  levels  td,  Ev, 
and  e„,  and  td  +  Ue„  correspond  to  td,  and  td  in  Fig- 
2,  respectively.  (The  numerical  values  of  the  parameters 
will  be  different  from  those  indicated  in  Fig.  2.)  The 
model  neglects  conduction  states  since  these  have  been 
shown  to  be  unimportant  for  superexchange  (Sec.  IV). 

The  expression  for  superexchange  is  first  calculated 
strictly  within  the  three-level  model,  where  perturbation 
theory  (in  analogy  to  the  development  in  Sec.  IV)  yields72 

J$HRlt)=-2Vipd[Uj'UE,-cd-U'tr2 

-(£,-e<,-Ut(rr5]/<r)  .  (5.1) 

The  dimensionless  function  fir)  describes  the  depen¬ 
dence  of  JddiRjj )  on  Rij/a=r,  where  a  is  the  cubic  lat¬ 
tice  constant.  This  dependence  is  trivial  for  the  pure 
three-level  problem:  /(r)=l  for  nearest  neighbors  and 
vanishes  for  more  distant  neighbors.73 

The  expression  (5.1)  is  actually  more  widely  applicable 
than  its  derivation  above  might  suggest.  It  describes 
Mn-Mn  exchange  in  both  DMS’s  and  the  rocksalt  insula¬ 
tors  MnO  and  a-MnS.  Within  each  class  of  materials  a 
single — material  insensitive — function  fir)  may  be 
defined.  Here  "material  insensitive"  means  independent 
of  electronic  structure  details  within  a  class  of  materials 
having  the  same  or  closely  related  symmetries.  Varia¬ 
tions  of  Jdd  within  a  class  are  therefore  controlled  by  the 
simple  three-level-derived  prefactor  in  Eq.  (5.1). 

An  expression  for  fir)  in  DMS’s  which  is  exact  within 
the  fourth-order  perturbation  theory  of  Sec.  IV  may  be 
obtained  by  comparing  Eq.  (5.1)  with  Eq.  (4.4).  We 
denote  the  tesult  by  /( r): 


/<r)=2  2  cos(ok-r)cos(iik'T)F^[^(n,k)|J|  Fprf(/»',k’)!2iU^[£jk)-E,-t/e(r]-|-[£„(k)-e,-Ucir]-2| 

/r,k  i»',k' 

X[E„-(k')  — — — Ej  — Ueff)-2  — (E„— £d  — U^)-3)-1  .  (5.2) 


In  the  limit  of  flat  valence  bands,  fix)  becomes  9  for 
nearest  neighbors  and  vanishes  at  larger  r.  Thus  the  flat 
band  case  reproduces  the  resuits  of  the  three-level  model 
as  generalized  to  include  valence-band  degeneracy.  For 
finite  band  dispersion  the  sums  in  Eq.  (5.2)  are  dominated 
by  the  region  near  k=0.  The  discussion  in  Appendix  B 
shows  that  both  |iV«,k)|2  and  the  energy  denomina¬ 
tor  factors  decrease  away  from  k=0.  Phase  cancellation 
due  to  the  cos(k-r)  factors  further  enhance  the  zone- 
center  contribution.  Because  these  features  are  common 


to  all  tetrahedrally  bonded  Mn-based  DMS’s,  /( r)  is  ap¬ 
proximately  material  insensitive. 

By  making  the  following  approximations  to  fir)  we 
obtain  a  form  for  fir)  which  is  explicitly  insensitive  to 
variations  in  the  DMS  energy  bands  e„(k)  and  electronic 
structure  parameters  Erf,  and  V  , 

(1!  The  energy  bands  and  |  V^in, k)i“  are  assumed 
to  depend  isotropically  on  k  as  discussed  in  Appen¬ 
dix  B.  The  result  for  SF^tn.k)!2  is  [Eq.  (B8)] 
Fprf(O)  |  :z:(k)cos:iak  /4),  where  zik)  is  the  averaged 
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projection  of  the  periodic  part  of  a  valence-band  Bloch 
function  onto  the  anion  p  orbitals  [Eq.  (B7)  and  follow¬ 
ing;  z(0)=l,  z(2ir/a)«0.8].  The  cosHakM)  factor 
arises  from  the  interference  of  hopping  amplitudes  to 
different  anions. 

(2)  The  energy  denominators  in  Eq.  (5.2)  and  zik)  are 
each  averaged  over  the  Brillouin  zone,  weighted  by 
cosHak  /4).  This  averaging  is  performed  by  first  interpo¬ 
lating  the  k  dependence  and  is  carried  out  explicitly  in 
Appendix  C.  Denoting  this  average  for  a  quantity  A(k) 
by  ( Aik)),v/e  define 

I  Ey-tt-U*  \  /[  E'-Zj-Ug  \ 

a"-\e  nik)~td-uJ’  M  tnik)~td-Ua  !' 


(5.3) 


andz  =  <z(fc)>. 

(3)  Terms  containing  an-b„  are  neglected  relative  to 
those  containing  an+bn.  For  DMS  parameters  this  ap¬ 
proximation  is  accurate  to  better  than  10%. 

With  these  approximations 


f(r)~\zA 

I2 

‘*1 

1 

2 

] 

U  ] 

3 

X 

a_ 

IT 

J  d*k  cos(ak  r)cos2(  ~ak  ) 

(5.4) 


wide  range  of  DMS  parameters  (Appendix  C),  including 
those  of  Sec.  IV.  Finite  valence-band  dispersion  is  re¬ 
sponsible  for  the  50%  reduction  from  the  fiat  band  value 
of  9. 

Figure  5  shows  /(r)  (dotted  line),  and  the  fir)  [solid 
line;  Eq.  (5.2)]  corresponding  to  Cd^Mi^  }Te  parame¬ 
ters.  The  functions  /  and  /  agree  at  small  r  where  the 
averaging  assumption  (2)  is  most  accurate.  At  larger  r 
the  neglect  of  k  dependence  in  the  energy  denominators 
causes  /  to  fall  off  somewhat  too  quickly.  The  reason¬ 
ableness  of  the  functional  form  given  by  Eq.  (5.5)  suggests 
fitting  fir)  empirically  as 

/(/•)«  51.2c-4 19,2  (5.6) 

(the  dashed  line  in  Fig.  5).  This  function  reproduces  fir) 
to  20%  for  first  through  fourth  nearest  neighbors74  with 
/(NN)=4.4  and  /(NNN)=0.4.  (Here  NN  and  NNN 
denote  nearest  and  next-nearest  neighbors,  respectively.) 
Also  shown  in  Fig.  5  is  the  exponential  asymptotic  form 
for  fir)  obtained  analytically  as  described  in  Ref.  68. 
The  exponential  is  apparently  inapplicable  for  r  <  1.5. 
Table  II  contains  parameters  and  the  resulting  Ja1iRtl ) 
value  for  Cd,_JtMnITe  using  empirical  fir)  of  Eq.  (5.6). 
[The  ~5%  difference  between  this  value  of  J fd  and  the 
result  in  Sec.  IV  is  due  to  the  discrepancy  between  /(NN) 
and  /(NN),  and  the  neglect  of  Jdf  terms.] 


The  integral  on  the  right-hand  side  is  expressible  in  terms 
of  special  functions,  but  for  the  physically  interesting  re¬ 
gion  r  <  1.5,  including  out  to  fourth  nearest  neighbors,  it 
is  well  approximated  by  3. 3e~1>tr  (Appendix  C).  Thus, 

/(r)«jz4  pa,  |  ](3.3*-2-«'J)> 

~30.7e  .  (5.5) 

Here  )(£„  am+b„)  is  approximately  4.5  for  a 


FIG.  5.  The  dimensionless  functions  fir)  (solid  line),  /(r> 
'dotted  line)  of  Eq.  (5.5),  and  the  empirical  fir)  (dashed  line)  of 
Eq.  (5.6).  as  a  function  of  r  =  R  /a.  Here  a  is  the  cubic  lattice 
constant.  Parameters  correspond  to  those  of  Cd07Mn03Te. 
Also  shown  is  the  asymptotically  vaiid  exponential  form  of  fir  i 
(dot-dashed  line)  for  the  same  parameters.  The  first  four  nearest 
neighbors  on  the  fee  magnitude  lattice  are  indicated  by  NN. 
NNN.  3NN,  and  4NN. 


B.  Chemical  trends  in  DMS’s 

The  usefulness  of  the  three-level  model  will  be  illustrat¬ 
ed  first  by  applying  it  to  DMS’s  other  than  Cd,  _  ,  Mn,Te. 
Although  much  less  experimental  information  is  present¬ 
ly  available  for  these  materials,  a  consistent  set  of  input 
data  will  be  obtained  here  using  what  is  available  togeth¬ 
er  with  simple  theoretical  estimates.  An  additional  con¬ 
sistency  check  on  anion  trends  is  provided  by  the  results 
of  first -principles  ASW  calculations. 

For  clarity  the  comparisons  will  be  restricted  to  a  sin¬ 
gle  concentration,  x=0. 1.  Calculations  not  discussed 
here  indicate  that  the  chemical  trends  are  characteristic 
of  a  wide  range  of  concentrations.  The  material  insensi¬ 
tivity  of  fir)  implies  that  the  jid  /J  f  ratio  will  be  con¬ 
stant.  Therefore  we  focus  on  changes  in  Jf1. 

1.  Anion  substitutions 

Changes  in  the  anion  species  are  particularly 
significant  since  both  d-d  and  sp-d  exchange  in  DMS’s  are 
primarily  determined  by  the  anion-derived  upper  valence 
bands.  Chemical  trends  in  the  series  Cd0  ,Mn0  ,Te 
— -Cdo^MnojSe  -*Cd0,Mn01S  are  summarized  in  the 
first  three  columns  of  Table  II.  The  input  parameters 
£„  —  td,  U^,  and  for  the  selenide  and  sulfide  are  ob¬ 
tained  as  follows. 

(1)  £,.  —  td  is  obtained  from  photoemission  data.14, 75-78 
The  surprising  constancy  of  this  difference  in  Cd-based 
DMS’s  presumably  results  from  two  competing  effects. 
£,  shifts  to  lower  energy  (by  about  1  eV  between  the  tel- 
luride  and  selenide  and  0.80  eV  between  the  selenide  and 
sulfide  9)  due  to  the  deeper  anion  potential  seen  by  the 
outer  valence  p  electrons.  For  the  same  sequence  the  ma- 
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TABLE  II.  Chemical  trends  for  M‘‘.j,MnIJirvl,  computed  using  the  three-level  model,  compared  with  experiment.  The  calcula¬ 
tions  of /f*  employed  Eq.  (5.1)  with  /(r)=4.4  for  nearest  neighbors  as  given  by  Eq.  (S.6). _ 


Cdo.*Mi*o  iTe 

Cdo  fMn<j  tSc 

Cdo.tMno.  tS 

Zno,Mno.,Te 

Zno  9M11Q  j  Sc 

iMRq  jS 

Input  parameters 
(eV) 

3.4* 

3.4” 

3.4' 

3.4 

3.4" 

3.4 

I/rf  (eV) 

7.cr 

7.6 

7.9 

7.0 

7.6 

7.9 

Vpd  (eV) 

0.219 

0.255 

0.330 

0.240 

0.277 

0.351‘ 

2.759 

2.572 

2.453 

2.722 

2.533 

2.411 

Theoretical  estimates 
(Eq.  (5.1)]  Jf/k,  <K) 

-7.6 

-9.0 

-21.0 

-11.0 

-13.0 

-27.0 

Experiment 

J?/k,  <K) 

—  6.3* 

—  7.9* 

-8.61 

-8.8" 

-9.9 

—  6.1" 

-8.1* 

- 10.61 

-9.3' 

—  9.5" 

- 12.3" 

-16.1" 

•Reference  14. 

"Reference  76. 

•References  75  and  77. 
'‘Reference  78. 

'Reference  11. 

‘Estimated  in  text. 
•Reference  31. 

"Reference  32. 
'Reference  37. 
‘Reference  36. 
"Reference  38. 
'Reference  39. 
"Reference  40. 

terials  become  more  ionic  and  the  d-Ievel  energy  td  also 
shifts  to  lower  energy  because  of  the  larger  Mn-to-anion 
charge  transfer. 

(2)  The  variations  in  UeW  are  estimated  using  a  simple 
electrostatic  argument.  Although  information  on  this  pa¬ 
rameter  is  not  available  for  DMS’s  other  than 
Cd^M^Te,  the  value  of  Ua  is  not  expected  to  change 
appreciably  as  a  function  of  anion  substitution  since  it  is 
largely  an  intra-atomic  property  of  Mn.  A  slight  increase 
is  expected  in  the  series  telluride  —  selenide  — *  sulfide 
due  to  the  reduced  screening  associated  with  the  increas¬ 
ing  Mn  to  anion  charge  transfer.  We  estimate  U\9  by  as¬ 
suming  a  linear  dependence  on  the  inverse  dielectric  con¬ 
stant  Eq  1  and  fitting  to  Cd^Mn^Te  and  MnO.  ( UrS  =  7 
and  9  eV  and  e0=0. 14  and  0.25,  respectively,  for  the  two 
materials.2,80-81)  The  values80  c0~ 1  =0. 17  for  CdSe  and 
0.19  for  CdS  lead  immediately  to  the  Uc9  entries  in  Table 
II.  The  estimated  variations  from  the  telluride  to  the 
sulfide  is  less  than  15%. 

(3)  The  p-d  hybridization  parameter  is  determined 

from  Eq.  (3.4)  using  the  above  parameters  and  the  experi¬ 
mental  sp-d  exchange  constants  N0  listed  in  Table  I.  The 
increase  in  from  the  telluride  to  the  sulfide  is  qualita¬ 
tively  consistent  with  scaling  arguments  for  V ^  given  a 
decrease  in  the  Mn-anion  bond  length.  Different  scaling 
theories82-83  predict  a  bond  length  d  dependence  of  either 
d~A  or  d~ln.  Recent  extended  x-ray  absorption  fine- 
structure  (EXAFS)  studies  of  a  number  of  semiconduct¬ 
ing  alloys  including  Cd^^Mn^Te  (Ref.  84)  provide  some 
further  information.  They  show  individual  cation-anion 
bond  lengths  in  the  alloy  to  retain  values  close  to  those  of 
the  limiting  crystals.  A  simple  central-force  model85 
based  on  those  results  suggests  that  the  Mn-anion  bond 
length  in  DMS’s  should  exhibit  the  weak  x 

dependence 

</Mn.^v[U)=:rfMn.Zll  +  7,1-JC,(rfw».x-'1  V* '  1  *  ’ 

(5.7) 


Here  tf^ii.j-vi  and  are  the  nearest-neighbor  bond 

lengths  in  the  limiting  x  =0  and  x  —  1  zinc-blende  crys¬ 
tals.  The  values  of  d Mn  #vi  (x  =0. 1 )  listed  in  Table  II  are 
obtained  from  Eq.  (5.7)  and  the  tabulated  crystalline  bond 
lengths  in  Ref.  86.  With  the  value  of  V ^  determined  in 
Sec.  III  for  Cd„  ,Mn0  jTe  scaled  by  the  dMn_x*i  (*  =0. 1 ) 
of  Table  II,  the  scaling  theories  yield  V ^  in 
Cdo^MnoiSe,  Cd^Mit^S  as  0.31,  0.36  eV  (d~*),  or 
0.29,  0.34  eV  (d”2/2).  Neither  set  of  values  agrees  par¬ 
ticularly  well  with  the  experimentally  determined  entries 
in  Table  II,  probably  because  chemical  differences  be¬ 
tween  the  anions  are  neglected. 

Substitution  of  E0—td,  Ue(r,  and  V ^  determined  in 
( 1)— (3)  above  into  Eq.  (5.1)  yields  the  theoretical  predic¬ 
tion  for  J  f*  listed  in  Table  II.  The  18%  increase  from  the 
telluride  to  the  selenide  is  in  reasonable  agreement  with 
the  25%  increase  observed  experimentally.31,34  The 
larger  predicted  increase  in  j  Jid  |  from  selenide  to 
sulfide  somewhat  overestimates  the  experimental  trend. 
The  discrepancy  is  still  within  the  accuracy  of  the  model, 
and  may  be  corrected  when  more-accurate  input  parame¬ 
ters  (e.g.,  £/eff)  become  available.  (To  aid  comparison,  the 
experimental  J frf  entries  in  Table  II  are  all  taken  from  ex¬ 
periments  in  which  the  effects  of  second  and  more-distant 
neighbor  exchanges  are  approximately  corrected  for.) 

The  results  of  ASW-LSDA  calculations  listed  in  Table 
III  for  the  limiting  crystalline  compounds  MnTc,  MnSe, 
and  MnS  are  qualitatively  consistent  with  the  anion 
trends.  The  calculations  assume  that  all  three  have  the 
zinc-blende  structure  and  an  AF-I  antiferromagnetic  or¬ 
dering.  (At  small  Mn  concentrations  Cd|_JtMn,Se  and 
Cd,_tMnTS  actually  have  the  wurtzite  structure.)  The 
spin  splitting  or  Uc9  in  the  present  model,  in¬ 

creases  somewhat  from  the  telluride  to  the  sulfide  al¬ 
though  the  magnitude  of  this  splitting  is  known  to  be 
seriously  underestimated  in  the  LSDA  (Sec.  II  and  Ap¬ 
pendix  A).  The  difference  E  —td  is  roughly  constant 
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TABLE  III.  ASW-LSDA  results  for  zinc-blende  MnTe, 
MnSe,  and  MnS  in  the  AF-I  ordering.  Here  a  is  the  cubic  lat¬ 
tice  constant,  and  is  the  Mn-sphere  magnetic  moment. 
The  meaning  of  ei— c}  and  Ec  —t'd  in  all  three  systems  is  the 
same  as  indicated  in  Fig.  2  for  MnTe. _ 


a 

(A) 

<P») 

Erf  -  Erf 

(cV) 

Ec-zl 

(eV) 

J?/k, 

(K.) 

MnTe 

6.34 

4.23 

3.2 

2.2 

-17 

MnSe 

5.82 

4.15 

3.4 

2.1 

-24 

MnS 

5.60 

4.14 

3.9 

2.4 

-26 

across  the  series,  although  the  values  are  —  30%  smaller 
than  those  listed  in  Table  II.  The  increasing  |  NS  | 
values  in  the  ASW  results  in  Table  I  provide  support  for 
an  increasing  V from  the  telluride  to  the  sulfide.  The 
Jdd  values  in  Table  III  are  obtained  as  before  from  ASW 
total-energy  differences  between  AF-I  and  ferromagnetic 
orderings.  The  increase  in  magnitude  is  smaller  than  that 
given  in  Table  II.  As  was  found  for  the  larger  discrepan¬ 
cy  in  Jdd  magnitudes,  the  discrepancy  in  the  telluride-to- 
selenide  Jdd  trend  is  probably  associated  with  the  LSDA 
underestimate  of  the  energy  of  unoccupied  Mn  3 d  levels 
(Sec.  II  and  Appendix  A). 

2.  Cation  substitutions 

Changes  in  the  cation  species  play  a  far  less  important 
role  in  determining  the  magnetic  properties.  Here  we 
consider  only  the  replacement  of  Cd  with  Zn.  Hg-based 
DMS’s  are  omitted  because  of  larger  experimental  uncer¬ 
tainties  in  sp-d  exchange  constants.  Furthermore,  Jdd  as¬ 
sociated  with  the  BIoembergen-Rowland  interaction, 
neglected  in  this  section,  plays  a  more  important  role  in 
the  zero-gap  case.  Nevertheless,  superexchange  is  be¬ 
lieved  to  be  dominant  in  Hg-based  alloys.87 

The  substitution  of  Zn  for  Cd  has  only  an  indirect 
effect  on  the  band-structure  features  relevant  to  superex¬ 
change.  We  estimate  the  associated  changes  in  J,  using 
Eq.  (5.1)  and  the  input  data  listed  in  Table  II. 
and  U'g  are  assumed  to  be  the  same  in  the  corresponding 
Cd  and  Zn  alloys  since  these  parameters  are  determined 
primarily  by  the  Mn  and  the  anion.  (Experimental  infor¬ 
mation  is  presently  available  only  for  Zn^^Mn^Se,  when 
E„  —  ed  is  3. 5±0. 1  eV,  consistent  with  this  assumption.78) 

Vpj  values  in  Zn0  9Mn0  ,Te  and  Zn0  9Mn0  ,Se  are  deter¬ 
mined  from  the  experimental  NS  values  in  Table  I.  Small 
but  definite  increases  in  V are  observed  relative  to  the 
corresponding  Cd  alloys.  We  interpret  this  trend  as  an 
indirect  effect  of  the  cation  on  the  Mn-anion  bond  length. 
The  dMn  #vi  values  in  Table  II  indeed  decrease  slightly  as 
Cd  is  replaced  by  Zn.  The  variations  in  V ^ '  for 
Cd09Mn0|Te  — •  Zn09Mn0lTe  and  Cd09Mn0tSe 
— Zn0,Mn0  |Se  in  fact  are  well  described  by  a  d~ln  or 
d~ 4  power  law.  (Scaling  works  better  here  than  for  the 
anion  trends  because  the  chemical  nature  of  the  anion  is 
unchanged  and  the  variation  in  d  is  smaller.)  In  the  ab¬ 
sence  of  an  experimental  NS  value,  we  estimate  Vpd  for 
Zn^Mn^S  by  scaling  the  Cd0  ,Mn0  ,S  value. 


The  Jdd  results  in  Table  II  indicate  a  clear  trend  to¬ 
wards  a  larger  superexchange  interaction  m  Zn- 
substituted  DMS’s.  Quantitative  agreement  with  experi¬ 
ment  is  achieved  for  Zn09Mn0|Te  and  Zn09Mn01Se. 
The  value  of  \Jdd  |  in  Zn0  9Mn0  ,S  is  found  to  be  the 
largest  of  any  of  the  DMS’s  considered  here.  This  predic¬ 
tion  agrees  with  a  recent  neutron  scattering  experiment.40 
By  using  the  experimental  values  of  Jdd  given  in  Table  II 
for  Cd^Mn^S  and  Zn^Mn^S  together  with  NS  for 
Cdj-jMnjS  in  Eqs.  (5.1)  and  (3.4),  we  predict  NS  for 
Zn|_xMniS  to  be  —(2.2  to  2.4)  eV.  This  prediction 
should  be  checked  experimentally. 

An  alternative  model  of  cation  trends  has  recently  been 
proposed  by  SpaJfek  et  al .**  They  assume  that  Jf  is 
affected  principally  by  the  change  in  the  Mn — anion — 
Mn  bond  angle  due  to  the  structural  distortions  associat¬ 
ed  with  different  cations.  This  undoubtedly  has  some 
effect,  but  is  neglected  here,  since,  as  in  the  case  of  amor¬ 
phous  covalent  semiconductors,  we  regard  changes  in  r* 
due  to  small  variations  in  bond  length  to  be  considerably 
more  important. 

The  present  approach  provides  a  consistent  interpreta¬ 
tion  of  the  increase  in  both  NS  and  Jdd  as  Cd  is  replaced 
by  Zn.  In  addition,  this  interpretation  implies  a  depen¬ 
dence  of  on  x  within  the  Cd  and  Zn  alloy  systems, 
since  both  must  extrapolate  to  the  same  value  at  x  =  1 .  If 
dMa  Xvi  follows  Eq.  (5.7),  a  6.2%  increase  in  is  pre¬ 
dicted  in  Cd,_xMnxTe  between  x  =0  and  x  =0.75.  This 
leads  to  a  13%  increase  in  NS  and  a  27%  increase  in  Jdd 
(if  other  factors  are  neglected). 

C.  MnO  and  a-MnS 

It  is  remarkable  that  the  three-level  expression  (5.1)  is 
applicable  to  a  quite  different  class  of  materials,  illustrat¬ 
ed  by  the  insulators  MnO  and  a-MnS.  This  is  seen  by 
calculating  the  Mn-Mn  exchange  interaction  in  these  ma¬ 
terials.  The  fir)  appropriate  to  the  rocksalt  structure, 
hereafter  denoted  /R s(r),  is  again  insensitive  to  the 
specific  material. 

The  main  differences  between  the  electronic  structure 
of  DMS’s  and  MmT  ( X  =0,8)  result  primarily  from  the 
increased  ionicity  of  the  rocksalt  compounds.  They  are 
(1)  the  anion  p-derived  levels  lie  primarily  below  the  occu¬ 
pied  Mn  d  levels  and  are  significantly  narrower  than  in 
DMS's;  (2)  Uelf  is  larger  than  in  DMS's,  because  the 
screening  charge  on  the  Mn  cation  is  decreased;  (3)  the 
higher  symmetry  of  the  rocksalt  structure  leads  to 
!  P*(»,ft)|,=0at  both  Tand  X. 

Although  we  would  expect  the  three-level  model  to  ap¬ 
ply  generally  to  Mn-based  nonmetals,  the  corresponding 
fir)  for  different  classes  of  materials  will  generally  de¬ 
pend  on  their  point-group  symmetry.  For  example,  selec¬ 
tion  rules  (Goodenough-Kanamori  rules89)  reduce  the  re¬ 
gion  of  the  Brillouin  zone  where  p-d  hybridization 
occurs,  thereby  decreasing  fir).  For  DMS's  these  selec¬ 
tion  rules  impose  no  restrictions;  however,  the  higher 
symmetry  of  the  rocksalt  structure  causes  a  reduction  of 
nearest-neighbor  superexchange  by  —4-.  The  effect  on 
fir)  will  generallv  depend  both  on  the  functional  form  of 
Ve./c)  and  on  the  location  of  critical  points  in  the  ener- 


60 


32  ...  CHEMICAL  TRENDS  IN  DILUTED  MAGNETIC  SEMICONDUCTORS  4149 


TABLE  IV.  Chemical  trends  for  the  rocksalt  compounds  MnO  and  a-MnS,  computed  using  the 
three-level  model,  compared  with  experiment.  The  calculations  of  7“  employed  by  Eq.  (5.1)  with 
/,;(/•)=  4.4  for  nearest  neighbors  as  given  by  Eq.  (S.6). _ 


Ec—tj 

d 

J  "(theory) /k, 

■/f'lexpt.l/k. 

(eV) 

(eV) 

(eV) 

(A) 

<K> 

<K) 

MnO 

-2.5* 

9.0“ 

0.46 

2.225* 

-5.0 

-7.2* 

a-MnS 

0.5±1.0* 

8.0 

0.27 

2.605* 

— 1.7±0.4 

-4.4* 

‘Reference  63,  and  references  therein. 
“Reference  2. 


gy  denominators  of  Eq.  (5.2).  For  example,  in  DMS’s  the 
minima  in  energy  denominators  [Eq.  (5.2)]  and  in 
|  P^(u,fc)  | 2  both  occur  at  T,  causing  /(NN)  to  be  re¬ 
duced  by  —  y  from  the  flat-band  result  (cf.  Sec.  V  A).  By 
contrast,  in  the  perovskite  compound  KMnF3,  the 
minimum  in  the  energy  denominators  at  F  corresponds 
to  a  zaro  in  V^iv.k),  leading  to  a  larger  reduction,  es¬ 
timated  at  ~L. 

In  Mirf  the  flat-band  limit  should  correspond  to  a 
good  approximation  for  /  RS(r)  since  W  ( £u  —  td 
—  l/t(r)“'«l.  (W  is  the  average  bandwidth  of  the  sp 
valence  bands.90)  In  contrast  to  DMS’s,  this  limit  here 
implies  / RS(rl  is  nonzero  for  both  first  and  second  neigh¬ 
bors  on  the  fee  magnetic  lattice,  since  superexchange  to 
both  is  mediated  by  p  orbitals  of  the  nearest-neighbor 
anions.  Second  neighbor  superexchange  is  reduced  by 
the  same  factor  \  as  first  neighbor  superexchange  because 
only  one  anion  mediates  these  processes,  compared  to 
two  anions  for  first  neighbors.  In  DMS’s,  /(NN)  is  re¬ 
duced  by  }  due  to  the  presence  of  broad  bands  (see 
preceding  paragraph).  It  therefore  turns  out  by  accident 
that  /rs(NN)«/(NN).  However,  /RS  and  /  differ  for 
second  and  more-distant  neighbors.  The  function  /RS(r) 
is  expected  to  be  similar  in  MnO  and  a-MnS  because 
« l  in  both.  As  in  DMS’s,  /Rs  is 
material  insensitive  because  the  k  integrations  are  dom¬ 
inated  by  |  V^(v,k)\ 2. 

Table  IV  contains  parameters  and  calculated  values  of 
Jdd  for  MnO  and  a-MnS  using  Eq.  (5.1)  and  (5.6)  with 
/yfNNla/INNla^A.  E,,  — Erf  was  taken  from  the 
ASW-LSDA  calculations  of  Terakura  et  a/.;91  Ua  for 
a-MnS  was  estimated  as  in  Sec.  V  B;  V ^  was  calculated 
from  for  Cd,  _,Mn,Te  and  was  assumed  to  obey  the 
d~ln  scaling  law. 

The  good  agreement  of  the  calculated  Jdd  with  experi¬ 
mental  results  given  in  Table  IV  in  both  magnitude  and 
trend  indicates  that  the  three-level  model  is  applicable  to 
- 1 


Here 

bn(r)-  i  \l>'(r)  \ 2  I  /  i  tfr(<r)  >  ldir  1  '  ,  (A2) 

l  *  uni«  cell  ] 

d’t(r)  is  the  LSDA  wave  function  corresponding  to  eLSDA, 


MnY,  and  that  a  single  function  /R s(r),  which  needs  to 
be  calculated  only  once  for  each  class  of  materials,  can  be 
defined.  The  calculations,  like  those  for  DMS’s  (Sec. 
V  B),  are  remarkably  simple,  requiring  only  the  electronic 
structure  input  parameters  (£t.  —  cd,  Urlr,  and  )  and 
the  function  /RS.  As  a  result  it  is  reasonable  to  expect 
that  the  three-level  model  will  also  provide  useful  numer¬ 
ical  estimates  of  exchange  constants  in  other  Mn-based 
nonmetals. 
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APPENDIX  A:  CORRECTIONS  TO  THE  LSDA 

To  quantify  the  discussion  of  Sec.  II,  corrections  to  the 
LSDA  eigenvalues  has  been  estimated,  employing  a  sim¬ 
ple  method  based  on  empirical  dielectric  constants. 54 
Corrections  to  the  MnTe  conduction  and  valence  sp  band 
edges,  and  the  majority  and  minority  spin  levels  of  eg 
symmetry  at  T,  were  computed.  The  value  e0  =  7  was  de¬ 
rived  by  linear  extrapolation  from  dielectric  constants  in 
the  alloy  for  x  <  0. 7.  The  estimated  difference  between 
the  LSDA  eigenenergies,  elsda,  and  the  true  quasiparti- 
cle  energies,92  e,  is  given  by94 


(Al) 

f - 

and  bn  LSDA(r!=6n  <r)  +  8nKr(r).  The  LSDA  screening 
charge  bnKT(r)  is  given  by 

fmKt(r)  =  n  j d  V’[g  (  |  r  —  r' !  ;n  i  —  l]6r»(r')  ,  (A3) 


-LSDA  _ 


—  I 

2eq  d  ui 


, j  j)  ,6n(r)6n(r’)— 5nLSDA(r)6nLSDA(r') 
a  r  a  r  - - — - - 
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where  g(|r  —  is  the  pair  distribution  function 

(taken  to  be  spin  independent)  for  a  uniform  electron  gas 
having  the  weighted  average  density 

n  =  J  Jbn  (r)n  l/3(rWV  |  .  (A4) 


To  aid  comparison  with  experiment,  scalar-relativistic 
corrections  were  also  estimated.  The  MnTe  ip- 
conduction  and  valence-band-edge  shifts  were  approxi¬ 
mated  using  the  corresponding  shifts  for  a  Te  atom: 


(energy  shift  of  dk.^~ 


(core  charge  of 
(core  charge  of  tf)i!om 


X  (energy  shift  of  <l>)uom  . 


(A5) 


These  calculations  lead  to  the  following  results. 

(1)  The  LSDA  correction  is  largest  for  the  d  levels 
since  the  associated  orbitals  are  most  localized.  The  oc¬ 
cupied  d  levels  are  shifted  to  lower  energies  by  1.5  eV  and 
the  unoccupied  levels  to  higher  energies  by  1 .0  eV.  Thus 
the  energy  required  to  create  a  separated  d-electron-d- 
hole  pair  is  underestimated  by  the  LSDA  spin  splitting. 
Since  the  LSDA  eigenvalues  are  computed  using  the 
ground-state  potential,  the  LSDA  spin  splitting  may  ac¬ 
tually  correspond  more  closely  to  the  energy  of  an  intra- 
atomic  S={— *S=|  transition.93  The  corrections  in¬ 
crease  Uen  from  3.2  to  5.7  eV.  This  improves  agreement 
with  the  value  Utlr=  7  eV,  derived  from  experiment, 
which  was  used  in  the  magnetic  calculations. 

(2)  The  valence-band  edge  is  shifted  to  lower  energy  by 
0.5  eV  due  to  the  LSDA  corrections,  and  by  a  further  0.4 
eV  by  scalar-relativistic  corrections.  These  Shifts,  com¬ 
bined  with  (I),  cause  the  energy  required  to  remove  an 
electron  from  the  top  of  the  valence  band  and  place  it  in 
an  unoccupied  d  level  infinitely  far  away  in  the  crystal  to 
increase  from  1  to  2.9  eV.  Additionally,  the  valence- 
band-edg''- to -occupied  entity  splitting  increases  ;g 
0.6  eV  from  2.3  to  2.9  eV.  This  value  is  closer  to  the  3.4 
eV  (forx  <0.6)  value  discussed  in  Sec.  II. 

APPENDIX  B:  ETBM  MODEL  AND  SPHERICAL 
APPROXIMATION  FOR  H0  AND  Hh 

The  empirical  tight-binding  model  used  to  obtain  the 
explicit  forms  of  the  H0  and  H ^  terms  in  Eq.  (2.1)  em¬ 
ploys  a  minimal  basis  set  consisting  of  one  s  orbital  per 
cation  and  three  p  orbitals  per  anion.  The  resulting  sp 
Hamiltonian  H0  provides  a  good  semiquantitative 
description  of  the  Te  p-like  upper  valence  bands  in 
Cd,_tMn.,Te.  The  lowest  conduction  band  is  also 
reasonably  described  although  this  is  less  important  for 
the  numerical  calculations  of  Jdd\R,j )  in  Sec.  IV.  Scalar- 
relativistic  effects  are  included  in  the  model  by  the  empir¬ 
ical  choice  of  parameters.  The  neglect  of  spin-orbit  split¬ 
ting  is  not  believed  to  lead  to  serious  errors  in  Jdd(Rjj ). 

We  consider  interactions  for  first-  and  second-nearest 
neighbors.  Hn  is  then  completely  characterized  by  six 
Slater-Kosier  parameters94  for  which  we  introduce  a 


simplified  notation  in  Table  V.  The  parameter  values  for 
Cd^^Mn^Te  listed  in  the  third  column  of  the  table  are 
obtained  as  follows. 

(1)  The  cation  on-site  energy  Er  is  assumed  to  exhibit 
the  linear  VCA  variation 

Ec=A<.+x(et(Mn)— er(Cd)l  .  (BI) 

Here  Ec(Cd)=0.12  eV  and  tt(Mn)=  1.72  eV  are  the  Cd  5s 
and  Mn  4s  on-site  energy  levels,  respectively,  and 

=3.16  eV  is  chosen  to  reproduce  the  experimental 
x  =0  band  gap. 

(2)  The  anion  on-site  energy  t0  and  the  single  nearest- 
neighbor  hopping  parameter  Vca  are  assumed  to  be  in¬ 
dependent  of  x  and  have  the  same  value  as  in  more- 
extensive  ETBM  parametrizations  of  CdTe.95  The  x  in¬ 
dependence  of  Ea  reflects  a  common  anion  assumption. 

(3)  The  second-neighbor  parameters  (C,A{,A2)  are 
also  assumed  to  be  x  independent  and  are  required  to  be 
no  larger  than  —10%  of  Vca.  The  chosen  values  yield 
conduction  and  valence  bandwidths  in  reasonable  agree¬ 
ment  with  experiment. 

The  spherical  approximation  used  in  the  calculation  of 
J^iR,} )  assumes  that  the  sp  bands  are  isotropic  and  have 
the  k  dependence  given  by  the  diagonalization  of  H0 
along  T -X.  This  direction  is  chosen  because  the  result¬ 
ing  eigenvalues 

t2i  k  > = e*  +  4  A ,  [  I  +  cos(  \ak )  J + 4  A  2cos(  \ak )  (B2) 

and 

±tiU|(fc)-g2<fc)]J+16^™sin2(i<J*)!l/J  (B3) 

can  be  obtained  analytically.  Here 
g,(fc)=et.+4C[l  +  2cos(  jafc)]  , 

(B4) 

g2(*)  =  ea+4'42  +  8^iC0S(T°**  • 

Bands  2  and  3  are  degenerate  valence  bands  with  an  x- 
independent  bandwidth  of  2.2  eV.  Band  1  is  the  wider 
valence  band,  with  a  bandwidth  of  5.1  eV  at  x  =0  and  4.8 
eV  at  x  =  1 .  Band  4  is  the  sp  conduction  band,  with  a 
bandwidth  of  2.8  eV  at  x  =0  and  2.5  eV  at  x  =1.  The 
band  gap  is  given  by  ( 1.6+ 1. fix )  eV. 


TABLE  V.  ETBM  parameters  for  Cd|_.,Mn,Te.  The  table 
also  establishes  the  correspondence  between  the  Slater-Koster 
notation  and  the  notation  used  in  this  work. 


Parameter 

Slater-Koster 

This  work 

Value 

(eV) 

£„(000)rc 

£<■ 

3. 16+  l.fix 

£„I000)od 

e  , 

0.10 

£„(H{)„ 

F<- < 

1.103 

E„(1I0)„ 

C 

0015 

£,,(110) 

4, 

0  13 

£„!0UU 

A: 

0.15 
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We  now  consider  for  which  we  compute  P^ln.k) 
within  the  ETBM.  Let  |  d{i))  be  a  d  function  at  site  i. 
We  assume  a  Lowdin  orthogonaiization96  has  made  this 
function  orthogonal  to  the  other  basis  functions.  In  the 
VCA 

(dU)\H  |nk>=e'k'V-1/2  2  «;"i tk ) 2 

t-x.r.i  ‘  8; 

=«‘kRy^(«.k)  ■  (B5) 


Here  6,  is  one  of  the  four  RtJ  associated  with  nearest- 
neighbor  anions  to  the  Mn,  and  aj/’jfk)  is  the  coefficient 
in  the  expansion  of  the  Bloch  function  |  n  k )  of  the  Bloch 
sum  |  avk )  corresponding  to  the  ath  basis  function  <j>„  at 
tv.  ia—s,px,py,p,-,  v=a,c  for  anion  and  cation.)  Our 
basic  approximation  is  that  the  hopping  integral  V ^  is  (1) 
only  nonzero  for  nearest-neighbor  anion  p  orbitals,  and 
(2)  independent  of  the  type  of  p  and  d  orbitals  involved. 
We  thus  define 

(B6) 


Here  <tp(r— 6— t„)  is  a  p,  orbital  centered  at  6j  +  ra. 
The  basic  reason  for  this  is  a  good  approximation  for 
DMS’s  is  that  is  determined  from  experiments  which 
give  an  orbitally  averaged  quantity.  On  the  other  hand, 
orbital  indices  are  summed  over  in  the  calculation  of 
>,  so  that  the  averaged  parameter  should  provide  a 
good  approximation. 

\Ppdin,k)\1,  which  occurs  in  the  calculation  of 
Jdd(R, j ),  contains  the  factor 


8. 


2 

=  4[  1  -f  cost  ~<J*t  (cost  \aky ) 


-(-cost  I aky  )cos(  ±akz ) 


-(-cost  j-ak.  )cos(  {ale,  )]  .  (B7) 


This  has  a  maximum  at  k=0  and  decreases  in  all  direc¬ 
tions  away  from  k=0,  vanishing  at  the  X  point.  This  de¬ 
crease  comes  from  the  interference  of  hopping  amplitudes 
to  different  anion  neighbors  as  k~l  becomes  compar¬ 
able  with  the  Mn-anion  distance.  The  factor 
I  |2„(k)j2is  the  square  of  the  pro¬ 

jection  of  the  periodic  part  of  the  Bloch  function  at  k 
onto  the  anion  p  orbitals.  For  the  upper  valence  bands, 
this  factor  is  just  1  at  k=0  and  decreases  along  T-Af. 
For  the  lowest  conduction  band  a^",1(k=i0)=0.  (This 

remains  true  for  a  more  general  basis  than  we  consider 
here,  because  it  follows  from  a  selection  rule.)  The  net 
effect  of  the  two  k  dependencies  is  to  suppress  hopping 
through  the  conduction  band  relative  to  the  valence 
bands,  and  to  emphasize  hopping  through  the  states  near 
the  zone  center. 

We  adopt  an  approximation  to  F^tn.k)  which 
preserves  these  features  and  is  consistent  with  the  as¬ 
sumed  spherical  energy  bands  (calculated  along  T - X ). 


The  <2p',’|(k>  are  calculated  along  T -X,  |  F^Sn./c)! 2  is 
averaged  over  principal  directions,  and  the  result  is  taken 
to  be  a  function  of  |  k  |  in  a  spherical  Brillouin  zone: 

I  Fprf(n,k)|2=16F^A-|z2(/c)cos2(|ak)  .  (B8) 

Here  zHk)  is  the  average  of  J  ( k )  |  2  over  principal 
directions.  (For  the  three  sp  valence  bands  the  result  of 
this  averaging  is  independent  of  n.) 

APPENDIX  C:  DERIVATION  AND 
PROPERTIES  OF /(r) 

Beginning  with  the  definition  of  /(r)  given  in  Eq.  (5.2), 
with  the  isotropic  approximation  made  for  the  k  depen¬ 
dence  of  energy  bands  and  |  P^in.k)  |2  [Eq.  (B7)  and 
following],  the  energy  denominators  are  averaged  next 
over  the  Brillouin  zone.  Averaging  is  reasonable  because 
the  energy  denominators  are  weakly  k  dependent  com¬ 
pared  to  I  P^tn.k)  | 2.  The  average  is  weighted  by  the 
dominant  cos2lak/4)  factor  in  |  P^ln.k)! 2  [Eq.  (B8)]. 
This  choice  of  weighting  ensures  that  fir)  has  the 
correct  limit  as  r— »0.  The  average  of  a  quantity  A  Ik), 
denoted  by  <  A  ( k )  > ,  is  given  explicitly  by 

(Aik))  =  jj  d}k  cosH\ak)  j  J d3kcoi2(~ak) A  (k)  . 

(Cl) 

In  order  to  perform  this  averaging  on  Eq.  (5.2),  the  k 
dependence  of  the  energy  denominators  and  of  the  factor 
z(Jfc)  [Eq.  (B7)  and  following]  are  approximated  by 

X  lyn  -f  ( I  -y„  )cos2(  \ak )  ]  ,  <C2) 


and 


z(*)=sz 


2ir 


+ 


1  — i 


2ir 

a 


cos2(  rak ) 


(C3) 


The  y„  are  defined  by 


y„  =  <£,. -td  -  Ue„)AE,  -  W„  -a*  -  Ua )  , 

where  Wn  is  the  bandwidth  of  the  valence  band  e„(A:) 
[Eqs.  (B2)  and  (B3)].  The  interpolation  of  Eq.  (1.2)  is 
chosen  to  reproduce  the  correct  values  and  first  deriva¬ 
tives  of  the  energy  denominators  at  T  and  X.  Using 

<cos2(  {ale)  >*0.46  and  <cos4({aI:) )  =0.28  ,  (C4) 


we  compute  the  quantities  a„,  b„,  and  z  defined  in  Eq. 

(5.3): 


=>’„  -4-0. 46(  1  —  )  ,  (C5) 

=yi!+0-92y„(l  —y„  )+0.28(  1  — yn  )2  ,  (C6) 


and 


z  =z 

2  IT 

+  0.46  1  1  -z 

2t t 

a 

1 

a 

(C7) 


Inserting  Eqs.  (C5MC7)  in  Eq.  (5.2)  and  neglecting 
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a„  —bn  relative  to  a„  +  bn  (accurate  to  — 10%  for  >„  cor¬ 
responding  to  a  wide  range  of  the  parameters  Eu  —tj, 
Uclf,  and  Wn ),  we  obtain  Eq.  (5.4). 

The  integral  on  the  right-hand  side  of  Eq.  (5.4)  is 
f  13 


J_ 

2 


a_ 

ir 


J d*k  cos(ak-r)cosJ({a/c) 


=  -— ^-l[r(2+2r)r(2-2r)]-,l  .  <C8> 

TTT  or 


By  expanding 

ln[r(2±2r)]«±2r0(2)+l/2(2i-)Jtfr'(2)  , 

where  t/A,r)=d{lnD/dr  is  the  digamma  function,  the  in¬ 


tegral  is  approximated  by 

—  0’(2)exp[  —  40»'(2)r2]  .  (C9) 

IT 

Using97  t£'(2)=0.645  yields  Eq.  (5.5)  for  fir). 

The  results  of  the  averaging  appear  in  Eq.  (5.4)  as  the 
factors  z4  and  {<2*  a„  )(Jm  am  +b„  )  =  Q.  The  factor  Q 
is  insensitive  to  changes  in  valence  bandwidth.  To  show 
this,  we  compute  Q  assuming  all  valence  bands  have  the 
average  bandwidth  W,  with  £„  —  —  U^-2.6  eV.  For 

IF  =0,  one  has  Q—  9,  but  for  the  range  W  =  2  eV  to 
W  =6  eV  relevant  to  DMS’s,  Q  changes  only  from  5.5  to 
3.8. 
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A  variety  of  superlattices  is  predicted  to  exhibit  high-speed  carrier-activated  light  modulation. 
The  proposal  is  based  on  the  large,  tunable,  and  very  narrow  absorption  peak  for  transitions 
between  the  two  lowest  conduction  subbands.  The  theory,  which  is  demonstrated  to  be 
predictive,  also  suggests  correspondingly  large  variations  of  the  refractive  index. 


Recent  reports  have  highlighted  the  potential  impor¬ 
tance  of  intersubband  transitions  between  the  two  lowest 
conduction  subbands  ( C 1  ,C  2 )  of  a  semiconductor  superlat¬ 
tice  (SL)  in  optoelectronic  applications.1'3  Two  factors  are 
of  key  significance:  intersubband  transitions  are  spectrally 
tunable  and  exceptionally  strong.  The  VB  (valence 
band)—  Cl  band  gap  and  the  Cl  —  C 1  subband  gap  are  de¬ 
termined  independently  by  choice  of  super  lattice  period  and 
alloy  composition.  The  absorption  coefficient  and  change  in 
refractive  index  associated  with  the  C 1  —  Cl  transitions  de¬ 
pend  directly  on  the  number  of  electrons  in  the  C 1  subband 
and  may  be  adjusted  to  exceed  the  values  associated  with  the 
fundamental  absorption  of  a  direct  gap  bulk  semiconductor. 
These  considerations  also  apply  to  silicon-based  SL's,  al¬ 
though  the  effects  are  a  factor  of  10  smaller. 

The  carrier  dependence  of  the  intersubband  optical 
properties  is  the  basis  of  a  novel  class  of  carrier-activated 
light  modulators.  A  light  beam  tuned  to  the  miniband  gap 
energy  propagates  through  an  undoped  superlattice  without 
appreciable  attenuation  since  there  are  no  carriers  in  the  C 1 
subband.  If,  however,  the  beam  is  polarized  perpendicular  to 
the  superlattice  planes  (the  z  direction)  and  electrons  are 
electrically  injected  into  or  optically  generated  within  the 
superiattice,  the  beam  can  be  modulated  by  the  induced  in- 
lenubband  absorptive  and/or  refractive  effects.  In  view  of 
the  polarization  restriction,  carrier-activated  modulation  is 
most  simply  realized  in  integrated  optical  configurations 
where  the  light  signals  are  guided  by  planar  waveguide  chan¬ 
nels  aligned  parallel  to  the  planes  of  the  superiattice.  One 
particularly  promising  configuration,  which  would  be  useful 
in  communications  and  computer  applications,  is  that  of  a 
crossed  waveguide  switch  wherein  the  cross-channel  cou¬ 
pling  is  controlled  by  carrier-activated  index  changes  at  the 
intersection  of  waveguides.* 5  A  second  promising  configu¬ 
ration,  which  would  be  useful  in  signal  processing  applica¬ 
tions,  is  that  of  a  one-dimensional  spatial  modulator  wherein 
a  planar  beam  is  diffracted  by  an  induced  spatially  varying 
carrier  distribution  within  the  planar  channel.*  Picosecond 
response  of  these  modulators  is  expected  if  the  electrons  are 
electrically  injected  normal  to  the  superiattice  planes  by  res¬ 
onant  tunneling.  The  resporse  of  optically  activated  devices 
would  be  limited  to  the  nanosecond  range  by  earner  recom¬ 
bination,  but  the  independent  tunability  of  the  VB — C 1  band 
gap  makes  possible  three-dimensional  stacking  of  switching 
structures  in  which  the  signal  at  a  given  level  is  controlled  by 


*'  To  whom  *11  correspondence  should  be  addressed. 


a  light  distribution  propagating  normal  to  the  superiattice 
and  tuned  to  the  band  gap  at  that  level.  The  analysis  that 
follows  demonstrates  that  useful  carrier-activated  modula¬ 
tion  is  possible  under  practicable  circumstances.7 

These  considerations  are  firmly  based  on  the  theoretical 
envelope  function  description  of  superlattices  which  has  pre¬ 
viously  yielded  quantitative  results  for  effective  masses  and 
oscillator  strengths  in  3-S  and  2-6  supcrlatticcs.*  The  optical 
absorption  is  equally  well  described.  As  shown  in  Fig.  1  for 
the  InAs/GaSb  type  II  SL,  the  results,  which  depend  only  on 
input  pertaining  to  the  bulk  parent  compounds  within  the 
Kane  model,  ( 1 )  agree  as  well  with  experiments  as  Kane’s 
original  calculations  for  bulk  InSb  an  d  ( 2 )  provide  a  quanti¬ 
tative  description  of  the  structure  due  :o  both  VB— C 1  and 
C  2  transitions.  Similar  quantitative  results  have  been  ob¬ 
tained  for  HgTe/CdTe  and  GaAs/CaAlAs  superlattices. 
The  illustration  presented  here  provides  a  particularly  strin¬ 
gent  test  since  the  VB  envelope  functions  peak  in  the  GaSb 
layers,  whereas  those  associated  with  the  conduction  bands 
peak  in  the  In  As  layers.  This  effect  leads  to  relatively  low 
values  of  a(E) .  where  £  is  the  photon  energy.  Formal  diffi¬ 
culties  connected  with  satisfying  envelope  function  bound¬ 
ary  conditioi  s  at  the  interface,  when  the  bulk  band  structure 
used  as  input  is  limited  to  only  those  bands  considered  in  the 
Karc  r.icdel,  have  been  shown  to  have  very  small  numerical 
effects.  Tnese  considerations  provide  confidence  that  the 
present  theoretical  approach  is  indeed  predictive. 

Figure  2  shows  the  C 1  —  C  2,  K  =  0  gap  E  1 ,  the  cor¬ 

responding  oscillator  strength  fci.ci  =  (2/m) 


FIG.  1.  Comparison  of  experiment*!  t  luM  !ine>  of  Chant  t  me  luf 

9)  and  theoretical  ( solid  line )  fundamental  absorption  coefficient*  a(tT)  as 
function  of  photon  enerfy  E  for  3?  k  InAs/37  A  GsSb  at  K  The 
theory  contains  only  bulk  input  parameters. 
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FIG.  2.  Calculated  VB — C 1  fundamental  auperlattice  band  gap  £  f  v“  and 
C I  —  C  2  subband  gap  £  f1,c '  v<  GaAa  layer  width  for  GaAt/Gao ,  Alo ,  As 
superlattice  having  300  K  bulk  parameter*.  Relative  layer  widths  are  speci¬ 
fied  by  ratio  f  *  (GaAs  width)/(Ga01AI<>,  As  width)  *  2  (dotted),  I 
(solid),  and  1/2  (dashed).  Corresponding  oscillator  strengths  f‘c,  ci  are 
given  on  the  ri^ht-hand  scale. 


XUC2,0|pJCl,0>|7£fJ-cls£,/£«c',  and  the  SL 
band  gap  £^'VBasa  function  of  GaAs  layer  width  /auk,  for 
three  width  ratios  £  =  /0rtl//o^uAc  where  '0>AIAl  is  the 
width  of  Ga,,  ,  Alo  ,  As  layers.  The  matrix  -'ement  of  pL  re¬ 
fers  to  light  polarized  along  the  z  direction.  Layer  width  ad¬ 
justment  leads  to  a  E  c '  t (inability  extending  from  0.05  eV 
(25  n m)  to  0.2  eV  (6  fim  ).  This  fact  suggests  that  the  in¬ 
frared  band-aligned  SL  lattice  suggested  by  Yuh  and  Wang3 
is  more  practically  achievable  by  adjusting  layer  widths  than 
by  well  shaping.  The  limiting  oscillator  strength  is  ~  15  (in 
agreement  with  the  estimates  of  West  and  Eglash1)  and  is 
greater  than  the  value  — 10  associated  with  the  fundamental 
optical  absorption.  The  decrease  of /ci.n  with  decreasing 
/oaAiA.  reflects  the  diminished  effectiveness  of  the  barriers  as 
they  become  thinner.  Similar  effects  are  found  in  related  su¬ 
perlattices.  The  value  of for  HgTe/CdTe  and  InAs/ 
GaSb  of  comparable  thickness  is  similar  to  that  found  in 
GaAs/ GaA  1  As. 

For  IQkAt  =  80  A  and  £  —  1/2,  we  find  £,  is  1.6  eV  for 
Cl  —  C2  compared  to  the  fundamental  absorption  value 
VB — C 1  of  1 5  cV;  however,  the  ratio  £  f'ya/E f l  c '  =  12.3 
more  than  compensates  for  this  reduction  in/^ ,  C2 .  The  size 
°f /c  I, Cl  together  with  the  large  joint  density  of  states,  due 
to  the  fact  that  C 1  and  C  2  are  nearly  parallel  and  form  criti¬ 
cal  surfaces  along  the  ||  direction,  leads  to  an  exceptionally 
large  optical  absorption  coefficient  a(E),  The  two-dimen¬ 
sional  joint  density  of  states  mr^/irf?d  is  constant  and  pro¬ 
portional  to  the  reduced  mass  m,^, 1  =  m^n  —  2j  which 
is  large  ( d  is  the  SL  period).  We  find  mci  a  =  0.066m  and 
ma,  =  0.074m,  m,#  =  0.61m,  and  «(£)— 4x10*  cm-1 
when  the  Cl  filling  corresponds  to  «cl  =  5x  10' 7  cm" 3 
( Fig.  3 ) .  At  T  =  0  K  the  range  for  which  a  ( £)  is  nonvanish- 
ing  is  £^I  CJ  ( k  =  0 )>£>£,'  C3(*  =  kr ),  where  *  and 
kf,  the  Fermi  wave  vector,  are  parallel  to  the  planes.  Because 


FIG.  3.  Calculated  refractive  index  n(£)  (solid  line;  left-hand  scale)  and 
absorption  coefficient  o(  £)  ( dashed-line;  right -hand  scale )  vs  photon  ener¬ 
gy  £  for  80  A  GaAs/160  A  Gao, Alo, As  il  T*  300  K,  for  C  1  electron 
concentration  ,ir ,  =  5x  101’ cm~‘. 


of  the  near  parallels  .~l  of  the  C 1 ,  C2  bands,  the  linewidth  A£ 
for  which  o(£)  is  nonzero  is  very  narrow.  Specifically. 
A£  =  ( 10" 20  n)  eV,  where  n  is  the  carrier  concentration 
(e.g.,  0.005  eV  for  n  =  5x  10' 7  cm"  3 ).  Temperature  effects, 
causing  broadening  of  the  electron  distribution  anu  a(E), 
are  small  for  the  same  reason.  The  index  of  refraction  n(£) 
and  a(£),  corresponding  to  T—  300  K  and  nc ,  =  5  X  10'1 
cm~\  which  specify  the  optical  constants  completely,  are 
shown  in  Fig.  3.  The  total  absorption  width  of  0.01  eV  is 
comparable  to  semiconductor  laser  widths. 

Figure  3  also  shows  that  ti.v  value  of  n(E)  below  the 
absorption  peak,  which  is  nearly  thesamc.srt(O)  when  C 1  is 
unpopulated,  is  significantly  larger  (  —0.6)  than  the  value 
above  the  peak.  This  variation  suggests  that  the  ci  Tent  and 
optical  power  requirements  for  refractive  applications  are 
modest.  To  switch  a  beam  in  a  cross  waveguide  configura¬ 
tion  by  carrier  activation  requires  a  minimum  injection  cur¬ 
rent  of  order  10^iA  ( i.e.,  a  current  density  of  10  A/cm7 )  or  a 
light  input  of  10 /tW. 
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We  propose  an  approximate  general  method  for  calculating  the  effective  dielectric  function  of  a 
random  composite  in  which  there  is  a  weakly  nonlinear  relation  between  electric  displacement  and 
electric  field  of  the  form  D“fE+z|  E| 3  E,  where  t  and  X  are  position  dependent.  In  a  two- 
phase  composite,  to  first  order  in  the  nonlinear  coefficients  Zi  and  it,  the  effective  nonlinear 
dielectric  susceptibility  is  found  to  be  where  el0>  is  the 

effective  dielectric  constant  in  the  linear  limit  (*, -0,  i  — 1.2)  and  e,  and  p,  are  the  dielectric 
function  and  volume  fraction  of  the  1th  component.  The  approximation  is  applied  to  a  calculation 
of  Z,  in  the  Maxwell-Garnetl  approximation  (MGA)  and  the  effective-medium  approximation. 

For  low  concentrations  of  nonlinear  inclusions  in  a  linear  host  medium,  our  MGA  reduces  to  the 
results  of  Stroud  and  Hui.  An  exact  calculation  of  Z,  is  carried  out  for  the  Hashin-Shtnkman 
microgeometry  and  compared  to  our  MG  approximation. 


I.  INTRODUCTION 

There  arc  many  phenomena  in  composite  media  in 
which  nonlinearity  plays  an  important  role.  Among  these 
are  dielectric  breakdown  in  metal-insulator  compos  tes., 
and  the  nonlinear  optical  susceptibility  of  composite 
media.  In  this  paper  we  will  be  concerned  with  determin¬ 
ing  the  effective  nonlinear  dielectric  susceptibility  of  a 
two-phase,  weakly  nonlinear,  inhomogeneous  composite. 

For  linear  composites,  the  effective  dielectric  t,  is  a 
function  of  the  geometry  of  the  composite,  and  the  volume 
fraction  and  the  physical  properties  of  each  component. 
There  have  been  numerous  approximations  developed  to 
calculate  t,  in  the  linear  regime.  Two  of  the  most  widely 
used  methods  are  the  Maxwell-Garnet!  approximation1 
(MGA)  and  the  effective-medium  approximation2 
(EMA).  Both  methods  involve  an  approximation  which 
results  in  a  uniform  field  inside  one  or  more  of  the  pure 
components. 

In  a  nonlinear  composite,  unlike  a  linear  one,  the  dielec¬ 
tric  function  depends  on  the  applied  electric  field.  If  the 
applied  electric  field  is  sufficiently  low,  however,  the 
relevant  nonlinear  effective  susceptibilities  can  be  ob¬ 
tained  by  a  perturbation  approach.  This  perturbation  ap¬ 
proach  can  be  used  to  give  an  exact  expression  for  the 
nonlinear  susceptibility  in  terms  of  the  electric  field  distri¬ 
bution  in  the  related  linear  medium.3  Recently,  Stroud 
and  Hui3  have  used  this  result  in  the  low-concentration 
limit  to  obtain  an  exact  expression  for  the  cubic  nonlinear 


susceptibility  of  a  composite  medium  in  the  limit  of  a 
small  concentration  of  nonlinear  inclusions  in  a  linear 
host. 

In  this  paper,  we  derive  a  more  general  type  of  approxi¬ 
mation  for  the  nonlinear  susceptibility — one  which  is  not 
limited  to  a  system  of  dilute  nonlinear  inclusions  in  a 
linear  host.  The  resulting  approximation  for  nonlinear 
media  is  similar  in  spirit  to  the  well-known  effective- 
medium  approximation2  for  linear  composite  media.  Be¬ 
sides  this  generalization,  we  also  present  an  exact  calcula¬ 
tion  of  the  nonlinear  susceptibility  for  a  composite  that 
has  the  special  geometry  first  discussed  by  Hashin  and 
Shtrikman.4 

The  remainder  of  the  paper  is  organized  as  follows.  In 
Sec.  II,  we  present  our  general  method  of  approximation, 
and  apply  it  to  obtain  a  number  of  specific  results.  Sec¬ 
tion  III  describes  an  exact  calculation  of  the  nonlinear 
susceptibilities  for  the  Hashin-Shtrikman  microgeometry 
and  compares  this  result  with  the  Maxweli-Garnett  ap¬ 
proximation.  A  brief  discussion  and  summary  follows  in 
Sec.  IV. 


II.  general  approximation  method 

AND  ITS  APPLICATIONS 

We  consider  a  two-component  composite  in  which  each 
component  is  described  by  a  weakly  cubic  nonlinear  rela¬ 
tion  between  the  electric  displacement  D  and  electric  field 
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E  of  the  form 

Dj  “#/0>E,  +T<  I E  | 2  E .  (1) 


Such  an  expansion  will  always  be  possible  provided  that 
<?,  I E  | J  e/0>  (i,l,2).  The  term  quadratic  in  electric 
field  will  vanish  unless  the  constituents  lack  inversion  sym¬ 
metry.  The  space-averaged  fields  and  displacements  <E) 
and  <D>  are  related  by  an  equation  of  the  same  form: 

<D>-e,(E)+*,|(E>|2<E>.  (2) 

Our  goal  is  to  find  approximations  for  X,. 

Now  in  a  binary  composite,  the  linear  effective  dielec¬ 
tric  function  can  always  be  written  in  the  form 

f‘0>-F(*t(0,.*j0,.,p,),  (3) 

[  where  p  i  is  the  volume  fraction  of  the  <i  component,  and 
F  is  some  function  which  will,  in  general,  depend  on  the 
geometry  of  the  composite.  In  order  to  obtain  our  approx- 
|  imation  for  X„  we  initially  assume  that  only  component  1 
I  is  nonlinear,  so  that  “ ei0’-  We  then  invoke  an  approxi- 

tmate  nonlinear  form  of  Eq.  (3); 

i  f,*-F(ei,e2,pi).  (4) 

Here  *,  —  e? +*,(  j  E,  1 1 >  and  <  |  E,  | 2  >  is  the  mean  square 
of  the  electric  field  in  the  /th  component  in  the  linear  lim¬ 
it.  Equation  (4)  is  strictly  valid  only  if  and  *2  arc  con¬ 
stant  in  each  component.  Thus,  our  use  of  Eq.  (4)  here  in¬ 
volves  making  the  approximation  that  the  field  E  is  uni¬ 
form  in  the  nonlinear  component.  This  assumption  is  con- 
I  sistent  with  the  spirit  of  linear  effective-medium  approxi- 

Imations. 

Next,  we  expand  the  function  F  in  a  Taylor  series  about 
the  linear  *,<0\  to  obtain 

*,  =  F(fl0\fi,Pi)+r(,eM\pOx^  |  E,  I  2  > ,  (5) 

where  Xt  is  the  nonlinear  coefficient  of  the  component  1 
and  F—dF/de  |.  Now  this  partial  derivative  can  be  ex¬ 
pressed  exactly  in  terms  of  the  average  squared  electric 
field  in  component  1  in  the  linear  limit;  the  relation  is5 

pi< I  E|  | 2  )/E&m,(det/Bei)(o)=F'(cl0\el0),p\) ,  (6) 

,  where  Eq  is  the  external  field.  Therefore,  we  have 


(, " e,(0)  +  —F\F\El ,  (7) 

P  i 


and  by  the  definition  of  the  effective  nonlinear  coefficient 
|  X„  we  obtain 


X, 


£i_ 

3f, 

3e, 

Pi 

9fi 

0 

3fi 

(8) 


These  considerations  are  easily  generalized  to  the  case 
where  both  components  are  nonlinear.  In  this  instance, 
we  simply  expand  Eq.  (1)  around  both  fi0>  and  r|0>,  so 


that 

^~F\  j  F\  I  El +  ^-Fj \F\\Ei,  (9) 

P  i  Pi 

where  F,' (3*,/3r,)  (/«■  1,2).  We  now  find  that  X,  is 
given  by 

“ “FI  | F|  |  +  — Fj  I Fj  |  .  (,0) 

Pi  Pi 

Equation  (10)  is  our  principal  result.  It  is  based  on  the 
assumption  that  the  fluctuations  ( J  E,  | 4 )  —  ( i  E,  | 2  )2 
within  the  ith  component  are  small,  compared  to  <  |  E,  | 4 ) 
itself.  This  approximation  will  be  most  accurate  in 
geometries,  such  as  the  Hashin-Shtrikman  geometry  dis¬ 
cussed  below,  for  which  the  electric  field  is  nearly  uniform 
within  the  nonlinear  component,  and  less  accurate  when 
these  fluctuations  are  large,  such  as  near  a  percolation 
threshold.  To  illustrate  its  predictions,  we  proceed  to  ap¬ 
ply  this  general  formula  to  various  binary  composites  with 
different  geometric  configurations  and  different  densities 
of  inclusions. 


A.  Low-density  limit 


We  first  consider  a  linear  host  containing  a  very  small 
volume  fraction  of  nonlinear  inclusions.  In  this  case,  we 
recover  the  known  results  of  the  low-density  theory. 3  The 
argument  is  the  following;  in  the  low-density  regime,  the 
effective  dielectric  function  of  such  a  composite  in  the 
linear  limit  is 


(II) 


where  *2  is  the  host  material  and  f t  the  nonlinear  in¬ 
clusion.  ^f«<0)/^el<0,  is  then 


9fr 

3f2 

9d 

“Pi 

0 

(!0>+ 2(J  , 

Substituting  Eq.  (12)  into  Eq.  (8),  we  obtain 
*,-*iPi 


3*i 

2 

3*2 

l  2 

*i0>  4*  2*2 

(l0)  +  2(2 

(12) 


(13) 


This  is  the  same  as  the  result  of  Stroud  and  Hui. 


;  3 


B.  Maxweil-Gamett  approximation 


Next,  we  obtain  X,  for  a  composition  which  in  the  linear 
regime  is  described  by  the  Maxwcli-Garnett  approxima¬ 
tion.  As  is  well  known,  the  MG  approximation  is  most  ap¬ 
propriate  for  a  composite  in  which  one  of  the  constituents 
plays  the  role  of  a  host  medium  and  the  other  acts  as  an 
inclusion.  If  medium  2  is  then  host,  then  the  MG  approxi¬ 
mation  takes  the  form6 


g,<0>  _  fi0)(l  +2/>i)+2f2(0)(l  -p\) 

^(l-pd  +  ef'Q-t -/>,) 
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From  this  we  obtain 


9e\  0  U}0>(2+pi)+<i0)(l  ~ P\))1 


From  these  two  formulas,  we  can  calculate  X ,  using  Eq. 

(10). 


C  Exactly  solvable  aricrogeometry: 

Parallel  cylinders  and  slabs 

There  exist  a  number  of  special  microgeometries  for 
which  £'0)  can  be  calculated  exactly.  The  first  of  these  is 
the  case  where  the  components  are  arranged  in  the  form 
of  (not  necessarily  circular)  cylinders  parallel  to  the  exter¬ 
nal  field.  Another  soluble  geometry  is  one  in  which  the 
constituents  are  arranged  in  the  form  of  flat  slabs  perpen¬ 
dicular  to  the  applied  field.  The  effective  dielectric  con¬ 
stant  takes  the  form 


for  parallel  cylinders  and 


7  ,<0>  +  ^0>  J 


for  parallel  slabs.  These  results  are  analogous  to  the 
effective  capacitance  for  capacitors  in  parallel  and  in 
series. 

Using  Eq.  (10),  we  obtain  for  the  effective  nonlinear 
dielectric  susceptibility 

Zr-piZi+PiZi  09) 


for  parallel  cylinders  and 

z  _ _ h£l _ + _ ZJE1 _  (20) 

'  [p,+M0W^0>)]<  i/>2+M0Ve.l0’>r 

for  parallel  slabs.  Both  of  these  results  are  exact  for  a 
weakly  nonlinear  medium,  since  the  local  field  is  in  fact 
uniform  in  each  component  in  these  two  cases,  even  if  the 
components  are  weakly  nonlinear.  (The  local  field  may  be 
uniform  in  these  geometries  even  if  the  components  are 
strongly  nonlinear,  but  in  such  cases  the  results  (19)  and 
(20)  will  no  longer  apply.] 


D.  Effective-Medium  approximatioi 

In  the  effective-medium  approximation2-6  (EMA),  the 
effective  dielectric  function  €,  )  is  one  of  the  solutions  of 
the  quadratic  equation 


Here  g  is  a  geometric  factor  related  to  the  depolarization 
factor  of  the  inclusions  and  dependent  on  their  shape.  For 
a  three-dimensional  composite  with  compact,  roughly 
spherical  inclusions,  g  •  i ,  while  for  a  two-dimensional 
composite  with  circular  inclusions,  g  "* } .  If  f{0)  « 

are  real  and  positive,  then  the  physically  relevant  solution 
is  the  positive  one. 

The  required  derivatives  F\  and  Fi  can  readily  be  com¬ 
puted  from  this  equation,  with  the  results 


F\  " ll  2(e  i<0) ^ 2(ei0>  —  2<f0)g )p 1 4-  2(ef0>  —  e^0>)g 2 

+2f?'g}/(2l(<}0)  -  el0))2pi  + 1 2(d0>J  ~  <!0>2)g  - 2d0)J+2ci0)fl0)lp, 

+  (el0>-e,(0,):g2+2W0)(<1(0,-f|0))g+fr},/2)'P.+f], 


fj.^L_CI2(dJB>-e/D,)p?  +  2(2e|#,ff-2*f,»+ef#))pl+2(df»)-dj#»)fJ+2(df0)-2ef»))r+2d?‘] 

x  <2(M0)  -  f,<0))Vf  +  I2<d0*2  -  e  t(0,J)g  -  2ffj0>I+2fi°M0)lp! 

+  (ela)  —  f  i(0))  2g2+ 2<i0>(<i0)  —  eP,)g+<^0,J] l/l)  ~ 1  +pi +g  —  1 1 . 

Given  these  formulas  for  FJ  and  Fj,  one  car.  readily  calculate  the  effective  dielectric  nonlinear  susceptibility  X,  using 
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Eq.  (10).  The  resulting  expression  for*,  exhibits  interest¬ 
ing  behavior,  especially  near  the  percolation  threshold, 
which  will  be  discussed  elsewhere. 


III.  EXACT  RESULTS  FOR  THE  HASHIN-SHTRIKMAN 
MICROGEOMF.RY 

In  the  Hashin-Shtrikman  microgeometry,4  the  entire 
binary  composite  is  composed  of  coated  spheres  with  a 
core  made  of  one  component  «i  and  a  concentric  spherical 
shell  made  of  the  other  component  e2  bee  Fig.  1(a)). 
These  composite  spheres  must  come  in  a  variety  of  sues  in 
order  to  fill  up  the  entire  volume,  but  all  must  have  the 
same  ratio  of  core  volume  to  shell  volume.  It  is  easy  to 
show4  that  for  this  microgeometry  the  bulk  effective  linear 
dielectric  constant  f,(Q)  is  exactly  equal  to  the  MG  result. 
Furthermore,  in  the  linear  limit  it  is  possible  to  evaluate 
the  local  electric  field  E(r)  exactly  within  both  the  cores 
(where  it  is  uniform  but  different  from  the  average  field 
E o)  and  the  shells  (where  it  is  not  uniform;  see  Fig.  1  (b)l. 
Given  these  fields,  we  can  exactly  evaluate  the  nonlinear 
susceptibility*,  from  the  expression1 

*,— ~fdyx(r)(£/E0)4.  (24) 


f-f. 


FIG.  1.  (a)  Schematic  representation  of  the  Hasbin- 
Shtrilunan  microgeometry.  The  cores  are  described  by  et.*i;  the 
shells  by  *2,*].  The  ratio  of  core-to-jhell  volume  is  the  same  for 
each  composite  sphere,  and  equal  to  the  ratio  of  volume  frac¬ 
tions  pi/(l  —pi),  (b)  Schematic  showing  the  solution  for  the  lo¬ 
cal  electric  field  in  the  Hashin-Shtrikman  microgeometry.  The 
field  E  remains  undistorted  and  equal  to  the  applied  field  Eo  out¬ 
side  the  inclusion,  is  uniform  but  *Eo  in  the  core,  and  has  a  di¬ 
polar  form  in  the  shell. 


The  result  is 


*,-*iPi 


3*|0) 


' i * 


(l-p2)*^0>+(2+p1)e:<00, 


*r(l -pi) 


l(l-p,M0‘+(2+p,)ei0,r 


x((e,(0,+2<i0,)4+  f  p,«J0,,(€fw+2«|w)J- *p,(l+p,M0,J(f}0,+2ef)+  *p.O +Pi+p?)W0,4l .  (25) 


Comparing  this  to  the  MG  result  found  earlier,  and 
given  implicitly  by  Eqs.  (14)— (16),  we  can  show  that  the 
coefficient  of  *1  is  the  same,  but  that  of  *2  is  different 
This  difference  has  a  simple  explanation:  The  MGA  for 
Z,  is  based  on  the  assumption  that  E  is  uniform  in  each 
component,  while  in  the  Hashin-Shtrikman  geometry  E  is 
uniform  within  the  cores  but  not  the  shells  of  the  compos¬ 
ite  spheres. 

IV.  DISCUSSION  AND  CONCLUSIONS 

We  have  presented  a  simple  approximation  for  the  non¬ 
linear  susceptibility  *,  of  a  weakly  nonlinear  dielectric 
composite.  The  approximation  consists  of  assuming  that 
the  field  is  uniform  in  each  of  the  nonlinear  components. 
Given  this  approximation,  we  have  easily  obtained  expres¬ 
sions  for  *,  based  on  the  MG  and  EM  approximations  for 
a  linear  dielectric  composite.  We  have  also  calculated  *, 
exactly  for  several  simple,  solvable  microgeometries. 

Our  results  are  applicable  not  only  to  nonlinear  media 


but  also  to  1// noise  or  resistance  fluctuations  in  compos¬ 
ite  conductors.  The  connection  arises  because  the  mean- 
square  resistance  fluctuations  are  given  by  an  expression 
similar  to  Eq.  (24), 3J’*  Our  EMA  result  thus  provides  an 
approximate  calculation  for  the  noise  power  spectrum. 
The  result  proves  to  differ  from  that  of  Ref.  7.  In  particu¬ 
lar,  our  result  exhibits  no  divergence  of  the  relative  noise 
at  the  EMA  percolation  threshold.  A  detailed  compara¬ 
tive  discussion  of  the  various  types  of  effective-medium 
approximations  that  can  be  developed  for  this  problem 
will  be  given  elsewhere.* 
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A  quantitative  comparison  is  presented  of  two  realistic  superlattice  k-p  electronic  structure  cal¬ 
culations.  The  first  is  an  analytic  approach  based  on  an  extended  bulk  Kane  model;  the  second  is  an 
extended-basis  treatment,  developed  by  McGill  and  collaborators,  based  on  bulk  pseudopotential 
calculations.  Both  approaches  are  applied  to  HgTe/CdTe  superlattices.  Energies,  wave  functions, 
effective  masses,  and  oscillator  strengths  are  found  to  agree  within  10%.  The  limited-basis  ap¬ 
proach  based  on  the  Kane  model  is  seen  to  be  adequate  for  superlattices  whose  bulk  constituents 
have  direct  gaps  in  the  conduction-  and  valence-band  regions  near  the  superlattice  band  gap. 


INTRODUCTION 

The  electronic  properties  of  semiconductor  superlat¬ 
tices  are  most  conveniently  calculated  using  the  bulk 
electronic  structures  of  the  constituent  materials  obtained 
by  the  k-p  method  as  a  starting  point.1  In  this  ap¬ 
proach,2  the  superlattice  (SL)  wave  function  for  SL  band 
L  at  wave  vector  K  is  expanded  in  terms  of  a  Luttinger 
basis  as 

<r|L,K>  —  ^FB(L,K;r)<r|n )  , 

n 

where  <r|n,  k=0>  =  <r|/i  >  is  the  bulk  Bloch  function  of 
band  n  at  k=0.  Both  constituents  will  be  regarded  as 
direct-band-gap  materials  with  valence-band  maxima  and 
conduction-band  minima  at  k=0.  Fn(L,K;r )  is  the  en¬ 
velope  function.2 

The  correct  microscopic  boundary  conditions  demand 
that  at  each  interface  <r|L,K>  and  its  derivative  be  con¬ 
tinuous  for  all  r.  In  practice,  however,  most  calculations 
employ  approximate  boundary  conditions  which  are  ob¬ 
tained  after  averaging  the  SL  wave  function  over  a  bulk 
unit  cell.  This  practice  derives  from  the  fact  that  the 
bulk  basis  set  |(r|n)j  must  be  truncated  for  tractable 
computations.  The  bulk  band  structure  therefore  must 
be  chosen  so  as  to  include  the  most  important  physical 
features  in  their  simplest  form  and  the  basis  set  must  be 
sufficiently  complete  that  the  boundary  conditions  are 
satisfied  to  a  suitable  level  of  approximation. 

This  paper  compares  the  results  of  two  such  calcula¬ 
tions  involving  quite  different  levels  of  basis-set  trunca¬ 
tions.  One  model,  developed  by  McGill  and  collabora¬ 
tors,  to  be  termed  the  extended-basis  model  considers  an 
extended  basis  containing  54  (r|n)’s.3~5  The  other 
simpler  model,  to  be  termed  the  limited-basis  model,  con¬ 
siders  only  the  eight  fold  basis  contained  in  the  Kane 
model  but  yields  analytic  results.2  6  It  will  be  seen,  in 
reference  to  the  HgTe/CdTe  SL,  that  the  simpler  ap¬ 
proach  is  sufficient  for  a  quantitative  description  of  the 
SL  electronic  properties  over  the  energy  region  subsumed 
by  the  lowest  band  gaps.  At  the  same  time  we  emphasize 
that  for  SL  having  constituents  with  indirect  band  gaps, 

2? 


or  for  properties  (e.g.,  optical)  involving  larger  energy 
ranges,  a  more  elaborate  approach,  such  as  the  extended- 
basis  model,  is  required. 

DESCRIPTION  OF  MODELS 

We  begin  with  a  precise  specification  of  the  two  mod¬ 
els.  The  limited-basis  model  (LBM)  considers  only  the 
eight  <r|n)  in  Eq.  (1)  that  are  contained  in  the  bulk 
Kane  model  including  spin-orbit  splitting.  A  finite 
heavy-hole  mass  results  from  the  inclusion  of  the  anti¬ 
bonding  conduction-band  p  state  by  perturbation  theory. 
The  LBM  has  been  used  successfully  to  calculate  SL 
gaps,2  effective  masses6  using  the  /  sum  rule,  and  the  op¬ 
tical  absorption  coefficients  in  various  III-V -compound 
and  II-VI  compound  superlattices.7 

Specifically,  the  features  associated  with  the  model  are 
the  following. 

(1)  The  bulk  band  structures  are  assumed  isotropic. 

(2)  The  bulk  k-p  parameters  are  taken  from  experi¬ 
ment.  This  applies  to  the  effective  masses  m  *  and  band 
gaps  Et  for  both  constituents.  The  optical  matrix  ele¬ 
ments  PHH.=  {n,  k=0!p|n',  k=0>  are  deduced  from  the 
Kane  model  and  the  experimental  bulk  m*  and  Ef.  The 
difference  between  the  for  HgTe  and  CdTe  is  less 
than  10%.  A  single  value  of  Pm-,  applicable  to  either 
constituent,  is  obtained  from  an  arithmetic  mean. 

(3)  The  <r|n  )  are  assumed  the  same  for  each  constitu¬ 
ent.  The  procedure  for  obtaining  the  parameters  de¬ 
scribed  in  (2)  is  essentially  equivalent  to  that  assumption. 

(4)  Superlattice  K  =  0  energies,  masses,  and  envelope 
functions  can  be  obtained  analytically. 

The  extended-basis  model3-3  (EBM)  contains  many 
bands  in  addition  to  those  considered  within  the  Kane 
model.  These  bands  are  folded  down  using  Lowdin  per¬ 
turbation  theory.  The  EBM  is  properly  regarded  as  the 
"state  of  the  art"  of  the  superlattice  k-p  approaches. 

Specifically,  the  model  contains  the  following  features. 

(1)  The  bulk  band  structure  and  the  (r|n  )  are  obtained 
from  an  empirical  pseudopotential  calculation  that  con¬ 
tains  the  full  zinc-blende  symmetry. 

(2)  The  bulk  k-p  parameters  are  calculated  utilizing 
these  pseudopotential  results. 
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(3)  The  <rjn  ),  and  hence  the  parameters  calculated 
from  them,  differ  for  the  two  constituents,  in  contrast  to 
the  LBM. 

(4)  The  boundary  conditions,  as  expected,  are  better 
satisfied  by  the  EBM  than  by  the  LBM. 

The  results  for  HgTe/CdTe  obtained  from  each  of 
these  two  approaches  as  described  above  will  be  com¬ 
pared  by  using  the  bulk  band  gaps  and  effective  masses 
resulting  from  the  pseudopotential  calculations  of  the 
EBM  as  input  for  the  LBM  as  a  common  base. 

CRITIQUE  OF  THE  LIMITED-BASIS  MODEL 

The  possible  shortcomings  of  the  LBM  should  be  con¬ 
sidered  before  proceeding  to  a  detailed  comparison. 
There  are  three  major  points  of  criticism. 

The  first  concerns  the  adequacy  of  the  LBM  bulk  band 
structure  and  the  limited  number  of  bulk  bands  involved 
in  the  description.  Figure  1  compares  the  bulk  band 
structure  as  a  function  of  complex  k  for  Hg0  5Cd0  5Te  for 
the  two  models  in  the  virtual  crystal  approximation. 
(This  bulk  band  structure  is  appropriate  here  since  the  SL 
to  be  considered  have  equal  layer  widths.)  The  results 
agree  well  near  k  =  0.  For  finite  real  k,  the  LBM  light 
hole  band  ( Tg)  flattens  out  too  rapidly,  as  does  the  split- 
off  band  (T7)  along  the  Im(k)  direction.  These 
discrepancies  are  associated  with  the  absence  of  higher 
and  lower  t  alk  bands  in  the  LBM.  For  example,  in  the 
case  of  the  split-off  band  (T7)  along  Im(k)  the  higher 
band  to  which  u  connects  is  missing  in  the  LBM.  By 
contrast,  since  !Tg  and  T6  are  present  in  both  models,  the 
curvature  along  Im(k)  is  very  similar  in  the  two  cases. 
These  differences  are  of  little  concern  even  in  a  narrow 


Im  (  k )  Re ( k ) 

(units  of  Zw/a) 

FIG.  !.  Virtual  crystal  Hg0  5Cd,)7Te  bulk  band  structure 
E(k  l  for  a  limited-basis  (LBM— solid  line)  and  extended-basis 
(EBM — dashed  line)  model  vs  real  k  and  imaginary  k\  k  is  in 
units  of  277/a,  where  a  is  bulk  lattice  constant.  EBM  calcula¬ 
tion  is  for  k  parallel  to  [100].  Dotted  vertical  line  denotes 
Brillouin-zone  boundary  for  (13  A  HgTe)/(13  A  CdTe)  SL. 


layer  width  SLt< since  for  the  SL  Brillouin  zone  of  the  (13 
A  HgTe)/(!3  A  CdTe)  SL,  demonstrated  by  a  dotted 
vertical  line  in  Fig.  1,  and  for  the  same  region  along  the 
Im(k)  axis  the  two  sets  of  results  are  in  very  good  agree¬ 
ment. 

The  consequences  of  neglecting  the  full  zinc -blende 
symmetry,  as  exemplified  by  the  choice  of  different 
growth  axes,  are  discussed  in  Ref.  4.  The  differences  are 
on  the  meV  scale,  and  are  smaller  than  those  resulting 
from  the  neglect  of  basis  states  in  the  LBM. 

The  second  concern  is  the  assumption  that  the  (r!«  > 
are  the  same  for  each  SL  constituent.  This  assumption 
implies  that  the  /*„„•  are  material  independent  in  the 
LBM  description  of  the  superlattice.  The  substantial 
constancy  of  direct  gap  momentum  matrix  elements  tn 
the  III-V  compound  and  II-VI  compound  bulk  semicon¬ 
ductors  has  been  long  recognized  and  is  by  now  well 
documented.1,8  However,  this  assumption,  while  certain¬ 
ly  valid  for  HgTe/CdTe,  requires  reexamination  for  su¬ 
perlattices  whose  constituents  involve  different  rows  of 
the  Periodic  Table.  These  assertions  are  supported  also 
by  the  pseudopotentials  given  in  the  review  by  Cohen  and 
Heine.9 

The  third  question  concerns  the  interface  boundary 
conditions  and  whether  they  are  adequately  satisfied  in 
the  LBM.  The  current  averaged  over  a  bulk  unit  cell  is 
continuous  across  the  interface  for  both  models  con¬ 
sidered  in  this  paper  at  K  =  0.  However,  the  extent  to 
which  the  microscopic  boundary  conditions  are  satisfied 
in  the  LBM  because  of  the  more  severe  basis-set  trunca¬ 
tions  and  the  neglect  of  pseudo-wave-function  differences 
requires  detailed  examination.  This  matter  will  be  dis¬ 
cussed  in  the  next  section.  The  implementation  of  the 
LBM  boundary  conditions  is  equivalent  to  that  in  Refs.  2 
and  10,  while  that  of  the  EBM  is  equivalent  to  that  de¬ 
scribed  in  Ref.  4. 

DETAILED  COMPARISON 

HgTe/CdTe  is  a  type-111  superlattice  because  of  the  in¬ 
verted  bulk  band  structure  of  HgTe.  The  s-p  mixing  ac¬ 
cordingly  is  much  larger  than  that  characteristic  of  the 
wide  gap  type-I  superlattices,  many  (but  not  all)  of  whose 
features  can  be  described  by  the  continuum  approxima¬ 
tion  exemplified  by  the  Kronig- Penney  model.  The 
strong  s-p  admixture  in  the  SL  under  consideration 
amplifies  the  difficulty  of  satisfying  the  boundary  condi¬ 
tions.  The  situation  is  made  yet  more  difficult  in  the 
thin-layer  limit,  to  be  considered  here,  in  which  the  inter¬ 
face  region  comprises  a  significant  fraction  of  the  SL 
period.  Strain  effects  will  be  neglected  because  the  super¬ 
lattice  under  consideration  is  well  lattice  matched. 

The  (13  A  HgTe)/(13  A  CdTe)  SL  contains  only  eight 
molecular  layers  per  period.  The  results  for  the  envelope 
functions  to  be  presented  assume  a  valence  band  offset  of 
40  meV.  While  this  value  is  now  widely  believed  to  be 
too  small,  the  quantitative  aspects  of  the  comparison 
made  here  are  little  affected  by  the  choice  of  a  larger 
offset . 

The  unit-cell  average  used  in  obtaining  the  approxi¬ 
mate  boundary  conditions  implies  that  they  can  be  ex¬ 
pressed  entirely  in  terms  of  the  envelope  functions 
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FIG.  2.  Square  of  absolute  value  of  dominant  envelope  func¬ 
tions  vs  distance  along  growth  (z)  axis  for  the  K.  =  0  (13  A 
HgTe)/(13  A  CdTe)  superlattice  states  for  superlattice  bands 
Cl.  HHI,  and  LHI.  Solid  and  dashed  lines  correspond  to 
limited-basis  and  extended-basis  models,  respectively.  The  su¬ 
perlattice  wave  function  is  normalized  to  unity  over  the  26-A 
period. 

Fn(L,K;2).  These  correspond  to  the  bulk  basis  states  [cf. 
Eq.  (1)]  | n  )  =  |S),  \X  ),  |F>,  and  I Z  >  in  the  notation  of 
Ref.  1  or  equivalently  to  the  linear  combinations  ap¬ 
propriate  to  the  band  edges  under  consideration  as 
defined  by  Kane. 

Figure  2  shows  the  most  important  |F„(L,0;z)|2  for  the 
(13  A  HgTe)/(13  A  CdTe)  SL  as  a  function  of  distance 
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along  the  growth  axis  on  either  side  of  the  HgTe/CdTe 
interface,  which  is  taken  to  correspond  to  z  =0.  The  en¬ 
velope  functions  shown  correspond  to  the  conduction- 
band  minimum  (L  =C1)  and  the  bands  nearest  the 
valence-band  maximum  (L  =LH1,  light-hole  band; 
L  =HH1,  heavy-hole  band).  In  both  models  the  envelope 
functions  are  continuous  to  a  good  approximation.  The 
discontinuities  in  the  !F„(L,0;z)!2  are  seen  to  be  larger 
for  the  EBM.  This  discrepancy  is  only  apparent:  The 
continuity  conditions  apply  to  quantities  involving 
F,<L,0;z)(r|n  >,  and  are  still  satisfied  within  the  EBM 
since  the  difference  between  the  (rjn  )  on  either  side  of 
the  interface  in  the  EBM  compensates  for  the  discon¬ 
tinuity  in  the  F„.  The  magnitude  of  the  two  sets  of  F„ 
are  in  excellent  overall  agreement.  Significant  differences 
extend  over  only  a  small  region  of  the  distance  z  =26  A 
shown  in  the  figure.  For  a  (39  A  FIgTe)/(39  A  CdTe)  su¬ 
perlattice  that  region  becomes  a  smaller  fraction  of  the 
total.  Properties,  such  as  optical  matrix  elements  and 
tunneling  probabilities,  depending  only  on  integrals  in¬ 
volving  the  F„  will  therefore  be  well  described  in  both  ap¬ 
proximations."  |Fz(Cl,0;z)|2  exhibits  evanescent  charac¬ 
ter,  as  does  |Fz(LHl,0;z)i2  to  a  lesser  extent.  (LHI  is 
commonly  termed  the  “interface  state”  for  that  reason.) 
The  HHI  envelope  function  is  seen  to  be  more  confined 
within  the  HgTe  layer  than  the  LHI  function.  This  is  be¬ 
cause  the  bulk  heavy-hole  mass  is  larger  than  the  bulk 
light-hole  mass,  and  hence  the  tunneling  probability  out 
of  the  HgTe  layer  (which  acts  as  the  quantum  well  for  the 
hole  states)  is  smaller  for  the  heavy  hole  than  for  the  light 
hole.  This  efTect  is  amplified  if  the  band  offset  is  made 
larger. 

Table  I  compares  energies,  masses,  and  oscillator 
strengths  for  (13  A  HgTe)/(13  A  CdTe)  and  (39  A 
HgTe)/(39  A  CdTe)  superlattices,  as  given  by  the  LBM 
and  EBM.  EL( 0)  is  the  K=0  energy  of  SL  band  L,  m[  is 
th.e  corresponding  effective  mass  perpendicular  to  the  lay¬ 
ers,  and  /vb.ci 's  the  total  K  =  0  oscillator  strength  (po¬ 
larization  parallel  to  the  layers)  between  the  superlattice 
valence  bands  LHI  and  HHI,  and  Cl.  The  agreement  of 
mL  and  /iB.ci  illustrates  the  ability  of  the  LBM  to  pre¬ 
dict  superlattice  properties  analytically  both  perpendicu¬ 
lar  and  parallel  to  the  layers.12  (References  2  and  4 


TABLE  I.  Comparison  of  superlattice  energies  £L(0),  masses  m/  perpendicular  to  the  planes,  and 
total  valence-band  to  conduction-band  oscillator  strengths  /vb.ci>  where  polarization  is  parallel  to  the 
planes  for  (13  A  HgTe)/(13  A  CdTe),  and  (39  A  HgTe)/(39  A  CdTe)  superlattices  as  calculated  in  the 
limited-basis  (LBM)  and  extended-basis  (EBM)  models.  m0  is  the  free-electron  mass. _ _ 

_ (13  A  HgTc)/(13  A  CdTe)  (39  A  HgTe)/<39  A  CdTe) 


EBM 

LBM 

EBM 

LBM 

£c,(0) 

0.48 

0.50 

0.21 

0.23 

(eV) 

FhhiIOI 

-0.018 

-0.018 

-0.0085 

-0.0095 

(eV) 
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-0.020 

-0.019 

-0.019 

-0.019 

(eV) 

™  Cl 

0.050m  n 

O.O47m0 

0.092m  o 
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m  HHI 

-l.lm0 

—  1.0m0 

oc 

OO 
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—  0.055m  o 
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21 

20 
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speculate  that  parallel  properties,  e.g.,  /t,B  C1  would  not 
be  reliably  given  within  the  Kane  model  without  exten¬ 
sive  numerical  computation.)  The  agreement  between  the 
mode):  for  a  given  layer  thickness  is  generally  better  for 
the  hole  siaies  (LHl,  HH1)  than  for  the  electron  state 
(Cl).  This  is  a  consequence  of  the  small  valence-band 
offset  which  causes  the  hole  states  to  lie  in  an  energy  re¬ 
gion  where  the  bulk  band  structures  of  the  constituent 
materials  are  well  described  by  both  models,  i.e.,  close  to 
k=0.  (This  conclusion  will  not  be  appreciably  modified 
for  offsets  as  large  as  350  meV.) 

Since  the  HgTe/CdTe  case  considered  here  is  one  in 


which  the  LBM  is  put  to  a  particularly  stringent  test,  one 
would  expect  this  model  to  be  applicable  to  other  SL  as 
well.  This  observation  is  confirmed  by  our  experience.*'7 
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Valence-Band-Offset  Controversy  in  HgTe/CdTe  Superlattices:  A  Possible  Resolution 
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The  valence-band-offset  controversy  in  HgTe/CdTe  superlattices  can  be  simply  resoWed.  It  is  shown 
that,  while  the  superlattice  becomes  semimetailic  with  increasing  valence-band  offset,  it  reverts  to  semi¬ 
conducting  behavior  as  the  offset  is  increased  yet  further.  The  observed  electron-cyclotron  mass  and  the 
band  gap  can  be  better  explained  for  the  offset  of  350  meV  measured  by  photoemission  than  for  the 
smaller  offset  —40  meV  which  coincidentally  is  also  in  fair  agreement  with  the  magneto-optical  data. 

PACS  numbers:  73.40.Lq,  ?3.20.At.  73.20.Dx 


The  dilemma  posed  by  the  differing  valence-band 
offsets  A  in  HgTe/CdTe  superlattices  (SL)  obtained 
from  room-temperature  photoemission  (A  *=350  meV)1 
and  low-temperature  magneto-optical  experiments  (A 
*®  40  meV)2  can  be  resolved  in  favor  of  the  larger  A  by 
showing,  as  we  do  here,  that  the  effective  mass  and  the 
band  gap  obtained  by  Berroir  el  al. 2  are  consistent  with 
the  value  A  =  350  meV.  As  noted  previously3  the  con¬ 
duction  and  valence  bands  of  the  semiconducting  super- 
lattices  cross  as  A  is  increased  from  small  values  and 
render  the  material  semimetailic.  What  has  been  missed 
is  the  fact  that  the  superlattice  again  becomes  semicon¬ 
ducting  as  A  is  increased  further  for  the  layer  widths 
corresponding  to  the  SL  described  in  Ref.  2. 

These  results  are  obtained  with  use  of  the  envelope- 
function  approach  which  has  recently  been  criticized4,5 
because  of  its  reliance  on  kp  perturbation  theory. 
Indeed,  the  bulk  k  **0  basis  set  used  here  is  limited  to 
that  of  the  Kane  model.  The  results  have  been  ques¬ 
tioned  on  the  grounds  that  a  broader  width  of  the  bulk 
Brillouin  zone  than  that  adequately  described  by  the 
model  would  play  a  role  in  the  SL  electronic  structure. 
However,  as  we  have  recently  shown,6  the  results  ob¬ 
tained  using  the  extended  basis  comprising  —50  bulk 
wave  functions  at  k  “0,  which  would  be  expected  to  de¬ 
scribe  the  requisite  region  of  the  Brillouin  zone  ade¬ 
quately,  are  essentially  the  same  as  those  for  the  limited 
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FIG.  I.  The  relative  alignment  of  the  bulk  HgTe  and  CdTe 
band  edges.  The  valence-band  offset  A  is  defined  as  the  dif¬ 
ference  between  the  HgTe  and  CdTe  T»  valence-band  maxima. 


basis  set  exemplified  by  the  Kane  model,  even  for  narrow 
layer  width.  This  approach  has  been  shown  to  yield 
quantitative  results  for  effective  masses  and  optical- 
absorption  coefficients  for  a  variety  of  3-5  and  2-6 
SLY7,8  The  theoretical  approach  outlined  in  Ref.  7  can 
therefore  be  regarded  as  applicable  to  the  present  con¬ 
siderations.  The  calculations,  however,  neglected  strain 
effects. 

Figure  1  shows  the  relative  alignment  of  the  bulk 
HgTe  and  CdTe  band  edges  (r6  and  Tg)  schematically. 
The  band  offset  A  is  defined  to  be  positive.  The  potential 
well  formed  by  the  T6  edge  (solid  line)  becomes  shal¬ 
lower  with  increasing  A,  whereas  that  for  the  Tg  egde 
(dashed  line)  becomes  deeper. 

The  present  calculations  refer  to  the  100-A  HgTe/36- 
A  CdTe  SL  considered  in  the  magneto-optical  experi¬ 
ments  of  Ref.  2.  The  only  input  consists  of  the  constitu- 
,  ent  bulk  parameters  listed  in  Table  I.  These  parameters 
'  determine  the  bulk  momentum  matrix  elements  for  each 
material  within  the  Kane  model.  They  differ  by  less 
than  10%  and  will  therefore  be  taken  to  have  the  same 
average  value  for  both  materials. 

Figure  2  shows  the  energies  of  the  Cl,  LH1,  HH1, 
HH2,  and  HH3  (C  denotes  conduction,  LH  light  hole, 
and  HH  heavy  hole)  bands  at  K  “*0  (K  is  the  SL  wave 
vector)  as  a  function  of  band  offset  A.  The  zero  of  ener¬ 
gy  is  taken  to  be  the  valence-band  maximum  for  A“0. 
At  zero  offset  the  electrons  are  located  in  a  quantum  well 
of  finite  depth,  whereas  the  holes  see  no  potential  varia- 


TABLE  I.  Parameters  for  bulk  CdTe  and  HgTe  used  in  the 
present  calculations. 


CdTe 

HgTe 

Electron  mass  (mo) 

0.11 

0.031  ‘ 

£(rt)-£(r,)  (eV) 

1.6 

-0.3 

Spin-orbit  splitting  (eV) 

0.9 

1.0 

Heavy-hole  mass  (mo)b 

0.7 

0.7 

•Reference  9. 

^Reference  10.  We  use  the  heavy-hole  masses  along  the  (1 1 1 1  direc¬ 
tion. 
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FIG.  2.  The  energies  of  the  bands  Cl,  LHI,  HH1,  HH2, 
and  HH3  at  K**0  as  a  function  of  band  offset  A  for  I00-A 
HgTe/36-A  CdTe  superlattice  (see  Ref.  2). 


tion.  With  increasing  A  the  electron  energies  become 
less  positive,  whereas  the  hole  energies  become  more 
negative  as  the  well  becomes  more  substantial.  The  most 
dramatic  feature  is  the  rapid  variation  of  the  Cl  and 
LHI  bands  relative  to  the  HH  bands.  This  behavior  is 
associated  with  the  light  bulk  effective  masses  character¬ 
izing  the  former  bands.  The  heavy-hole  bulk  mass  is 
sufficiently  large  that  the  potential  well  seen  by  the  HH 
particles  is  effectively  infinite  for  ASt  100  meV  and  the 
values  become  virtually  constant  The  Cl  and  HH1 
bands  cross  at  230  meV,  the  HH1  electrons  are 
transferred  to  the  Cl  band,  and  the  SL  becomes  sem me¬ 
tallic. 

The  behavior  of  the  minimum  band  gap  Et  is  deter¬ 
mined  by  the  SL  band  structure  along  perpendicular 
to  the  layers.  Figure  3  shows  Et  as  a  function  of  A  and 
directly  above  the  appropriate  energies  a  sketch  of  the 
SL  band  structure  for  the  offset  indicated  by  the  arrows. 
The  figure  divides  itself  into  three  regimes.  For  0  <  A 
<230  meV  the  SL  is  a  semiconductor  (SC)  with  a 
direct  gap  at  K“0  and  with  Cl  and  HH1  the  lowest 
conduction  band  and  highest  valence  band,  respectively. 
For  230  <  A  <  295  meV  the  superlattice  is  semimetal- 
lic. 1 1 

The  new  and  remarkable  feature  we  note  here  is  the 
third  region  in  which  the  SL  becomes  semiconducting 
once  again  for  A  >  295  meV  as  a  result  of  the  continued 
downward  shift  of  the  Cl  band  and  a  resulting  uncross¬ 
ing  of  the  Cl  and  HH1  bands.  The  band  gap  in  this  re¬ 
gion  is  still  direct  but,  as  shown  in  Fig.  3,  it  occurs  at  the 
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FIG.  3.  The  band  gap,  £,,  as  a  function  of  the  band  offset  A 
for  1 00- A  HgTe/36-A  CdTe  supcrlatticc.  Also  shown  are  the 
band  structures  in  the  X  direction  at  Ai“0  Tor  A— 40,  260. 
and  350  meV. 


SL  BtiUouin-zone  face  “x/d,  where  d  is  the  SL 
period.  (Cl  and  HH1  just  touch  at  A “295  meV.)  In 
this  region  Cl  becomes  a  valence  and  HH1  a  conduction 
miniband.  In  the  absence  of  conduction-band  electrons, 
Et  “  10  meV  for  A “350  meV. 

The  behavior  of  the  in-plane  electron  effective  mass 
*.  mi  and  the  corresponding  band  structure  along  Kt  as  a 
function  of  band  offset  is  shown  in  Fig.  4  using  the  same 
format  as  that  of  Fig.  3.  The  behavior  of  the  band  struc¬ 
ture  is  quite  reminiscent  of  that  encountered  in 
HgjtCdi  -,Te  alloys  as  a  function  of  Hg  concentration  x. 
With  increasing  band  offset  the  band  gap  decreases  until 
the  Cl  and  HH1  bands  just  touch  at  230  meV  and  the  E 
vs  K  dispersion  becomes  linear.  Subsequently  they  ex¬ 
change  roles  in  that  HH1  becomes  the  conduction  band 
and  Cl  the  valence  band.  This  behavior  results  from  the 
k-  p  interaction  between  tbe  two  bands  along  the  11  direc¬ 
tion.  They  do  not  interact  along  the  X  direction.  For 
A  <  230  meV,  mi  is  roughly  proportional  to  £f,  and  for¬ 
mally  vanishes  at  the  intersection.  The  effective  mass  mi 
shown  in  the  subsequent  region  is  that  of  the  new  con¬ 
duction  band  HH1  at  K“0. 

The  experimental  electron-cyclotron  mass  (m  *  /mo 
“0.017  ±0.003)  at  1  T,3  extrapolated  to  vanishing 
magnetic  field  (0.015  ±  0.003)  is  also  shown  with  its  er¬ 
ror  bars  at  both  A  “40  and  350  meV.  The  magnitude  is 
somewhat  larger  than  the  band-edge,  K“0,  value  at 
A  “350  meV.  The  energy  gap  is  seen  from  Fig.  3  to 
have  a  value  10  meV  as  compared  to  the  quoted3  "—20 
meV.”  Since  unintentionally  doped  n-type  samples  have 
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FIG.  4.  Bottom  The  in-plane  effective  mass  m,  at  K“0 
(solid  line)  as  a  function  of  the  band  offset  A  for  100-A 
HgTe/36-A  CdTe  superlattice.  The  experimental  value 
(crosses)  of  the  cyclotron  mass  m*  in  the  limit  of  aero  field  is 
shown  with  its  error  bars,  together  with  the  theoretical  values 
(solid  circles)  of  m *  with  use  of  6x  1016  cm'1  for  A “350 
meV  and  10'4  cm--  for  A “40  meV.  Top:  The  band  struc¬ 
tures  in  the  II  direction  at  Ax  “0  for  A  “40,  230,  and  350 

meV. 


earner  densities  n  £  1016  cm  ~3,  an  electron  density  was 
calculated  that  would  produce  a  value  of  m* /mo  con¬ 
sistent  with  the  experimental  mass  (Ref.  2  does  not  cite  a 
precise  value  of  n).  As  shown  in  Fig.  4  the  requisite 
electron  concentration  for  A"350  meV  is  6x  1016  cm  ~3. 
(The  extremal  values  of  m*/«o  at  Kx“"0  and  n/d  are 
almost  identical  because  the  HH1  constant  energy  sur¬ 
faces  are  calculated  to  be  nearly  cylindrical.  This  point 
will  be  fully  discussed  elsewhere.)  The  corresponding 
Fermi  energy  lies  17  meV  above  the  band  minimum. 
Thus  no  interband  transitions  should  be  observed  below 
27  meV,  in  accord  with  experiment.2  The  same  calcula¬ 
tion  for  A "40  meV  and  n “  1016  cm-3  yields 
m*/oio"0.018,  quite  close  to  the  A  "350  meV  value. 
This  observation  provides  some  insight  into  the  cause  of 
the  band-offset  controversy:  Both  values  of  A  coinciden¬ 
tally  lead  to  simitar  results.  The  value  of  Et,  however,  is 
33  meV  for  A  "40  meV  and  therefore  larger  than  the 
approximate  experimental  value  cited  in  Ref.  2. 

Note  that  for  A  "350  meV,  a  smaller  unintentional 
doping  corresponding  to  n  — 2*  1 0 16  cm-3  yields 
m*/mo"00!  2.  This  result  still  falls  within  the  experi¬ 
mental  error2  cited  for  m*,  and  shows  the  precise  value 
of  n  to  be  relatively  unimportant. 


Because  of  the  unexpected  semimetal  to  semiconduc¬ 
tor  transition  at  A  "295  meV,  the  data  of  Ref.  2  arc  seen 
to  be  better  explained  by  an  offset  A  <=»  350  meV  (or  pos¬ 
sibly  even  a  slightly  larger  value)  than  the  smaller  A  "40 
meV.  The  semiconductor  and  semimetal  transitions  de¬ 
scribed  here  depend  sensitively  on  the  quantum  well 
width  for  a  given  narrow  barrier  and  band  offset.  For 
A  "350  meV  and  the  well  width  of  the  SL  in  Ref.  2  re¬ 
duced  to  50  A,  Cl  would  be  above  HH1  and  Et  would 
lie  at  K  "0,  as  is  commonly  assumed.  The  dependence 
of  E,  on  composition,  strain,  and  temperature13  requires 
further  investigation. 
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We  analyze  a  random  resistor-inductor-capacitor  iRLCi  lattice  model  for  the  optical  properties 
of  a  two-dimensional  normal-metat-insulator  composite,  using  the  Y-S  transformation  algorithm 
developed  by  Frank  and  Lobb.  Within  such  a  model,  the  surface  plasmon  resonances  of  a  Drude- 
metal-insulator  composite  are  modeled  by  the  ac  resonances  of  a  random  RLC  network.  The  real 
part  of  the  effective  conductance  is  found  to  show  a  broad  surface  plasmon  resonance  peak  below 
and  above  the  metal  percolation  threshold,  and  a  Drude  peak  above  the  threshold.  An  effective- 
medium-approximation  (EMA)  calculation  is  in  excellent  agreement  with  the  results  of  the  simula¬ 
tions.  We  also  calculate  the  far-infrared  absorption  in  a  model  composite  of  normal  metal  and  su¬ 
perconductor,  using  a  lattice  model.  The  absorption  shows  a  strong  absorption  below  the  supercon¬ 
ducting  energy  gap.  An  approximate  calculation  based  on  the  EMA  is  again  in  excellent  agreement 
with  these  results. 


I.  INTRODUCTION 

The  ac  conductivity  of  granular  materials  is  very 
different  from  that  of  ordinary  bulk  materials.  These 
differences  are  particularly  pronounced  in  composites  of 
normal  metal  and  insulator  or  of  superconductor  and 
normal  metal  near  the  percolation  threshold  pc,  at  which 
one  of  the  two  components  first  Lottos  a  connected  path 
extending  through  the  system.  Numerous  recent  studies 
have  been  devoted  to  this  problem,  both  theoretically1'5 
and  experimentally.4- 12  Recently,  Bug  et  al*  have  stud¬ 
ied  the  anomalous  frequency  dependence  of  the  ac 
response  in  two-dimensional  networks  of  conductors  and 
insulators  near  the  percolation  threshold.  Laugier  et  al .’ 
have  investigated  the  scaling  laws  followed  by  the  com¬ 
plex  dielectric  function  in  the  critical  regime. 

Many  numerical  studies  have  benefited  from  the 
transfer-matrix  algorithm,13-15  which  is  a  widely  used 
method  for  calculating  the  transport  properties  of  ran¬ 
dom  systems  numerically  on  a  two-dimensional  strip. 
But  despite  its  efficiency,  this  technique  has  certain  disad¬ 
vantages.  For  example,4  in  order  to  get  a  reasonably  Ac¬ 
curate  result  for  some  properties,  one  must  consider  a 
strip  of  length  105~104  for  strip  of  width  20.  This  re¬ 
quires  a  considerable  amount  of  computer  time.  The  sur¬ 
face  plasmon  modes  in  a  two-dimensional  normal  metal- 
insulator  composite  have  recently  been  studied  by  Koss 
and  Stroud10  using  this  technique.  But  because  of  the 
limitations  imposed  by  computing  time,  they  carried  out 
the  simulation  only  on  a  rather  small  strip  (10X100). 
Not  surprisingly,  the  results  showed  large  numerical  fluc¬ 
tuations. 

39 


In  this  paper  we  present  the  results  of  a  numerical 
study  on  two-dimensional  normal-metal -insulator  com¬ 
posites  on  square  lattice,  using  an  efficient  numerical  al¬ 
gorithm14  recently  proposed  by  Lobb  and  Frank  for  cal¬ 
culation  of  the  effective  response  of  the  networks.  This 
algorithm  is  considerably  faster  than  the  transfer  matrix 
method.  It  has  been  shown  to  work  efficiently  not  only 
for  problems  involving  dc  conductivity  but  also  for  calcu¬ 
lating  the  critical  current  of  a  normal-metal - 
Superconducting  composite.  When  we  apply  the  Lobb- 
Frank  algorithm  to  ac  problems  in  normal- 
metal-insulator  composites,  we  see  the  surface  plasma 
peak  both  above  and  below  pc  and  the  Drude  peak  above 
pc.  Using  the  same  algorithm  to  simulate  far-infrared 
absorption  in  two-dimensional  normal-metal -supercon¬ 
ductor  composites,  we  find  a  strong  absorption  below 
twice  the  superconducting  gap.  The  analytic  effective- 
medium  approximation17  (EMA)  is  in  excellent  agree¬ 
ment  with  all  the  results  of  our  simulations. 

The  remainder  of  this  paper  is  organized  as  follows- 
Our  lattice  models  for  composite  media  are  described  in 
Sec.  II.  Numerical  results  are  presented  in  Sec.  Ill  fol¬ 
lowed  by  a  brief  discussion  in  Sec.  IV. 

II.  MODEL  COMPOSITE  MEDIA 

We  consider  two  types  of  binary  composite  media: 
normal  metal  and  insulator,  and  normal  metal  and  super¬ 
conductor.  Both  are  two  dimensional  in  the  sense  that 
the  networks  are  confined  to  a  plane,  and  that  the 
relevant  Kirchhoffs  equations  (which  are  the  discrete 
version  of  the  electrostatic  equations  for  these  problems) 
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are  two  dimensional.  But  real  composite  films  are,  of 
course,  embedded  in  a  three-dimensional  space.  This  dis¬ 
tinction  should  be  remembered  in  comparing  these  re¬ 
sults  with  experiments  on  real  films. 


A.  Metal-insulator  composite 

It  is  well  known  that  normal-metal -insulator  compos¬ 
ites  possess  surface  -dasmon  modes  or  Mie  resonances. 18 
In  a  bulk  (three-dimensional)  composite,  such  modes  are 
easily  understood  by  considering  a  small  spherical  metal 
particle  described  by  a  Drude  dielectric  function 


e_(o))=  1  - 


Ojl  CO  —  i  /' ) 


embeddec  in  an  insulating  matrix  of  dielectric  constant  of 
value  unity.  Here  cop  is  the  plasma  frequency  and  r  is  a 
characteristic  relaxation  time.  If  we  imagine  that  the 
medium  is  subjected  to  an  appl  ed  electric  field 
Eoexpl  +  icoi )  in  the  long-wavelength  limit,  the  field  inside 
the  small  particle  is  uniform  and  is  given  by 

3Eo 

E,n= — — exp(  +itoi)  .  (2) 

*  m  ^  ^ 

In  the  limit  copr»l,  the  real  part  of  _3/(em+2)  be¬ 
comes  very  large  at  frequencies  cj  —  up/V  3,  which  is  the 
surface  plasmon  frequency  of  a  small  spherical  metal  par¬ 
ticle.  Near  this  frequency,  the  small  metal  particle  will 
show  strong  energy  absorption — that  is,  the  absorption 
coefficient  a, 3=_(o/c)Imv/e(o))  will  exhibit  a  strong  peak 
near  <o  =  wp/v'3. 

We  will  model  a  composite  of  Drude  metal  and  insula¬ 
tor  by  means  of  a  two-dimensional  random  lattice  of 
resistors,  inductors,  and  capacitors,  following  the  previ-  ’ 
ous  work  of  Koss  and  Stroud.10  The  composite  is 
represented  by  a  random  network  which  consists  of  insu¬ 
lating  bonds  and  metallic  bonds.  An  insulating  bond  is 
represented  simply  as  a  capacitor,  with  admittance 

oj=ia)C'  ,  '  (3) 

while  a  metallic  bond  is  represented  as  a  series  of  a  resis¬ 
tor  and  inductor  in  parallel  with  a  capacitor.  The  metal¬ 
lic  bond  has  total  admittance 

1  +iwRC  —<t)2LC 

°* - JTm —  ■  141 

Here  R  is  the  resistance  of  the  conducting  element,  L  is 
its  inductance,  C  is  a  capacitance,  and  C’  is  the  capaci¬ 
tance  of  the  insulating  element.  If  we  put  L  =  C  =  C'  =  1 , 
then  the  ratio  a  M  /a ,  takes  the  form 

<rM/er/  =  }  — 1 /[&>(&— //t)]  ,  (5) 

where  r  —  L  /R  is  a  characteristic  relaxation  time. 

The  connection  between  this  lattice  model  and  a  com¬ 
posite  of  Drude  metal  and  insulator  can  be  seen  in  the 
following  way.  For  the  latter  composite,  if  we  choose  the 
dielectric  function  of  insulator  to  be  t,  =  1,  then  the  ratio 
ew/</=  1  -to*  /[cofco  —  i/r)].  This  ratio  is  identical  to 
a^/o,  for  the  lattice  model,  provided  we  choose  fre¬ 


quency  units  such  that  u>p  —  1.  Thus  the  various  proper¬ 
ties  of  the  lattice  model,  and,  in  particular,  the 
frequency-dependent  absorption,  should  be  the  same  as 
those  of  the  metal-insulator  composite. 

Halperin,  Feng,  and  Sen 19  have  recently  noted  that  real 
composites  may  differ  significantly  from  lattice  models  of 
composites,  especially  near  the  percolation  threshold.  In 
particular,  the  critical  exponents  which  describe  the 
power-law  variation  of  transport  properties,  such  as  the 
dc  conductivity,  near  the  percolation  threshold  of  real 
composites  may  differ  from  those  of  lattice  models.  To 
represent  a  real  composite,  therefore,  one  should  prob¬ 
ably  use  a  different  network  than  the  one  described 
above  —  for  example,  a  continuous  distribution  of  admit¬ 
tances,  rather  than  a  unique  admittance  for  the  conduct¬ 
ing  elements.  We  will  not  consider  such  refinements  in 
this  paper,  although  their  inclusion  would  be  straightfor¬ 
ward. 

B.  Normal-superconductor  composite 

To  mooel  a  composite  of  normal  metal  and  supercon¬ 
ductor,  we  use  the  description  of  Garner  and  Stroud.1' 
These  workers  described  the  conductivity  of  the  super¬ 
conducting  component  in  the  Mattis-Bardeen20  form 
Using  the  effective-medium  approximation,  they  predict¬ 
ed  a  strong  absorption  in  such  composites  below  the  opti¬ 
cal  superconducting  gap  2A/fi,  where  A  is  the  supercon¬ 
ducting  energy  gap.  The  extra  absorption  was  found  to 
be  particularly  pronounced  near  the  percolation  thresh¬ 
old,  at  which  the  superconducting  component  first  forms 
an  infinite  connected  path.  At  these  concentrations,  the 
absorption  was  found  to  be  considerably  enhanced,  rela¬ 
tive  to  that  of  the  normal  state. 

In  order  to  simulate  a  two-dimensional  composite  of 
normal  metal  and  superconductor,  we  consider  a  square 
lattice  containing  bonds  of  two  kinds.  The  "normal" 
bonds  are  modeled  as  resistors  with  conductance  g„ .  The 
“superconducting”  bonds  have  a  conductance  of  the 
Mattis-Bardeen  form, 

os  =i'G0/«  +  o](m)  .  (6) 

Here  G0  =  a'„(irA/^),  where  o'„  is  the  frequency- 
independent  real  conductance  of  the  superconducting 
component  in  its  normal  state.  The  function  a\  is  given 
in  terms  of  elliptic  integrals  of  the  second  kind;  its  real 
part  vanishes  except  for  frequencies  greater  than  the  opti¬ 
cal  gap  2A/ff. 

III.  RESULTS 

We  have  carried  out  extensive  calculations  for  the  two 
models  described  in  Sec.  II,  using  the  propagation  algo¬ 
rithm  described  by  Frank  and  Lobb. 16  In  this  method, 
one  can  exactly  calculate  the  equivalent  conductance  of  a 
square  network  of  arbitrary  size,  using  a  sequence  of  net¬ 
work  reductions  familial  electrical  engineers,  known  as 
"T-A  transformations."  1  ne  propagation  starts  from  the 
square  in  the  first  column  and  first  row.  After  each  prop¬ 
agation.  one  square  is  deleted  The  T-A  algorithm  is  then 
used  to  delete  successively  all  the  other  squares  in  the 
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first  column.  Once  the  first  column  is  deleted,  the  propa-  efficient  for  reducing  a  large  square  network  to  a  single 

gation  algorithm  comes  to  the  next  column.  After  ap-  elective  conductance. 16  21  Indeed,  it  is  considerably  fas- 

proximately  N3/3  propagations  on  an  NXN  network,  ter  than  the  transfer  matrix  algorithm  applied  to  the 

the  whole  network  is  reduced  to  just  a  single  conductor,  same  square  networks. 

which  gives  the  effective  conductance  of  th,  whole  net-  Our  simulations  are  done  on  100X100  square  net¬ 
work.  It  has  been  shown  that  this  a'gorithm  is  highly  wonts.  For  the  model  normal-metal-insulator  compos- 


F1G  1  Rea!  pari  of  the  effective  conductance,  Recr,(r/I,  for  a  model  composite  of  Drude  metal  and  insulator,  as  calcu!ated  bv  nu¬ 
merical  simulation  on  a  100X100  lattice,  for  metal  volume  fractions  p  from  0  1  u  DR  The  squares  represent  the  results  r  '  -imula- 
tton.  and  the  solid  lines  d.-note  the  effective-medium  calculations  The  simulation  results  shown  represent  an  aver  se  of  five  k.  ea- 
t’ons  for  eacn  concentration  The  relaxation  time  is  taken  to  be  r  =  10  in  all  calculations 
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ites,  we  carry  out  the  calculations  for  metal  fractions 
from  />  =0. 1  to  0.9.  In  each  case,  we  use  bond 
percolation — that  is,  the  admittance  of  each  bond  is 
chosen  randomly  and  independently.  The  characteristic 
relaxation  time  is  taken  as  t—  10  in  all  our  calculations. 

Figure  1  shows  the  real  part  of  the  effective  conduc¬ 
tance,  Re<7,(tu),  for  this  two-dimensional  metal-insulator 
composite  as  a  function  of  frequency.  This  quantity,  of 
course,  corresponds  to  absorption  in  these  composites. 
For  each  value  of  the  metal  filling  fraction  p,  we  have 
averaged  five  realizations  of  each  composite.  (We  also 
have  averaged  20  realizations  for  a  few  metal  filling  frac¬ 
tions  p,  and  find  that  the  results  change  little  from 
averaging  five  realizations.)  Also  shown  are  the 
effective-medium  calculations  for  the  same  model. 

As  in  Ref.  10,  the  results  show  both  an  "impurity 
band,"  which  is  the  network  analog  of  the  band  of  sur¬ 
face  plasmon  resonances  in  a  bulk  metal  insulator  com¬ 
posite,  and  a  "Drude  peak."  The  surface  plasmon  peak  is 
broadened  as  the  metal  fraction  increases.  The  Drude 
peak,  corresponding  to  nonzero  dc  conductivity,  appears 
only  at  concentrations  above  the  percolation  threshold. 
In  contrast  to  the  results  of  Ref.  10,  we  obtain  a  relatively 
smooth  impurity  band  (both  because  of  the  larger  sam¬ 
ples  and  because  of  the  several  realizations),  and  a  corre¬ 
spondingly  better  agreement  with  the  effective-medium 
predictions.  In  principle,  the  fluctuations  in  the  structure 
can  be  averaged  out  with  yet  larger  number  of  realiza¬ 
tions.  We  believe  that,  if  a  few  thousand  realizations 
were  to  be  run  for  each  concentration,  rather  than  about 
10,  the  resulting  absorption  curves  would  be  quite 
smooth. 

To  show  the  effects  of  averaging  over  realizations,  we 
show  in  Fig.  2  the  calculated  Re<7,(cu)  for  a  single  realiza¬ 
tion  of  a  100X  100  lattice  at  p  =0.6.  There  is  somewhat 
more  structure  than  in  the  ensemble-averaged  calcula¬ 
tions,  which  are  effectively  considering  much  larger  lat¬ 
tices.  However,  even  this  curve  is  much  smoother  than 
that  obtained  by  Koss  and  Stroud  for  a  10X 100  lattice. 

In  Fig.  3  we  show  the  calculated  R eo^co)  for  the 
two-dimensional  normal-superconductor  composite  at 
several  values  of  the  superconductor  fraction  p.  The 
results  are  plotted  in  terms  of  the  ratio  Reo  ,(<■>)/ 
am,  where  a  ^  =Reer,(  oe  ).  The  effective-medium  predic¬ 
tions  are  also  shown  on  the  same  plot.  For  p  sufficiently 
near  pc,  a  noticeable  bump  develops  in  this  ratio  at  fre¬ 
quencies  below  2A/ff,  which  shows  that  there  is  strong 
absorption  as  predicted  by  the  effective-medium  approxi¬ 
mation.  17 

IV  DISCUSSION 

The  present  results  s'iow  that  two-dimensional  metal- 
insulator  and  normal-metal-superconductor  composites 
are  both  well  represented  within  the  effective-medium  ap¬ 
proximation.  provided  that  the  geometries  of  these  com¬ 
posites  satisfy  the  assumptions  of  randomness  implicit  in 
the  effective-medium  theory.  Our  results  also  demon¬ 
strate  the  efficiency  of  the  Lobb-Frank  algorithm  for  as 
as  well  as  dc  problems.  In  the  case  of  the  metal-insulator 
composite,  only  a  propagation  algorithm,  such  as  the 


FIG  2  Same  as  Fig  1.  but  with  only  p  =0  6  and  a  single 
realization 


FIG  3  The  ralio  Reov&it/RerT,'  *  I,  as  calculaicd  by  the 
numerical  simulation  on  a  !(X)>  100  lattice  mpen  symbols:,  and 
by  effective  medium  appronma'ton  isolid  lines  The  quanitty 
show  n  is  ihe  ratio  of  the  composite  conductance  to  that  of  the 
superconducting  component  in  ns  norma)  state  The  quantity 
p  is  the  percolation  threshold,  and  \p  ~  p  p  frequency 
units  are  such  that  2A  f  “  1 
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transfer  matrix  method  or  the  present  technique,  can  deal 
with  the  RLC  resonances  (Gaussian  overtaxation  or  un¬ 
derrelaxation  techniques,  as  used  in  older  papers,  do  not 
converge  at  all  near  the  resonance).  Of  the  two  propaga¬ 
tion  algorithms,  the  Lobb-Frank  method  is  by  far  the  fas¬ 
ter. 

Our  results  for  films  of  normal  metal  and  superconduc¬ 
tor  show  that  the  effective-medium  theory  works  well  in 
this  case  also.  Since  this  approximation  has  been  exten¬ 
sively  used  in  recent  months  to  calculate  the  ac  properties 
of  high-7^  superconductors,22  it  is  useful  to  have  a 


confirmation  t hat  this  approximation  is  accurate  for  such 
materials,  even  though  our  model  is  slightly  different 
from  that  studied  in  the  literature." 
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The  valence-band  offset  controversy  in  HgTe/CdTe  superiattices  can  be  simply  resolved  by 
showing,  as  we  do  here,  that  a  large  offset  value  ( A  >  300  meV)  is  indeed  consistent  with  the 
magneto-optical  data  of  Berroir  <?f  al.  [Phys.  Rev.  B  34,  891  (1986)].  The  superlattice  ( 100  A 
HgTe/36  A  CdTe)  becomes  semimetallic  (SM)  when  A  is  increased  from  small  values,  but 
reverts  to  semiconducting  (SC)  behavior  for  A>  300  meV.  The  band  gap  in  this  new  regime 
occurs  at  the  superlattice  Brillouin  zone  face.  The  sensitivity  to  layer  thicknesses  of  such 
SC  — SM  — SC  transitions  is  discussed  and  experiments  suggested. 


The  controversey  surrounding  the  differing  values  of  the  va¬ 
lence-band  offset  A  in  HgTe/CdTe  superiattices  (SL's)  ob¬ 
tained  from  room-temperature  photoemission u'  (A-350 
meV)  and  low-temperature  magneto-optical  experiments4 
(A—40  meV)  is  here  fesolved  in  favor  of  the  large-  A  by 
showing  that  the  effective  mass  and  band  gap  obtained  by 
Berroir  et  al.4  are  consistent  with  the  value  A -350  meV. 
The  experimental  and  theoretical  results  in  Refs  1-4  are 
completely  correct-,  however,  it  was  not  recognized  until  our 
theoretical  calculations'  that  the  particular  sample  chosen 
by  Berroir  et  al.4  becomes  semiconducting  again  for  A  >  300 
meV  ( see  Fig.  2 ) . 

The  present  calculations  employ  the  envelope  function  ap¬ 
proximation,  with  a  modified  Kane  modeF  as  input,  to  ob¬ 
tain  the  SL  K  =  0  energies  and  envelope  functions  analyti¬ 
cally  (where  K  is  the  SL  wave  vector).  K-p  perturbation 
theory  with  respect  to  the  SL  K  =  0  states  is  then  used  to 
obtain  the  SL  band  structure  for  finite  K.  This  approach  has 
been  shown  to  yield  quantitative  results  for  effective  masses 
and  optical  absorption  coefficients  for  a  variety  of  III— V  and 
II— VI  SL'sft  K  and  agrees  well  with  more  complicated  k-p'. 
approaches.'' 

Figure  1  shows  the  relative  alignment  of  the  bulk  HgTe 
and  CdTe  band  edges  (FA  and  rx)  schematically.  The  band 
offset  A  is  defined  to  be  positive.  Even  though  the  superlat¬ 
tice  electron  and  hole  states  contain  both  and  T*  compo¬ 
nents,  one  can  roughly  associate  the  solid  line  with  the  quan¬ 
tum  well  appropriate  to  electrons,  and  the  dashed  line  that 
appropriate  to  holes. 

Figure  2  shows  the  SL  band  structure  for  the  100  A  HgTe/ 
36  A  CdTe(  1 1 1 )  SL  of  Ref.  4asa  function  of  A.  A",  is  along 
the  growth  axis.  The  zero  of  energy  is  taken  to  be  the  valence- 
band  maximum  of  bulk  HgTe.  The  most  dramatic  feature 
with  increasing  A  is  the  rapid  downward  variation  of  the 
lowest  conduction  miniband  C  1  and  highest  light-hole  band 
LH  1  relative  to  the  heavy-hole  bands  HH  1  and  HH  2.  This 
behavior  is  associated  with  the  light  bulk  effective  masses 
characterizing  the  former  bands.  The  heavy-hole  bulk  mass 
is  sufficiently  large  that  the  potential  well  seen  by  the  bulk 
heavy  hole  is  effectively  infinite  for  A  >  100  meV.  Thus  the 
HH  minibands  are  virtually  independent  of  A.  As  a  result, 
the  C  1  and  HH  1  bands  cross  at  A  =  230  meV  as  shown;  the 
HH  1  electrons  are  transferred  to  the  C  1  band,  and  the  SL 


becomes  semimetallic.  The  new  and  remarkable  feature  we 
note  here  is  the  third  region  ( A  >  295  meV )  in  which  the  SL 
becomes  semiconducting  once  again  as  a  result  of  the  un¬ 
crossing  of  the  C  1  and  HH  1  bands.  The  band  gap  in  this 
region  is  still  essentially  direct1"  but  it  occurs  at  the  SL  Bril¬ 
louin  zone  face  A\  =  rr/d,  where  d  is  the  SL  period 

Figure  3  shows  the  behavior  of  the  minimum  band  gap  EK 
between  C  1  and  HH  1  as  a  function  of  both  A  and  HgTe  layer 
thickness  for  a  fixed  CdTe  layer  thickness  of  36  A.  The  zero 
gap  (£"„  =0)  regions  correspond  to  semimetallic  behavior, 
while  nonzero  Eg  corresponds  to  semiconducting  regimes 
The  bold  curve  ( 100  A  HgTe)  corresponds  to  the  sample 
thickness  of  Ref.  4.  Values  of  the  band  gap  for  A  >  350  meV 
are  seen  to  be  in  better  agreement  with  the  experimental 
quoted  ~ 20  meV4  than  the  value  for  A  —40  meV. 

It  is  clear  from  Fig.  3  that  the  100  A  HgTe/36  A  CdTe  SL 
accidentally  gives  similar  results  for  small  and  large  A  be¬ 
cause  of  the  nearly  symmetrical  location  of  the  semimetallic 
regime  between  the  high  and  low  values  of  A.  Such  symme¬ 
try  <m/y occurs  for  HgTe  thicknesses  near  1 00  A  (given  a  36- 
A  CdTe  barrier  thickness).  As  expected,  Es  tends  to  de¬ 
crease  with  increasing  HgTe  “well"  thickness  for  fixed  A. 
Figure  3  suggests  that  an  optical  study  of  band  gaps  in  un¬ 
doped  HgTe/CdTe  SL’s  having  36-A  CdTe  layer  width  but 
varying  HgTe  layer  widths  should  detect 
semiconducting  —  semimetallic  —  semiconducting  transi¬ 
tions  if  A  is  indeed  large. 

Figure  4  shows  the  corresponding  behavior  of  the  in-plane 


CdTe  HgTe  CdTe 

|  I  CB  r<i 


Fk>  1  The  relative  alignment  of  the  hulk  HgTe  and  CdTe  Hand  edges  The 
valence-hand  offset  A  is  defined  as  the  difference  between  ihe  HgTe  and 
CdTe  r„  valence-band  maxima 
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Fig.  2  The  band  structures  for  100  A 
HgTe/36  A  CdTe  superlative  *s  a  function 
of  band  offset  A  As  A  increases,  the  system 
changes  from  semiconducting  ( SC )  to  semi- 
metallic  (SM)  and  back  to  semiconducting 
(SC)  due  to  the  crossing  and  uncrossing  of 
the  C  I  and  HH  1  bands 


Bond  Offset  A  (meV) 


electron  effective  mass  at  K  =  0.  The  bold  curve  again 
corresponds  to  the  sample  thickness  of  Ref.  4.  For  small  A 
(below  the  semimetallic  region)  the  value  of  m  corre¬ 
sponds  to  the  C  1  band,  while  the  value  in  the  large  A  region  is 
that  of  the  new  conduction  band  HH  1  at  K  =  0.  The  behav¬ 
ior  of  m  can  be  readily  understood  by  referring  back  to  the 
band  structures  in  Fig.  2.  With  increasing  band  offset,  the 
band  gap  decreases  until  the  C 1  and  HH  1  bands  just  touch  at 
A  =  230  meV  and  the  EfAjj )  dispersion  becomes  linear. 
The  large  K*p  interaction  between  these  two  bands  in  the 
parallel  direction  implies  that  is  roughly  proportional  to 
Eg,  and  formally  vanishes  at  the  intersection.  (These  two  '• 
bands  do  not  interact  along  the  1  direction.)  The  depen¬ 
dence  of  on  HgTe  layer  thickness  (for  a  given  A  and  a 


- A — - 

(m*V ) 

Fig  3  The  variaiion  of  band  gap£,  between  C  I  and  HH  I  asa  fdnclion  of 
band  offset  A  and  HgTe  layer  width  for  fixed  CdTe  width  of  36  A  The  bold 
line  represents  the  experimental  system  of  100  A  HgTe/36  A  CdTe  super- 
lattice  (see  Ref  4) 


CdTe  layer  thickness  of  36  A)  is  reminiscent  of  that  encoun¬ 
tered  in  Hg^  Cd  |  _  „  Te  alloys  as  a  function  of  Hg  concentra¬ 
tion  x. 

The  experimental  electron  cyclotron  mass  (m*/>nu 
=  0.017  +  0.003  at  1  T4)  extrapolated  to  vanishing  magnet¬ 
ic  field  (0.015  ±  0.003)  is  also  shown  in  Fig.  4  for  100  A 
HgTe  with  its  error  bars  at  both  A  =  40  and  350  meV.  The 
experimental  value  is  somewhat  larger  than  the  calculated 
K  =  0  value  at  A  =  350  meV.  Since  unintentionally  doped  n- 
type  samples  have  carrier  densities  n  >  10lfc,  an  electron  den¬ 
sity  was  calculated  that  would  produce  a  value  of  m*/m„ 


(meV) 

Fig  4  The  variation  of  in-plane  electron  effective  mass  m  at  K  =  0  as  a 
function  of  band  offset  A  3nd  HgTe  layer  width  for  fixed  CdTe  width  of  36 
A  The  bold  line  represents  the  experimental  system  of  100  A  HgTe/36  A 
CdTe  superlative  (see  Ref  4)  The  experimental  value  (crosses)  of  the 
cyclotron  mass  mVm„  in  the  limit  of  zero  field  is  shown  with  its  errors  bars, 
together  with  the  theoretical  values  (solid  circles)  of  m*/m„  using  doping 
concentrations  of  by  10"'  cm  1  for  A  =  350  meV  and  10"  cm  ’  for 
A  =  40  meV  ( sec  Ref.  5 ) 
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Kj,  (units  of  ) 


Fic.  5.  Constant  energy  surfaces  along  A,.  and  AT,  of////  I  for  100  A  HgTe/ 
36  A  CdTe  superlattice  with  A  =  3.  "  meV 


consistent  with  the  experimental  mass.  Reference  4  does  not 
cite  a  value  of  n.  As  shown  in  Fig.  4,  the  requisite  electron 
concentration  for  A  =  35C  meVis6X  lO1*  cm  “'.The  extre¬ 
mal  values  of  m*/mu  at  A\  =  0  and  ir/d  are  almost  identical. 
This  can  be  seen  from  Fig.  5,  which  shows  HH  1  constant 
energy  surfaces  to  be  nearly  cylindrical.  Indeed  they  are  cy¬ 
lindrical  at  the  corresponding  Fermi  energy  of  1 7  meV  above 
the  conduction-band  minimum.  Thus  no  interband  transi¬ 
tions  should  be  observed  below  27  meV,  in  accord  with  ex¬ 
periment.4 

Calculations  for  A  =  40  meV  and  n  =  10lh  cm-5  yield 
mf/m0  =  0.018,  again  quite  close  to  the  A  =  350  meV  val¬ 
ue.  The  cause  of  the  band  offset  controversey  can  now  be 
understood:  the  sample  of  Berroir  el  al*  accidentally  gives 
similar  results  for  both  small  and  large  offsets  because  of  its 
particular  layer  thicknesses.  For  A  =  40  meV,  a  higher  con¬ 
centration  of  n  =  4x10 16  cm-3  yields  m*/m0  =  0.021,  a 
value  of  0.003  outside  the  experimental  error.  For  A  =  350 
meV,  on  the  other  hand,  the  same  concentration  gives 
m*/m0  =  0.014,  a  value  close  to  the  experimental  result. 

Baukus  et  al."  compared  experimental  infrared  photolu¬ 
minescence  data  with  energy  gaps  calculated  using  a  two- 
band  tight-binding  method  and  found  that  a  value  A  =  40 
meV  gives  better  agreements.  However,  recent  measure¬ 
ments12  of  the  energy  gaps  on  a  series  of  HgTe/CdTe  super¬ 
lattices  indicate  better  agreement  for  A  =  350  meV  on  the 
basis  of  a  tight-binding  analysis. 

The  effects  of  strain  due  to  the  0.3%  lattice  mismatch  are 
neglected  in  the  present  calculations.  However,  from  pre¬ 
vious  calculations, ,:u 4  we  expect  that  the  inclusion  of  strain 
will  only  affect  the  band  structure  quantitatively  on  the  meV 
scale,  and  will  not  alter  the  cyclotron  mass  by  more  than 


20%.  The  conclusion  of  a  large  band  offset  is  further  sup¬ 
ported  by  recent  tight-binding  calculations  including 
strain.15 

Using  finite  temperature  bulk  parameters  as  input,1''  we 
find  the  band  structure  at  300  K  for  A  =  350  meV  to  have  a 
direct  gap  of  48  meV  at  K  =  0.  The  C  1  and  HH  1  bands, 
respectively,  correspond  to  the  lowest  conduction  band  and 
the  highest  valence  band.  When  the  doping  concentration  is 
taken  into  account,  the  gap  is  found  to  be  consistent  with  the 
experimental  result4  of  —90  meV  obtained  optically  at  300 
K.. 

The  effect  of  Hg  concentration  x  in  the  CdTe  barrier  has 
also  been  examined.  Using  the  virtual-crystal  approximation 
for  the  alloy  barrier  and  assuming  that  A  is  350  (1  —  x) 
meV,  we  found  that  the  band  gap  is  fairly  insensitive  to  the 
composition,  with  the  band  gap  at  AT,  =  ir/d  decreasing  by 
<2  meV  for  x  =  0.15. 
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We  discuss  the  nonlinear  behavior  of  a  random  composite  matenal  characterized  by  a 
weakly  nonlinear  relation  between  the  electric  displacement  of  the  form  D-  <£  t  x\E]:E. 
where  <  and  y  are  position  dependent.  A  general  expression  for  the  effective  nonlinear 
susceptibility  to  first  order  in  the  nonlinear  suscepobilitv  of  the  constitutents  in  the  composite 
is  given  A  general  method  of  approximation  is  introduced  which  gives  the  effective  nonlinear 
susceptibility  in  terms  of  the  solution  of  the  linear  dielectric  function  of  the  random 
composite  Various  applications  of  the  proposed  approximation  are  demonstrated 


1.  Introduction 

There  are  many  electrical-transport  phenomena  in  solids  in  which  nonlineari¬ 
ty  plays  an  important  role.  At  zero  frequency,  such  nonlinearities  show  up  in 
such  effects  as  dielectric  breakdown  and  the  burning  out  of  fuses.  At  finite 
frequencies,  the  nonlinear  dependence  of  displacement  current  on  electric  field 
in  some  materials  is  the  basis  of  nonlinear  optical  phenomena. 

Ir  this  paper  we  consider  some  aspects  of  nonlinear  behavior  in  granular 
materials  and  other  composites.  In  particular,  we  consider  various  approxima¬ 
tions  for  calculating  the  effective  nonlinear  susceptibility  of  a  composite  in 
which  one  or  more  of  the  components  has  nonlinear  behavior. 

The  plan  of  the  paper  is  as  follows.  In  section  2.  we  give  a  general  expression 
for  the  nonlinear  susceptibility  which  is  correct  to  first  order  in  the  nonlinear 
susceptibility  of  the  constituents;  and  apply  it  to  the  case  of  a  dilute  composite. 
In  section  3.  we  propose  an  effective  medium  approximation  for  weakly 
nonlinear  composites,  and  explore  its  applications.  We  discuss  our  results  in 
section  4.  More  details  of  the  results  presented  here  can  be  found  in  recent 
articles  by  the  present  authors  [1.2|. 
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2.  Nonlinear  susceptibility 

We  consider  the  system  of  a  two-component  composite  in  which  each 
component  is  described  by  a  weakly  cubic  nonlinear  relation  between  the 
electric  displacement  D  and  the  electric  field  £  of  the  form 

£>,  =  +  jr,|£,f:£,  ■  (l) 

Such  an  expansion  will  always  be  possible  provided  that  *,[£,  |:  <*  0  ~  1.2). 

The  term  quadratic  in  electric  field  will  vanish  unless  the  constituents  lack 
inversion  symmetry.  The  space-averaged  fields  and  displacements,  (£)  and 
( D ),  are  related  by  an  equation  of  the  same  form. 

<D>  =  *:<£>  +  * J<£>|-<£).  (2) 

where  e"  and  xe  are  the  effective  linear  dielectric  function  and  the  effective 
nonlinear  susceptibility  of  the  composite,  respectively. 

To  first  order  in  the  nonlinear  susceptibility  of  the  constituents,  the  effective 
nonlinear  susceptibility  of  a  composite  has  been  shown  by  two  of  the  present 
authors  [1)  to  be  of  the  form 

Xt  =  17177*  f  A'(x)|£'„(1(x)|:£l,n(Jr)'£lin(j)d'.r  .  (3) 

where  £„  is  the  average  field  (1]  and  £lin(.v)  is  the  electric  field  taken  from  the 
solution  of  the  linear  problem  (i.e.  by  solving  the  same  composite  problem 
with  x,  ~  0).  and  V  is  the  volume  of  the  system. 

The  above  formula  can  easily  be  applied  to  the  case  of  a  composite  in  which 
a  small  concentration  of  spheres  of  nonlinear  material  is  included  in  a  linear 
host.  In  this  case,  the  effective  nonlinear  susceptibility  is  exactly 

-  M,|3«!!/(«?  +  2c?)|’(3c2/(*V  +  2e?)l:  .  (4) 

where  is  the  nonlinear  susceptibility  of  material  1.  present  in  volume  fraction 
p  1  in  a  host  of  linear  material  2  (i.e.  Xz  =  0).  This  result  is  valid  to  first  order 
*n 

An  interesting  feature  in  eq.  (4)  is  the  vast  enhancement  of  nonlinearity  at 
frequencies  such  that  e”  +  2c'-,’  *=0.  This  is  the  condition  for  the  occurrence  of  a 
surface-plasmon  resonance  which  leads  to  a  great  increase  in  electric  field  near 
certain  characteristic  frequencies.  This  field  enhancement  is  responsible  for  the 
enhancement  of  the  nonlinearity. 
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3.  Weakly  nonlinear  composite:  a  general  approximation  method 

Consider  the  two-component  composite  defined  in  the  previous  section.  The 
linear  effective  dielectric  function  can  always  be  written  in  the  form 

(5) 

where  p,  is  the  volume  fraction  of  the  component  1.  and  F  is  some  function 
which  will,  in  general,  depend  on  the  geometry  of  the  composite  We  invoke  an 
approximate  nonlinear  form  of  eq.  (5). 

€t  a  F(e,.  e:.  p,) .  (6) 

Here  e,  =  e"  +  and  <|£,|:)  is  the  mean-square  of  the  electric  field  in 

the  tth  component  in  the  linear  limit.  Eq.  (A)  is  strictly  valid  only  if  e,  and  e, 
are  constant  in  each  component.  Our  use  of  eq.  (6)  here  thus  involves  making 
the  approximation  that  the  electric  field  is  uniform  in  the  nonlinear  component. 

For  simplicity,  we  assume  that  only  component  1  is  nonlinear,  so  that 
€,  =  «'!.  We  then  expand  the  function  F  in  a  Taylor  series  about  the  linear  e"c  to 
obtain 

a  F(e".  <e“.  p, )  +  F;(e',‘.  p,)*,<|£,|:)  -  (7) 

where  F\  =ctFlbe'\.  Now  this  partial  derivative  can  be  expressed  exactly  in 
terms  of  the  average  squared  electric  field  in  component  1  in  the  linear  limit; 
the  relation  is  |3] 


pt<i£1|-’)/i£Ili:  =  (ae::/ae,l,)  =  f:(e,;.<':.p1). 

where  £„  is  the  external  field.  Therefore,  we  have 

«<  =  «"+  ~  Wll£«lJ. 

P 1 


(8) 

(9) 


and  by  the  definition  of  the  effective  nonlinear  coefficient  x<-  we  obtain 


(10) 


These  results  can  readily  be  generalized  to  the  case  where  both  components 
are  nonlinear.  In  this  case,  we  simply  expand  eq.  (6)  around  both  e',  and  e, 
and  obtain  for  \r 
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*«=£  F[\F\\+f  F'2\F'z\ 
P\  Pi 


Xi 


(11) 


where  F,  =  (decide")  (/  =  1. 2).  Eq.  (11)  is  our  principal  result.  It  is  based  on 
the  assumption  that  the  fluctuations  (|£l|‘t)  -  (|E,|2)2  within  the  /th  compo¬ 
nent  are  small,  compared  to  (IE,!-*)  itself.  This  approximation  is  valid  for 
many,  but  not  all  weakly  non-linear  systems. 

Eq.  (11)  gives  the  effective  nonlinear  susceptibility  in  terms  of  the  function 
F ,  which  can  take  on  several  forms  according  to  different  approximations  for 
the  solution  of  the  linear  problem.  In  the  following,  we  apply  eq.  (11)  to  obtain 
Xt  for  different  forms  of  the  function  F. 


3.1.  Low  density  limit 

For  the  case  of  a  small  concentration  p,  of  spheres  of  nonlinear  material  1 
embedded  in  a  linear  host  of  material  2.  The  effective  linear  dielectric  function 
can  be  written  as  [4) 


:  =  €,  +  3 


0 


(12) 


Given  this  form  of  the  function  f.  application  of  eq.  (11)  leads  to  the  same 
result  as  eq.  (4).  discussed  in  the  previous  section. 


3.2.  Exactly  solvable  microgeometries 

For  the  case  where  the  components  are  arranged  in  the  form  of  cylinders 
(not  necessarily  circular)  parallel  to  the  external  field,  the  function  F  can  be 
obtained  from  the  result 


0  O  .  H 

=P.* i  ■ 


(13) 


Eq.  (11)  then  leads  to 


X,  =  P,*i  +P:Xz  <14> 

for  parallel  cylinders. 

For  the  case  in  which  the  constituents  are  arranged  in  the  form  of  flat  slabs 
perpendicular  to  the  applied  field,  the  function  F  is  given  by 
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and  xc  is  then  found  from  eq.  (11)  to  be 


/  ,  (I  ,  IK  4  ,  II 

(/>,  +  «iP:/e:)  (p2  +  e:p , 


(16) 


3.3.  Maxwell-Garnet t  approximation  and  effective  medium  approximation 

The  most  successful  approximations  for  the  linear  effective  dielectric  func¬ 
tion  of  a  binary  composite  are  the  Maxwcli-Garnett  approximation  (MG A)  for 
dilute  concentrations  and  the  effective  medium  approximation  (EM A)  for 
general  values  of  concentration.  Within  MGA.  e"  is  given  by  |5) 

^?Ai2&LJhl  (17) 

1)  11/  •  .  .  ,  v  \  1  '  / 

e,(l  -/?,)  +  <M2  +  />() 


Within  EMA,  e "  is  given  by  [6]  solving  the  following  quadratic  equation: 


*1  - 


V  .  /II  ", 

+  $(«  I  -  «t) 


+  (1  —  p. ) 


€>  -  * 


1 1  l  /  I’  I*  V 

+  g(«:-0 


=  0 . 


(18) 


where  g  is  a  geometric  factor  related  to  the  depolarization  factor  of  the 
inclusions  and  dependent  on  their  shape.  From  these  expressions  for  e'c\  eq. 
(11)  can  be  applied  to  calculate  the  nonlinear  susceptibility  of  a  binary 
composite,  whether  host  or  inclusions  (or  both)  are  nonlinear. 


4.  Discussion 

Besides  the  present  approximations,  one  can  also  prove  exact  results.  For 
materials  with  cubic  nonlinearities,  it  can  be  shown  [1,7]  that  the  effective 
nonlinear  susceptibility  is  closely  related  to  the  relative  resistance  fluctuations 
in  the  linear  composite  [8],  as  both  of  these  problems  can  be  related  to  the 
fourth  moment  of  the  current  distributions  in  the  linear  problem.  Hence, 
results  for  the  divergence  of  the  relative  fluctuations  (noise)  near  the  percola¬ 
tion  threshold  of  a  random  composite  are  immediately  applicable  to  the 
nonlinear  susceptibility. 

Some  of  the  most  potentially  interesting  applications  of  this  work  lie  in  the 
field  of  nonlinear  optics.  One  important  goal  of  nonlinear  optical  studies  is  to 
obtain  new  materials  with  large  nonlinear  susceptibilities  xt  The  use  of  the 
present  formalism  may  help  in  the  design  of  such  materials  by  suitable  choices 
of  nonlinear  constituents,  particle  shapes,  and  other  geometrical  factors. 
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We  have  numerically  investigated  the  effects  of  correlation  and  clustering  on  the  far-infrared 
(FIR)  absorption  and  surface-plasmon  modes  of  a  model  two-dimensional  metal-insulator  compos¬ 
ite.  We  model  the  composite  as  a  diluted  resistor-inductor-capacitor  ( RLC )  network.  Two-site  and 
nearest-neighbor-site  correlations  among  the  conducting  bonds  are  found  to  enhance  the  FIR  ab¬ 
sorption  per  metallic  bond  by  a  factor  of  5  relative  to  a  network  of  the  same  concentration  with  a 
purely  random  distribution  of  metallic  bonds.  Ring-shaped  clusters  (which  model  insulating  parti¬ 
cles  with  a  metallic  coating),  and  percolation  clusters  are  found  to  produce  a  FIR  absorption 
enhanced  by  more  than  2  orders  of  magnitude  per  metallic  bond.  The  surface-plasmon  absorption 
peak  in  a  percolation  cluster  is  found  to  be  strongly  broadened  relative  to  the  predictions  of  the 
Maxwell  Garnett  approximation.  In  the  two-site  correlation  model,  the  surface-plasmon  absorption 
peak  is  weakly  split,  whereas  in  the  nearest-neighbor  site-correlation  model,  it  is  weakly  red  shifted. 

Ring-shaped  clusters  are  found  to  produce  double  and  triple  peaks  in  the  surface-plasmon  frequency- 
range.  Possible  explanations  for  these  novel  features  are  briefly  discussed. 


I.  INTRODUCTION 

The  optical  properties  of  granular  materials  have  at¬ 
tracted  much  attention  in  recent  years.  Many  experimen¬ 
tal  studies1-5  of  the  far-infrared  (FIR)  absorption  by 
small  metallic  particles  embedded  in  an  insulating  matrix 
have  shown  unusual  results.  Earlier  studies  show  that 
the  magnitude  of  the  FIR  absorption  is  a  few  orders  of 
magnitude  larger  than  the  predictions  of  classical  elec¬ 
tromagnetic  theory,  even  though  the  classical  theory 
gives  correctly  the  frequency,  size,  and  concentration 
dependence  of  the  absorption.  This  discrepancy  remains 
even  when  magnetic  dipole  absorption  is  taken  into  ac¬ 
count.*  Many  theoretical  explanations  for  this  discrepan¬ 
cy7-13  have  been  proposed.  Among  these  are  a  broad 
distribution  of  particle  sizes,  absorption  due  to  resistive 
coating  on  particles,  quantum  size  effects,  clustering  of 
small  metal  particles  into  clumps,  and  the  formation  of 
percolation  clusters  and  fractal  clusters  of  various 
geometries. 

In  this  article,  we  study  numerically  the  effects  of 
correlation  and  clustering  on  the  optical  properties  of 
two-dimensional  metal-insulator  (M  /I)  composites.  The 
composite  is  modeled  as  a  resistor-inductor-capacitor 
(RLC)  network,  such  as  has  been  used  previously24  to  de¬ 
scribe  random  metal-insulator  composites.  The  ac 
response  of  this  network  is  calculated  using  a  very  fast 
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numerical  algorithm  proposed  by  Lobb  and  Frank,25 
based  on  the  Y-E  transformation  familiar  to  electrical  en¬ 
gineers.  Various  models  with  short-range  order  are  then 
studied  numerically  and  are  shown  to  give  widely  varying 
responses  both  in  the  far-infrared  and  in  the  optical  fre¬ 
quency  ranges. 

We  turn  now  to  the  body  of  the  paper.  The  model  and 
the  numerical  algorithm  are  described  in  Sec.  II,  and  nu¬ 
merical  results  are  given  in  Sec.  III.  A  brief  discussion 
follows  in  Sec.  FV. 

□.  MODEL 

We  study  a  thin-film  composite  of  Drude  metal  and  in¬ 
sulator,  modeled  as  a  two-dimensional  random  lattice  of 
resistors,  inductors,  and  capacitors.  Several  studies  of 
this  nature  have  already  been  carried  out,14,26-  30  but  for 
purely  random  lattices.  Each  bond  in  the  network  is  ei¬ 
ther  an  insulating  bond  or  a  metallic  bond.  The  former  is 
represented  by  a  capacitor  with  admittance 

o1=/a>C'.  (11 

A  metallic  bond  is  represented  by  a  series  of  resistor  and 
inductor  in  parallel  with  a  capacitor,  and  has  admittance 

_  t-H'oRC  —  q)2LC  12) 

R  +ia)L 
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FIG.  1  Typical  distribution  of  metallic  bonds  for  the  various  models  discussed  in  the  text:  (a i  randomly  distributed  bonds.  (b> 
two-site  correlation  model,  (cl  NNS  correlation  model,  (d)  percolation  cluster,  (ei  single  ring-shaped  cluster,  (f)  sandw  ich  of  two  ring- 
shaped  clusters,  and  (g'  double  ring-shaped  cluster.  In  ail  cases,  the  nominal  fraction  of  metallic  bonds  is  0.05.  The  two  vertical  lines 
represent  the  superconducting  bars  to  which  the  externa!  voltage  is  applied 


1?  ;:t) 


X  c  ZENG.  P.  M  HU1,  D.  )  BERGMAN,  AND  D  STROl  D 


Here  R,  L,  and  C  are  the  resistance,  inductance,  and  ca¬ 
pacitance  of  the  conducting  element,  and  C'  is  the  capac¬ 
itance  of  the  insulating  element.  For  simplicity,  we  set 
C  =  C',  and  introduce  the  plasma  frequency 
wp  ={LC)~'n  and  the  relaxation  time  r=L/R.  The  ra¬ 
tio  a M  /cr,  then  takes  the  form 


which  is  identical  to  the  ratio  of  dielectric  functions  of  a 
Drude  metal  and  insulator  with  dielectric  function  e,  =  1. 
For  convenience,  we  hereafter  use  units  such  that  <op  —  1. 

To  determine  the  ac  response  of  an  RLC  network,  we 
use  the  propagation  algorithm  developed  by  Frank  and 
Lobb,”  based  on  the  Y-A  transformation,  to  calculate  the 
effective  admittance  a,  of  the  entire  network.  This 
method  has  been  used  previously  to  study  the  surface 
plasmon  modes  in  random  metal-insulator  composites 
below  and  above  the  metal  percolation  threshold  pc ,24 
and  to  investigate  ac  transpoi  *  properties  in  a  model  for 
continuum  percolation.30  A  ..—ailed  description  of  this 
model  can  be  found  in  Refs.  24  and  30. 

The  new  feature  of  the  present  calculation  is  the  in¬ 
clusion  of  clustering.  The  characteristic  feature  of  clus¬ 
tering  is  the  existence  of  nonrandom  short-range  order 
among  the  metallic  bonds.  We  have  carried  out  two 
types  of  calculations.  The  first  involves  the  effects  of  a 
very  local  short-range  order,  which  gives  rise  primarily  to 
small  clusters  consisting  of  only  a  few  metallic  bonds. 
The  second  kind  leads  to  large  clusters  of  metallic  bonds, 
including  ringlike  clusters  and  percolation  clusters.15 

To  treat  short-range  correlations,  we  introduce  two 
models,  to  be  labeled  the  two-site  model  and  the  nearest- 
neighbor-site  (NNS)  model,  which  modify  the  random 
method  of  bond  assignment.  In  a  purely  bond-random 
RLC  network,  one  would  assign  a  random  number  be¬ 
tween  zero  and  one  (say  n,)  to  each  bond  in  the  network. 
If  n,  is  smaller  than  some  metallic  bond  fraction,  say  px 
(0  <p  j  <  1 ),  one  would  label  the  rth  bond  as  metallic;  oth¬ 
erwise,  .*  would  be  insulating.  In  the  two-site  model,  the 
character  of  a  particular  bond  is  determined  by  the  values 
of  random  numbers  assigned  to  the  two  sites  (the  “site 
numbers")  connected  by  the  bond.  If  the  sum  of  the 
two-site  numbers  exceeds  a  certain  number  2p , 
(0<p,  <  1 ),  the  bond  between  these  two  sites  is  chosen  to 
be  conducting;  otherwise,  the  bond  is  insulating.  In  the 
NNS  correlation  model,  one  initially  sets  all  the  bonds  in 
the  lattice  to  be  insulating.  Each  site  is  then  assigned  a 
random  number  n,  (the  site  number)  between  zero  and 
one.  One  then  scans  sequentially  through  aU  the  sites  in 
the  lattice.  For  each  site  scanned,  if  the  site  number  of  a 
center  site  is  larger  than  a  certain  number  p2  (0<p2  <  1 ) 
and  the  sum  of  nearest-neighbor-site  numbers  is  larger 
than  4p2,  then  all  four  bonds  attached  to  the  center  site 
are  chosen  to  be  conducting. 

Figures  1(a)- 1(c)  show  lattices  with  typical  metallic 
bond  distributions  produced  by  a  purely  random  algo¬ 
rithm,  the  two-site  model,  and  the  NNS  model.  The 
latter  two  do,  indeed,  produce  correlations  between 
neighboring  metallic  bonds,  but  the  bond  morphologies 


are  quite  different  in  the  two  cases 

We  have  also  calculated  the  ac  response  of  several 
metal-insulator  composites  with  percolation  or  ring- 
shaped  clusters  [see  Figs.  1(d)- Kg)].  A  number  of 
theoretical  studiesM5,iU3  suggest  that  such  clusters  will 
tend  to  enhance  the  FIR  absorption  considerably,  re’  .tive 
to  purely  random  configurations.  Other  studies17, 19-23 
have  predicted  double  absorption  peaks  or  red-shifted 
surface-plasmon  peaks  in  the  optical  frequency  range. 
All  these  studies  are  based  on  various  analytical  models. 
In  order  to  confirm  these  predictions,  we  have  carried  out 
numerical  simulations  in  RLC  networks  on  which  such 
clusters  are  generated. 

III.  RESULTS 

We  carry  out  our  simulations  on  100  X  100  RLC  net¬ 
works.  For  all  our  calculations,  we  have  used  approxi¬ 
mately  the  same  concentration  =  5 %  metallic  bonds. 
The  characteristic  relaxation  time  r  is  chosen  as 
r-  \Q/a)p.  For  all  those  configurations  generated  by  ran¬ 
dom  numbers,  we  average  over  five  to  ten  realizations  to 
obtain  an  effective  conductance.  Previous  experience24 
indicates  that  such  averages  are  sufficient  to  eliminate 
most  of  the  fluctuation  structure  produced  by  small  sam¬ 
ples. 

Figure  2  shows  the  real  part  of  the  effective  conduc¬ 
tance  per  metallic  bond,  Re( crf  )/bond,  plotted  as  a  func¬ 
tion  of  frequency  in  the  FIR  region.  As  can  be  seen, 
short-range  correlations  (both  in  the  two-site  and  the 
NNS  correlation  models)  enhance  FIR  absorption  by 
about  a  factor  of  5  relative  to  that  of  a  purely  random 
network.  This  enhancement  is  even  more  striking  in  the 
larger  clusters.  For  example,  ring-shaped  clusters,  which 


FIG.  2.  Real  part  of  the  effective  conductance  per  metallic 
bond,  Re(  o,  Vbond,  plotted  as  8  function  of  frequency.  The  fre¬ 
quency  range  shown,  0  00 !  -.  r  u  <  0.01e.'f .  is  typically  w  ithin 
ihe  far  infrared  in  a  free-electron  rneta!  Calculations  are  ear¬ 
ned  out  on  100X  100  networks  For  those  configurations  gen 
erated  by  random  number,  the  plots  represent  averages  over  fist 
realuauons.  The  legends  (a'-(g)  correspond  to  the  morpholo¬ 
gies  of  Fig  1 
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represent  metal-coated  insulating  particles,  and  percola-  3(c)],  it  is  weakly  red  shifted  but  not  split.  I  nc  percola- 

ll0n  clusters  each  produce  an  enhancement  of  about  2  or-  tion  cluster  {Fig.  3(d))  exhibits  a  surface-piasmon  peak 

orders  of  magnitude  relative  to  that  of  a  random  network  which  is  strongly  broadened,  relative  to  the  purely  ran- 

of  the  same  concentration.  These  results  are  consistent  dom  configuration  [Fig.  3(a)).  Perhaps  the  most  mtngu 

with  some  previous  theoretical  calculations"517  based  ing  results  are  those  shown  in  Figs.  3(e)—  3tg).  The  single 

on  effective-medium  and  renormalization-group  analyses.  ring-shaped  cluster  shows  a  conspicuous  double  peak 

Note  that  in  all  the  FIR  calculations  the  absorption  is  [Fig.  3lel),  while  for  the  “sandwich"  cluster  a  triple  peak 

found  to  have  a  nearly  frequency  dependence,  in-  is  obtained  [Fig.  3(0).  The  double  nng-shaped  cluster 
dependent  of  short-range  order.  This  dependence  is  con-  shows  a  double-peaked  structure  [Fig  3(g)),  m  which  one 
sistent  with  experiments.1-5  of  the  two  peaks  is  itself  weakly  split  in  two, 

Figures  3(a)— 3(g)  show  Re(a,  i/bond  for  frequencies 
near  up.  The  absorption  bands  in  these  figures  are  the  IV.  DISCUSSION 

network  analogs  of  the  surface-piasmon  resonances  seen 

in  bulk  metal-insulator  composites;  the  figures  show  how  Many  of  our  numerical  results  can  be  understood,  at 
these  bands  are  affected  by  short-range  order  and  cluster-  least  roughly,  by  simple  qualitative  arguments  For  ex- 

ing.  The  purely  random  composite  [Fig.  3(a))  has  a  ample,  the  FIR  absorption  is  enhanced  by  clustering  be- 

surface-plasmon  band  with  a  single  peak,  as  predicted  by  cause  clustering  produces  regions  in  the  composite  where 

(he  Maxwell  Gar,::'.t  approximation.  For  samples  with  the  metal  concentration  is  locally  much  greater  than 

two-site  correlations  (Fig.  3(b)),  the  surface-piasmon  average.  It  is  well  known,  both  theoretically  and  experi- 

band  is  split,  and. for  those  with  NNS  correlations  [Fig.  mentally,51  that  the  FIR  absorption  coefficient  alun  of  a 


FIG  3  Same  as  Fig  2.  but  for  a  frequency  range  corresponding  to  the  optica!  region  in  a  typical  metal  For  those  configuration1, 
generaicd  random  number,  the  plots  represent  averages  over  ten  realizations 
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FIG.  3.  ( Continued ). 


mea-snulstor  composite  varies  as  a(a>)*:  A{p  ko2, 
*te=  die  coefficient  A(p)  tends  to  diverge  as  the  metal 
voinne  fraction  p  approaches  the  percolation  threshold 
p.  fcac  below.  As  this  concentration  is  approached,  of 
cocck.  larger  and  larger  clusters  are  formed.  When 
shor-otnge  order  or  other  clustering  mechanisms  are  in- 
trxursi,  such  large  clusters  can  form  even  at  low  metal 
cpnegsrations.  Hence,  the  strongly  enhanced  FIR  ab- 
scrrrxc.  expected  near  the  percolation  threshold  can 
v  much  smaller  metal  volume  fractions. 

L kerise,  the  structure  seen  in  the  surface-plasmon  fre- 
range  can  be  simply  understood.  The  two-site 
c: — taxons  depicted  in  Fig.  Kb),  for  instance,  lead  to  a 
c-jrr*-r  of  small,  chain-shaped  clusters.  These  can  be 
_ —  of  as  the  discrete  versions  of  ellipses.  Such  el- 
_rt  s-t  characterized  by  two  different  depolarization 
-  i-d  have,  therefore,  two  distinct  surface-plasmon 
:r--_o-es.3;  ”  One  thus  expects  the  composite  of  Fig. 
:  -  r.ove  a  split  surface-plasmon  peak,  as  observed. 
7; :  -teaks  correspond  to  the  two  different  orienta- 

•  -  '  the  chain-shaped  clusters.  In  the  NNS 


configuration  [fug.  He)],  many  metallic  clusters  are  sym¬ 
metric  crosses.  The  absorption  peak  in  this  instance  is 
weakly  red  shifted  relative  to  the  purely  random  case 
[Fig.  Ha)].  The  red  shift  mty  perhaps  be  understood 
from  a  model  proposed  by  Liebsch  and  Gonzalez  (LG).11 
LG  model  a  cermet  composite  as  a  diluted  cubic  lattice  of 
metal  spheres  in  an  insulating  host.  Using  the  coherent- 
potential  approximation,  they  find  that,  as  the  average 
spacing  between  particles  is  reduced  (at  fixed  metal  con¬ 
centration),  the  disorder-induced  red  shift  of  the  surface- 
plasmon  peak  is  increased.  By  analogy,  the  symmetric 
crosses  of  Fig.  1(c)  might  be  viewed  as  spherical  clumps 
of  particles  with  relatively  small  interparticle  spacing  for 
the  given  concentration.  Then,  by  analogy  with  the  re¬ 
sults  of  LG,  one  might  expect  that  the  surface-plasmon 
peak  would  be  red  shifted  relative  to  that  of  the  purely 
random  distribution  of  Fig.  1(a). 

For  percolating  clusters,  several  effective-medium  cal¬ 
culations  have  been  carried  out.15  17  Hui  and  Stroud* 
have  shown  that  for  such  a  cluster,  the  surface-plasmon 
absorption  peak  will  be  strongly  broadened,  in  qualitative 
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agreement  with  our  numerical  simulation. 

At  least  two  explanations  seem  plausible  for  the  multi¬ 
ple  absorption  peaks  seen  in  the  case  of  the  ring-shaped 
clusters  [Figs.  1(e)- 1(g)].  In  the  case  of  the  simple  ring- 
shaped  clusters  (Fig.  1(e)],  one  possible  explanation  is 
that  the  double  absorption  peak  is  due  to  the  two  orienta¬ 
tions  of  the  ring  frame.  The  parts  of  the  frame  parallel  to 
the  external  field  produce  the  lower  peak,  while  those 
perpendicular  to  the  field  generate  the  upper  peak.  We 
have  attempted  to  check  this  analysis  by  moving  one  of 
the  ring  arms  far  from  the  remaining  three,  leaving  a  U- 
shaped  metal  particle  and  a  needle;  the  resulting  absorp¬ 
tion  spectrum  is  still  very  similar  to  that  of  Fig  3(e). 
This  picture  suggests  no  simple  explanation  for  the  struc¬ 
tures  seen  in  Figs.  3(f)  and  3(g).  Another  possibility  is 
suggested  by  considering  the  standard  electrostatic  prob¬ 
lem  of  a  sphere  with  multiple  alternating  coatings,  placed 
in  a  uniform  external  field.  If  the  innermost  sphere  has 
the  same  dielectric  constant  as  the  (insulating)  host  medi¬ 
um,  and  if  it  is  coated  by  alternate  layers  of  Drude  metal 
and  insulator  (all  of  equal  thickness),  so  that  there  are  an 
odd  number  (say,  In  + 1)  of  coating  layers  in  all,  then  it 
can  be  shown  that  the  composite  particle  exhibits  exactly 
2n+2  surface-plasmon  resonances.  If  we  view  the  two- 
dimensional  particles  of  Figs.  1(e)  and  1(f)  as  having  one 
and  three  layers,  respectively,  then  this  analysis  would 
predict  a  Drude  peak  split  into  two  and  four  subpeaks. 
The  two  peaks  are  indeed  clearly  visible.  The  geometry 
of  Fig.  1(f)  exhibits  only  three,  but  perhaps  two  of  the 
four  have  coalesced  into  a  single  peak,  given  the  rather 
substantial  damping  included  in  our  calculation. 

Note  that  all  the  results  described  in  this  paper  are  ob¬ 
tained  in  the  so-called  quasistatic  approximation,  in 
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which  it  is  assumed  that  Vx£=0,  £  being  the  eleciric 
field  In  some  granular  metals,  it  is  well  known6  thai 
magnetic  dipole  absorption,  which  is  absent  in  the  quasi- 
static  approximation,  can  greatly  enhance  far-infrared 
absorption.  This  absorption  would  have  to  be  added  to 
the  clustering  effects  considered  here,  to  obtain  a  com¬ 
plete  theory  in  the  far  infrared.  It  should  also  be  cm 
phasized  that  the  present  calculations  are  two  dimension¬ 
al  in  a  literal  sense,  and  thus  may  not  strictly  apply  to 
realistic  thin  granular  films.  In  the  experimental  case, 
electric  field  lines  may  not  be  confined  to  the  plane,  and 
thus  some  account  should  probably  be  taken  of  the 
‘'three-dimensional''  character  of  these  films. 

In  summary,  we  have  presented  an  efficient  method  for 
analyzing  the  effects  of  short-range  order  on  the  ac  prop¬ 
erties  of  composite  media  and  described  some  initial  re¬ 
sults  which  show  that  clustering  is  of  great  importance, 
both  in  the  far-infrared  and  in  the  optical  frequency 
ranges.  Although  our  method  is  applicable  thus  far  only 
in  two  dimensions,  the  Y-A  transformation  can  be  extend¬ 
ed  to  three  dimensions  also.  Thus,  the  present  method  is 
a  very  promising  tool  for  analyzing  the  ac  response  of  a 
variety  of  granular  materials.34 
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The  nonlinear  response  is  studied  in  a  percolating  network  of  superconductor  and  normal  con¬ 
ductor  with  nonlinear  l-V  characteristic  below  the  percolation  threshold  of  the  superconductor 
The  crossover  current  density  J i_.nl.  defined  as  the  current  density  at  which  the  linear  and  nonlinear 
responses  of  the  network  become  comparable,  is  found  to  have  a  power-law  dependence 
•Ji_.nl  ~(p<  ~p)H  as  the  percolation  threshold  is  approached  from  below.  With  use  of  a  model  of  the 
percolating  network  below  pc  analogous  to  the  nodes-links-blobs  picture,  H  is  found  to  be 
H  —vjid  — 1)  —  1,  where  vj  is  the  correlation -length  exponent  and  d  is  the  dimensionality  of  the  lat¬ 
tice. 


I.  INTRODUCTION 

The  subject  of  percolation  phenomena  has  attracted 
much  attention  over  the  past  decade.1,2  Studies  in  the 
geometric  aspects  of  percolating  systems,  for  example, 
has  led  to  the  use  of  the  idea  of  fractal  objects  in  physical 
systems.  Transport  properties  in  percolating  systems  are 
usually  studied  within  models  of  random  resistor  net¬ 
works.2  In  a  network  which  consists  of  randomly  occu¬ 
pied  normal  conducting  and  insulating  bonds  (N  /I  sys¬ 
tems),  the  network  conducts  only  above  the  percolation 
threshold  where  there  exists  a  connected  path  of  conduct¬ 
ing  bonds.  Similarly,  in  a  network  with  superconducting 
and  normal  conducting  or  insulating  bonds  iS/N  or  S/7 
systems),  the  network  becomes  superconducting  above 
the  percolation  threshold  of  the  superconducting  bonds. 
For  linear  /*  V  response  for  the  conducting  bonds,  one  can 
define  critical  exponent  t(s)  describing  the  divergence  of 
the  network  resistance  (conductance)  in  a  N /I  iS/N)  sys¬ 
tem  in  the  vicinity  of  the  threshold.  It  is  these  richnesses 
in  the  interplay  between  geometric  and  transport  proper¬ 
ties  that  have  led  to  a  deeper  understanding  of  the  phys¬ 
ics  in  macroscopic  disordered  systems. 

In  this  Brief  Report,  we  consider  the  geometrical 
effects  of  a  percolating  system  on  the  nonlinear  transport 
properties  in  a  superconductor- normal-conductor  non¬ 
linear  resistor  network.  Nonlinear  composite  systems 
have  recently  attracted  much  interest.3  Stroud  and  Hui 
studied  the  finite-frequency  nonlinear  dielectric  response 
of  a  mixture  of  nonlinear  dielectric  in  a  linear  host  in  the 
dilute  limit  of  nonlinear  constituent,  and  demonstrated 
the  relation  between  the  nonlinear-random-network  prob¬ 
lem  and  the  noise  problem  in  linear  random  network.4 
Zeng  et  al .5  proposed  a  general  effective-medium-type  ap¬ 
proximation  for  calculating  the  effective  nonlinear  sus¬ 
ceptibility  of  a  mixture  for  all  concentrations.  Recently, 
Blumenfeld  and  Bergman6  pointed  out  that  the  results  in 
Ref.  4  can  be  used  to  derive  a  characteristic  value  of  the 
current  at  which  the  nonlinear  and  nonlinear  responses  in 
a  N /l  mixture  become  comparable.  It  is  the  purpose  of 
this  paper  to  study  the  effects  of  percolation  on  the 
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effective  nonlinear  response  of  a  S/N  network  below  the 
percolation  threshold  of  the  superconductor. 

Below  the  percolation  threshold  pc,  the  conductivity  of 
the  whole  network  is  still  finite.  The  l-V  response  of  the 
network,  however,  is  nonlinear  due  to  the  nonlinearity  of 
the  individual  nonlinear  bonds.  We  define  a  crossover 
current  density  7L.NL  as  the  current  density  at  which  the 
linear  response  and  the  nonlinear  response  of  the  network 
become  comparable.  Using  a  picture  of  the  percolating 
network  below  pc  analogous  to  the  nodes-links-blobs  pic¬ 
ture  often  used  above  pc,  a  power-law  dependence  of 
•J l-nl  's  derived.  It  is  found  that,  near  the  percolation 
threshold,  yL.NL  ~<PC  ~p)H<  where  H  =  vd(d  - 1 )—  1, 
where  p  is  the  fraction  of  superconducting  bonds,  vd  is 
the  correlation-length  exponent  in  d  dimension,  and  d  is 
the  dimensionality.  This  result  shows  that  the  nonlinear 
response  of  the  network  becomes  more  pronounced  as  the 
threshold  is  approached  due  to  the  restricted  geometry  of 
the  path  through  which  current  flows  in  the  vicinity  of 
the  threshold. 

II.  DERIVATION 

We  consider  a  d-dimensional  hypercubic  lattice  with 
fraction  p  of  superconducting  bonds  and  fraction  1  —p  of 
normal  conducting  bonds.  Each  normal  bond  is  assumed 
to  have  identical  I-V  response  of  the  form 

v  —ri  +bia  (a  >  1 )  ,  (1) 

where  u  and  i  are  the  voltage  across  the  bond  and  the 
current  in  the  bond,  respectively.  The  second  term  in  Eq. 
(1)  represents  the  nonlinear  response  of  the  nonlinear  nor¬ 
mal  bond.  Response  of  the  form  Eq.  (1)  has  been  studied 
previously  in  a  N /I  mixture  and  also  in  the  finite- 
frequency  regime,4  7  although  most  studies  in  nonlinear 
percolating  systems  assumed  nonlinear  response  of  the 
form  without  the  linear  term  in  Eq.  (I).8  The  form  of  Eq. 
(1)  is  of  interest  because  most  materials  have  linear 
response  in  the  limit  of  small  current  and  become  non¬ 
linear  in  the  presence  of  large  current.  For  materials 
with  inversion  symmetry,  the  lowest  order  nonlinearity 
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refers  to  a  =  3. 

We  first  consider  the  case  of  a  full  lattice  of  nonlinear 
bonds.  Let  L  be  the  linear  dimension  of  the  lattice  and  a 
be  the  lattice  constant.  If  a  current  I  is  injected  into  the 
lattice,  the  voitage  V across  the  network  is  given  by 

l'  =rl/{L/a)d-i+b[I/{L/a)“-']a  ,  (2) 

as  I  /{L/a)d~l  is  the  current  in  each  path  connecting  the 
lattice  from  one  side  to  another  in  a  full  lattice.  The  in¬ 
jected  current  density  is  given  by  J  =  I /L d ~ 1 .  Let  -/°.NL 
be  the  current  density  at  which  the  linear  response  and 
the  nonlinear  response  in  Eq.  (2)  become  equal  in  magni¬ 
tude,  then  for  a  full  lattice 

JL.si^lr/b)'Aa~"a~id~"  ■  <3! 

As  more  and  more  normal  bonds  are  removed  and  re¬ 
placed  by  superconducting  bonds,  the  percolation  thresh¬ 
old  pc  of  the  superconductor  is  approached.  Below  pc, 
the  conductance  of  the  network  is  still  finite.  The  l-V 
characteristic  of  the  network  ts  nonlinear  due  to  the  as¬ 
sumed  nonlinearity  in  each  of  the  individual  normal 
bonds.  To  consider  the  percolation  effect  on  the  non¬ 
linear  response,  we  invoke  a  picture9  for  the  percolating 
S/N  network  similar  to  that  of  the  “nodes-links-blobs” 
picture  in  A'//  networks.10  For  p  Spc,  the  percolating 
material  (superconducting  clusters  in  this  ca^el  can  be  ap¬ 
proximated  by  an  array  of  nodes  separated  by  the  corre¬ 
lation  length  £.  Each  node  is  the  center  of  a  supercon¬ 
ducting  cluster  of  linear  size  of  order  f.  Adjacent  clus¬ 
ters  are  separated  by  a  thin  layer  of  normal  bonds.  At 
some  places,  there  is  only  one  normal  bond  separating  the 
superconducting  clusters.  These  bonds  are  the  “singly 
disconnected  bonds”  (SDB’s).  The  number  of  SDB’s 
diverges  as  (pc—p)~ 1  as  the  percolation  threshold  is  ap¬ 
proached  from  below.1011  This  picture  of  the  percolating 
network  below  pc  has  been  used  successfully  to  study  the 
problem  of  fluctuations  in  resistance,"  i.e.,  the  noise 
problem,  in  percolating  networks.  Also,  the  present  au¬ 
thor  and  co-workers  used  this  model  to  study  the 
nonuniversal  breakdown  behavior  in  superconducting 
and  dielectric  composites.12 

Using  this  model  of  percolating  systems  below  pc,  the 
nonlinearity  of  the  network  can  be  studied.  Let  /  be  the 
current  injected  into  the  lattice,  the  current  passes 
through  each  path  from  one  side  to  another  in  the  array 
of  superconducting  clusters  and  thin  layers  of  normal 
bonds  is  approximately  given  by  I AL/g)*~l,  as  there 
are  ( L  paths  assuming  a  regular  array.  Let  L,  be 

the  number  of  SDB's  in  the  thin  layer  separating  adjacent 
superconducting  clusters.  As  mentioned  above,  L, 
The  current  in  each  SDB  is  thus  given  by 
1=1  AL/g)d~xLt,  if  we  neglect  the  effects  of  multiply 
connected  regions,  i.e.,  places  where  adjacent  clusters  are 
separated  by  more  than  one  bond.13  The  voltage  V  across 
the  layer  of  normal  bonds  separating  two  adjacent  clus¬ 
ters  is  given  by 

d  —  ri+bia.  (4) 

The  voltage  V  across  the  system  is  then  given  by 


F  =(£./£« 


'5> 


due  to  the  assumed  geometry  of  the  percolating  network 
below  pc. 

Substituting  the  form  of  i  and  Eq.  (4),  Eq.  1 5 )  can  be 
rewritten  as 


;6l 


where  J=J/Ld~'  is  the  injected  current  density.  We 
define  the  crossover  current  density  ./l.Nl  as  the  current 
density  at  which  the  linear  and  nonlinear  terms  in  Eq.  (6) 
become  equal  in  magnitude.  Hence, 


^L-NL  ~ 


(7) 


The  correlation  length  £  diverges  as  £  — o(pf—  p)  ", 
where  \d  is  the  exponent  characterizing  the  divergence  in 
a  d-dimensional  system.  Substituting  this  result  and 
Z-i  ~(pc—p)-‘  into  Eq.  (7),  we  obtain 

•^L.NL=^tNL  lPc— P>W*  <®) 


with  the  exponent  H  given  by 


H  =  vd(d-  1)-I  .  (9) 

The  crossover  current  density  J L  NL  thus  decreases  to 
zero  following  a  power  law  as  the  percolation  threshold  is 
approached  from  below  and  H  is  the  exponent  character¬ 
izing  the  power-law  behavior.  Note  that  with  the  present 
model  for  the  percolating  network,  H  does  not  depend  on 
a,  i.e.,  the  crossover  current  density  behaviors  the  same 
way  independent  of  the  detail  of  the  nonlinear  behavior 
of  individual  normal  bonds. 


III.  DISCUSSION 

Near  the  percolation  threshold,  J i_.nl  vanishes  with  a 
power  law  with  exponent  H  =vd(d  —  1 )  —  1 .  To  show 
that  this  is  the  case,  we  use  the  standard  values  for  v"1’ 
which  give  H  =  \  and  0.76  for  d  =2  and  3,  respectively.16 
The  exponent  H  increases  as  dimensionality  increases  and 
takes  on  the  value  H  —  }  for  d  =6,  the  upper  critical  di¬ 
mension  of  percolation.  Hence,  H  >  0  for  all  d. 

The  result  Eqs.  (8)  and  (9)  implies  that  due  to  the  re¬ 
stricted  geometry  near  the  threshold,  the  nonlinear  be¬ 
havior  is  enhanced  relative  to  the  case  of  a  full  lattice  of 
nonlinear  bonds.  This  result  will  be  of  potential  practical 
use  because  such  percolating  S /N  composite  has  a  high 
conductance  and  yet  is  highly  nonlinear.  It  is  well  known 
that  the  system  of  N  /S  composites  can  be  related  to  a 
N  //  composite  if  the  dielectric  constants  are  considered 
instead  of  the  conductivities,  as  the  imaginary  part  of  the 
dielectric  function  of  a  normal  component  diverges  at  the 
low-frequency  limit  and  thus  plays  the  role  of  supercon¬ 
ductor  in  a  S/N  composite.17  Thus,  with  slight 
modification,  the  result  here  can  be  used  in  N /I  compos¬ 
ites  in  the  low-frequency  regime.  It  will  be  interesting  to 
see  if  other  methods  such  as  the  effective-  medium  ap- 
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proximation,5  real-space  renormalization  analysis,18  and 
computer  stimulations  give  similar  result  as  the  simple 
scaling  theory  presented  here. 
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We  show  that  an  n -doped  parabolic  quantum  well  absorbs  far  infrared  radiation  at  the  bare 
harmonic-oscillator  frequency  independently  of  the  electron-electron  interaction  and  the  num¬ 
ber  of  electrons  in  the  well.  In  the  presence  of  a  magnetic  field  tilted  with  respect  to  the  plane  of 
the  quantum  well,  we  find  that  the  cyclotron  resonance  becomes  coupled  to  this  o>o  frequency 
mode.  The  absorption  then  occurs  at  two  frequencies,  which  are  again  independent  of  the 
electron-electron  interaction  and  the  fractional  filling  of  ihe  well. 


Wide  parabolic  quantum  wells  have  been  proposed 1  “4 
as  structures  in  which  a  high-mobility  quasi-three- 
dimensional  electron  gas  can  be  realized.  A  parabolic  po¬ 
tential  of  width  W  and  height  A)  is  equivalent  to  the  po¬ 
tential  created  by  a  uniform  slab  of  positive  charge  with  a 
thickness  W  and  density  n0“2ed\/fV2e 2x,  where  e  is  the 
electron  charge  and  e  is  the  dielectric  constant  (taken  to 
be  constant  in  the  well).  Electrons,  which  arise  from 
donor  impurities  located  away  from  the  well,  enter  the 
well  and  screen  this  “fictitious”  potential,  forming  a  uni¬ 
form  layer  of  density  n o  (see  Fig.  I).  By  increasing  the 
number  of  electrons  per  unit  area  ns  between  zero  and 
n ofF,  the  thickness  of  the  electron  layer  will  increase 
linearly  between  zero  and  W,  and  a  thick  slab  of  electrons 
( >  2000  A)  can  be  achieved. 

These  wide  parabolic  quantum  wells  have  recently  been 
grown 2,3  by  tailoring  the  conduction-band  edge  of  a  grad¬ 
ed  Gai  -jAljAs  semiconductor,  and  magnetotransport  ex¬ 
periments  on  these  systems2-3  confirm  the  existence  of  a 
thick  slab  of  high-mobility  electron  gas.  In  addition  Kar- 
rai  el  a/.5  have  reported  measurements3  of  far-infrared 
magnetotransmission  in  these  parabolic  wells.  These  ex¬ 
periments  reveal  a  coupling  between  the  cyclotron  reso¬ 
nance  and  a  frequency  ftx,  as  the  magnetic  field  is  tilted 


z(A) 

FIG.  1.  Calculated  electron  density  profile  and  self-consistent 
potential  for  an  80%  full  Al,G»i  ~,As  parabolic  well  of  total 
width  4000  A.  (a)  Potential  for  the  empty  well,  (b)  Self- 
consistent  total  potential  in  the  Hartree  approximation,  (c) 
Self-consistent  charge  density  profile  as  obtained  in  the  Hartree 
approximation.  The  parameters  of  the  well  are  given  in  the 
figure. 


with  respect  to  the  electron-slab  plane.  The  experiments 
suggest  that  ftx  corresponds  to  the  plasma  frequency 
lnx“(4;wo*2/«w*)l/7]  of  a  three-dimensional  electron 
gas  of  density  no,  which  by  construction  is  equal  to  the 
frequency  of  the  bare  harmonic  oscillator  potential.  This 
frequency  (lx  is  very  different  from  the  energy  separation 
between  the  subbands  of  the  self-consistent  Hartree  po¬ 
tential.  Karrai  et  al. 5  therefore  conclude  that  the  three- 
dimensional  character  of  the  electron  gas  tends  to 
predominate  over  the  two-dimensional  properties.5 

In  this  paper  we  study  the  optical  absorption  of  an  n- 
doped  parabolic  quantum  well.  In  addition  we  investigate 
the  coupling  between  the  excitations  of  this  system  and 
the  cyclotron  energy  in  the  presence  of  a  magnetic  field 
which  is  tilted  with  respect  to  the  quantum-well  plane. 
We  find  that  in  the  ideal  parabolic  well  the  absorption 
spectrum  is  independent  of  the  electron-electron  interac¬ 
tion,  and  also  independent  of  the  number  of  electrons  in 
the  well. 

First,  in  the  absence  of  any  magnetic  field,  the  Hamil¬ 
tonian  of  our  system  (with  electrons  in  the  x-y  plane)  is 
given  within  the  effective-mass  approximation  by 

\  ,  N  N 

ff-rrl 'x  +p4  +PM ) + Z -—-z 2 + u ,  (I) 

2m*  (-1  i-i  2 

where  p<  and  ti  are  respectively  the  momentum  and  posi¬ 
tion  operators  of  the  ftb  particle,  m*  is  the  electron 
effective  mass  of  the  host  semiconductor,  a>o~(8A|/ 
W2m  * ) 1/2  is  the  bare  harmonic-oscillator  frequency  of 
the  parabolic  well,  and  U  is  the  interaction  between  elec¬ 
trons 

C/»  X  «(*■/”  tj). 

t<J 

We  define  raising  and  lowering  operators, 

c±*'Z,(m*moZi:tipi,,) .  (2) 

1 

It  then  follows  from  the  quadratic  form  of  the  man-made 
potential  that 

lH,c±i-±ha>0c±  .  (3) 

If  is  an  eigenstate  of  H  with  eigenenergy  £„,  Eq.  (3) 
implies 

Hc±VKmm(.±ha>o+El,)c±'¥H .  (4) 

Defining  it  is  clear  that  is  an  exact 

eigenstate  of  our  Hamiltonian  with  energy  E„±i~E„ 
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±  ho>o. 

When  the  system  is  placed  in  an  electric  field  E  applied 
in  the  z  direction,  the  following  term  must  be  added  to  the 
Hamiltonian: 

N  0  — imi 

H'~ZEe-iu,z,-E—m — (c  ++c~).  (5) 

(-1  2m  a>o 

This  perturbation  will  only  connect  the  state  'fyv  with  the 
states  ♦a-+i.  A  sharp  peak  in  the  absorption  spectra  is 
therefore  expected  at  the  frequency  o>o-  This  result  is  not 
affected  by  the  electron-electron  interaction  U.  The  para¬ 
bolic  well  consequently  absorbs  light  at  the  frequency  too 
independently  of  the  number  of  electrons  in  the  well.  We 
conclude  that  in  the  case  of  a  parabolic  quantum  well  the 
dielectric  function  diverges  at  the  bare  harmonic- 
oscillator  frequency  <uo.  and  not  at  the  frequencies  of  the 
intersubband  separation  obtained  in  a  Hartree  or  more  so¬ 
phisticated  calculation. 

The  bare  harmonic-oscillator  frequency  o»o  is  equal  by 
- - _j 


construction  to  the  plasma  frequency  of  a  three-dimen¬ 
sional  electron  gas  of  density  no-6  Therefore  the  appear¬ 
ance  in  optical-absorption  experiments  of  a  peak  at  this 
energy  does  not  imply  that  the  system  has  a  three- 
dimensional  behavior,  but  rather  that  the  bare  potential  is 
parabolic.  In  the  three-dimensional  limit  when  the  thick¬ 
ness  of  the  electron  slab  is  comparable  to  the  wavelength 
of  incoming  light  (frequency  o»o),  Eq,  (5)  is  no  longer  ade¬ 
quate  to  describe  the  interaction  of  the  light  with  the  sys¬ 
tem.  Retardation  effects1  must  be  taken  into  account.  In 
this  thick-slab  limit  the  peak  at  to o  in  the  light  absorption 
spectra  disappears  and  the  Drude-type  behavior  of  a  bulk 
three-dimensional  electron  gas  is  restored.8  However,  the 
experimental  samples  are  far  from  this  limit  and  Eq  (5) 
holds  to  a  good  approximation. 

Next  we  consider  the  optical  absorption  of  the  parabolic 
quantum  well  in  the  presence  of  a  magnetic  field 
B ~(5sin0,O,ff cosfl)  tilted  at  an  angle  8  with  respect  tc 
the  z  direction.  Choosing  the  gauge  A"*(0,xff  cosO  —  zB 
*sin0,O),  the  Hamiltonian  of  the  system  becomes 


i  N  N 

H  “■  —  ;£  Ip,*jc  +  fpi1>  +  (e£/c)(xcos0-zsin0)l2+p2j}  +  £  — ~ — z*+U . 

2m  i-i  ,-!  2 


(6) 


This  Hamiltonian  can  be  simplified  through  a  change  of  coordinates  x  — *  x'  and  z  — »  z’  corresponding  to  a  rotation  of  an¬ 
gle  a  with  respect  to  the  y  axis,910 


H 


- — 7  £  +ply  +/><y )  + 

2m  i—l 


»  N  N 

— —  £  (o>?x/2+ tolz!2)  +  U+t»c  £  tsin(a  —  8)z!pit,  +  cos(a  —  8)x,'pKy  ] . 


(7) 


The  rotation  angle  a  is  obtained  from 
<u2sin20 

tan(2o>* — r - r . 

0)c  cos20  —  tog 

The  frequencies  <ut,2  are 

<»t,2®[f  («u2+®^)±  }  (o>c+oti  —  2toja>?cos20)l/2] 1/2 , 


(8) 

(9) 


and  o»c  ~eB/m*c  is  the  cyclotron  frequency.  Defining  the 
raising  and  lowering  operators 


tv 

e£ 

r-i 


m*to\xi 


(oe 

■  ipty+ - cos(a  -  0)p,. 

0>| 


N 

S£ 

/— i 


m  ®  to 1  +  ipi.x'i — -  sin  (a  —  8)piti 
to  2 


(10) 


it  follows  from  Eq.  (7)  that 

1^,6*  1-0, 

t H,a  *  1  «■  ±  ±  ,  (11) 

l H,b  ±J  “  ±  ha>ib  ±  . 

If  is  an  eigenstate  of  H  with  eigenvalue  then 
Ha  *  ¥„„,,,-(  ±  fiwi+£,,.Bj)fl 

(12) 

Hb  fio>2+ )6 

Defining  ±  ±  and  i  **  we 

see  that  ±  i,Bj  and  i  are  both  exact  eigenstates 

with  energies  ±  ±  hmt  and 

±  ha>2,  respectively.  When  illuminated  with  long  wave- 


I - - — - - - 

length  light,  polarized  in  the  z  direction  (x  direction),  the 
optical  absorption  of  the  parabolic  well  will  present  two 
peaks  at  at/  and  o>2  with  intensities  proportional  to  sin3a 
(cos2a)  and  cos2a  (sin2a),  respectively.  Once  again  this 
result  is  independent  of  the  electron-electron  interaction 
and  is  a  direct  consequence  of  the  parabolic  form  of  the 
bare  quantum-well  potential.  If  the  term  corresponding  to 
the  parabolic  well  is  dropped  from  the  Harm’tcnian  roua- 
tion  (6),  then  a>i  a>2“0  and  we  recover  the  Kohn  re¬ 
sult"  that  the  cyclotron  resonance  toc  in  a  bulk  three- 
dimensional  gas  is  not  affected  by  the  electron-electron  in¬ 
teraction  U. 

In  the  experimental  samples  the  width  of  the  parabolic 
well  is  finite,  and  the  well  is  confined  by  an  additional  bar¬ 
rier  (see  Fig.  1).  This  extra  confinement  will  not  affect 
our  results  as  long  as  the  number  of  electrons  in  the  well  is 
small  enough  so  that  the  self-consistent  chaTge-density 
profile  remains  essentially  unchanged.  We  have  checked 
this  numerically  in  the  case  of  no  magnetic  field  by  calcu¬ 
lating  the  dynamical  conductivity12,13  for  the  potential 
profile  shown  in  Fig.  I.  For  a  density  of  electrons  per  unit 
area  ns  bigger  than  0.9WHO,  we  find  that  small  satellites 
appear  in  the  optical  absorption  close  to  too-  Of  course, 
impurities  or  other  imperfections  in  the  well  can  lead  to 
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additional  absorption  even  at  smaller  values  of  n s.  Varia¬ 
tion  of  m*  across  the  parabolic  well  will  abc  give  correc¬ 
tions  to  these  results. 

In  conclusion,  we  have  shown  that  an  ideal  parabolic 
well  absorbs  light  at  the  bare  harmonic-oscillator  frequen¬ 
cy  ) 1/2  independently  of  the  electron- 

electron  interaction.  In  addition,  the  presence  of  a  tilted 
magnetic  field  couples  the  cyclotron  frequency  with  o>o 
and  not  with  the  frequency  corresponding  to  the  self- 
consistent  intersubband  separation. 
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Abstract.  A  simple,  non-variahonal  approach  for  calculating  exciton  binding  energies  in 
superlattices  is  developed.  The  approach  is  sufficiently  versatile  that  it  applies  in  the  limits 
of  strongly  coupled  and  isolated  quantum  wells,  and  in  the  presence  of  external  fields. 
Excellent  agreement  is  obtained  with  experimental  btndtngenergies  in  CaAs/GaAlAs  using 
only  bulk  k  -  p  parameters  as  input. 

Many  experimental  and  theoretical  studies  have  been  reported  of  excitons  in  single 
quantum  wells  [1].  Increasing  attention  is  now  being  paid  to  the  properties  of  excitons 
in  superlatttces  with  finite  barrier  thicknesses  [2-5],  such  that  the  exciton  can  spread 
over  several  superlattice  periods.  In  particular,  experimental  values  of  superlattice 
exciton  binding  energies  both  with  [2]  and  without  [3]  external  electric  fields  have 
recently  been  reported.  Theoretical  studies  of  excitons  in  superlat  ices  have  however 
primarily  utilised  variational  ‘particle-in-a-box’  approaches  or  the  computationally 
intensive  *-space  sampling  technique  of  Chu  and  Chang  (6). 

In  this  letter  we  present  a  simple  and  versatile  non-variational  approach  for  cal¬ 
culating  superlattice  binding  energies  based  on  the  crystal  coordinate  representation 
(ccr)  using  a  basis  consisting  of  superlattice  Wannier  functions.  The  formalism  under¬ 
lying  the  present  approach  exploits  the  3D  superlattice  periodicity,  as  in  the  case  of  the 
one-electron  f-sum  rule  [7],  and  is  applicable  to  semiconductor  superlattices  (types  I,  II 
and  III)  with  arbitrary  layer  widths.  The  exciton  equation  in  the  ccr  representation 
yields  a  id  tight-binding  equation  involving  the  growth  axis.  An  approximate  solution 
yields  excellent  agreement  with  recently  measured  binding  energies  in  GaAs/GaAlAs 
superlattices  as  a  function  of  (i)  layer  widths  spanning  the  range  from  strongly  coupled 
to  isolated  quantum  wells  {3]  and  (ii)  electric  field  strength  (2).  Preliminary  results  from 
this  work  have  been  briefly  reported  (8).  The  effects  of  other  (e.g.  magnetic)  fields  will 
be  considered  in  a  future  publication  (9J. 

The  eigenstates  of  the  superlattice  single-particle  Hamiltonian  H5L  are  defined  for 
band  L  at  wavevector  K  by 

Hsl\LK)  =  El{K)\LK).  (1) 

As  in  the  bulk,  the  superlattice  Wannier  function  at  superlattice  lattice  vector  R  = 
( X ,  Y ,  Z)  is  defined  as 

(r[iJ?)  =  (£2/8jt3  ) 1/2  j  dKe-'K  K(,r\LK)  (2) 

where  Q  is  the  normalisation  volume.  The  superlattice  growth  (1)  axis  is  taken  to  be 
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the  2  axis  while  the  in-plane  (||)  directions  are  described  by  A'  and  Y.  The  superlattice 
period  in  the  1  (H)  direction  is  d  (a),  where  d  is  typically  of  the  order  of  100  A  while  a  - 
6  A.  The  superlattice  Wannier  function  will  have  a  spatial  extent  of  the  order  of  d  (a)  in 
the  l  (||)  direction  [9], 

The  many-body  Hamiltonian  is  given  by 

ff=  2  HSL(r,)  +  X  v(r,  -  r,)  (3) 

■  />. 

where  the  latter  term  is  the  Coulomb  interaction.  We  are  only  interested  in  electron- 
hole  excitations  and  expand  the  exciton  wavefunction  in  a  basis  of  tw  o-particle  Wanmer 
states  \LR  +  R'.L'R')  each  consisting  of  a  symmetrised  product  of  electron  (holes 
Wannier  functions  [  10]  for  band  L  (L')  centred  at  R  +  R‘  (/?').  To  simplify  notation  we 
only  consider  two  superlattice  bands  although  the  formalism  can  be  easily  generalised. 
The  total  exciton  state  at  zero  exciton  wavevector  (i.e.  the  optically  active  exciton) 
can  be  written  [10]  as 

|V)  =  (Q/8*3)1'*  X  U(R)’2\LR'  +  R:L'R’)  (4) 

x  r 

where  U(R)  is  the  exciton  ccr  wavefunction.  The  sum  over  R'  includes  all  two-particle 
states  with  a  given  electron-hole  separation  R  while  the  sum  over  R  accounts  for  all 
possible  electron-hole  separations.  Evaluating  the  many-body  Hamiltonian  of  (3)  in  the 
two-particle  basis  leads  to  a  set  of  difference  equations  [10] 

S((Q/8zr3)  j  d Ke*  <*-K  )(EL(K)  -  EL  {K))]u(R')  -  V(R)U(R)  =  EU(R).  (5) 

Here  E  is  the  excitation  energy  of  the  superlattice  and  V(/f)  is  the  direct  Coulomb  term 
[11]  given  by 


V(R)=  [  [|(fe  |£>R)|2  “7  - - :|<rh|L’0>|2dredrh  (6) 

JJ  eke-  Hi  I 

where  rt  (rh)  defines  the  electron  (hole)  coordinates  and  e  is  the  static  dielectric  constant . 
To  evaluate  (5)  for  the  superlattices  of  inteiest.  we  write 

El{K )  -  EL  (K)  =  ^  +  Et  -  £  2W(n){zQs(nKLd)  -  1)  (7) 

a«l 

where  pj  is  the  parallel  reduced  mass  and  £,  is  the  K  =  0  gap  between  bands  L  and  L'. 
The  parabolic  approximation  has  been  made  in  the  parallel  direction.  The  expansion 
of  the  perpendicular  dispersion  as  a  cosine  series  with  coefficients  W(n)  exploits  the 
approximate  inversion  symmetry  of  superlattice  energy  bands  under  KL  — ►  -KL.  The 
equivalent  of  the  effective  mass  approximation  is  then  made  in  the  parallel  direction 
where  the  exciton  radius  (typically  100  A  in  the  bulk  semiconductors  of  interest)  is  much 
greater  than  the  underlying  superlattice  unit  cell  size  (a  =  6  A).  The  lattice  vector 
coordinates  X ,  Y  can  therefore  be  treated  as  continuous  variables.  Notice  that  the 
effective  mass  approximation  cannot  be  made  in  the  growth  direction  since  d  is  of  the 


2101 


ID* 

Letter  to  the  Editor 

order  of  the  exciton  radius.  Using  (7)  and  the  above  approximations,  equation  (5)  yields 
a  set  of  coupled  differential  equations 

7^  (jx>  +  dp)  ~  V(X'  Y'id)]U{X'  Y'ld)  ■  2  W  Y •  o  +  n)d) 

+  U(X,  Y.  (/  -  /!)</))  =  (e  -  2  2W(n)'jU(X.  Y.jd)  (8) 

where  e  =  (E  -  £,)  represents  the  exciton  binding  energy.  The  two  possible  cases  of 

(8)  are  as  follows. 

(i)  W(n)  =  0  in  (8)  for  all  n.  which  is  characteristic  of  a  thick  barrier  limit  in  which 
the  electron  and  hole  cannot  tunnel  between  adjacent  wells.  Equation  (8)  becomes 

[“  (jjp  +  ^i)  -  V(X.  Y.jd)]u ?(*,  Y.jd)  =  ef-WX.  Y.jd)  (9) 

which  yields  the  mth  (excited  state )  exciton  solution  for  a  given  electron-hole  separation 
of  /periods.  The  corresponding  binding  energies  e°m  for  a  given  /  are  analogous  to  the 
energy  levels  of  a  hydrogenic  atom.  For  convenience  we  can  represent  the  eigenstate  of 

(9)  for  a  given  /  and  m  in  terms  of  an  orthonormal  basis  { *x.Y.,d }  corresponding  to  the 
superlattice  lattice  points;  hence 

VST*  2  UZ(X.Y.rd)6„ex.Y,ld. 

V.  Y.j’ 

(ii)  W(/i)  0;  here  the  exciton  is  characterised  by  a  distribution  of  /s.  The  eigenstate 

of  (8)  can  therefore  be  represented  as 


j.m 

It  then  follows  formally  from  (8)  that  [9] 

X 

2[(e/°-m-ir+  2  2W(i»)W«. 

I.m  L  \  r%  m  \  / 


(10) 


x 

-  2  V^'m(n)fi/vs  „}c?  -  0  (11) 

m  -  l  J 


where 


=  W(n)  j  f  dXdr(l/m  Y,/'d))*Uo(X,  Y,jd). 

Equation  (1 1 )  is  identical  to  a  id  tight-binding  equation  where  ef  m  is  the  on-site  energy 
at  site  /  .and  Wfim{n)  is  the  hopping  term.  Equation  (11)  is  the  main  result  of  the 
formalism  for  the  zero-held  binding  energy  e  and  is  applicable  to  superlattices  of  arbitrary 
width. 

We  now  solve  (11)  approximately  to  compare  with  the  experimental  results  for 
GaAs/GaAlAs  [3],  Only  the  nearest-neighbour  hopping  W^>(1)  will  be  retained  since 
we  are  mostly  interested  in  superlattices  with  barrier  thicknesses  greater  than  30  A.  In 
order  to  obtain  values  of  e°  m ,  the  potential  function  V(X,  Y,jd)  needs  to  be  specified 
(see  (6)).  Explicit  forms  for  the  electron  and  hole  Wannier  functions  «rej£Jf>  and 
<rh|L’0)  respectively)  must  therefore  be  used.  Since  the  electron-hole  Coulomb  inter¬ 
action  is  slowly  varying  on  the  atomic  scale  a.  the  rapidly  varying  portion  of  the  super- 
lattice  Wannier  functions  in  (6)  can  be  integrated  out  [9],  leaving  an  envelope  function 
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Figure  1.  Binding  energies  of  the  heavy-hole 
(ci-HHi)  exciton  versus  superlattice  period  d 
for  (d/2)  GaAs/(d/2)  Ga^AlojAs.  Full  curve: 
present  theory;  experimental  points:  from  [3], 
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Figure  2.  Experimental  |2j  and  theoretical  exciton 
binding  energies  for  the  40  A  GaAs/40  A 
GaouAlojsAs  superlattice  versus  electric  field 
strength  F.  Binding  energies  of  the  he«vy-hole 
(ci-hhi)  exciton  are  shown  by  the  full  curve 
(theory)  and  full  circles  (experiment ).  Light-hole 
(Ci-lhi)  exciton  binding  energies  are  shown  by 
the  broken  curve  (theory)  and  open  circles  (ex¬ 
periment) 


modulation  of  each  Wannier  function  on  the  scale  of  d  (a)  in  the  J.  (||)  direction.  We 
then  assume  for  simplicity  that  the  charge  distribution  associated  with  the  electron  (hole) 
Wannier  function  is  well  described  by  a  uniformly  charged  rod  of  X-Y  cross  section 
equal  to  a  x  a  and  length  lt  (/h),  where  lt  (/h)  corresponds  to  the  spatial  extent  of  the 
electron  (hole)  Wannier  function  in  the  growth  direction.  We  take  /e  (/h)  to  be  equal  to 
the  well  width  plus  twice  the  electron  (hole)  envelope  function  decay  length  in  the  barrier 
layers.  This  simplification  leads  to  an  analytic  expression  for  V(AT,  Y,  jd).  The  resulting 
nearest-neighbour  tight-binding  equation  is  then  easily  solved.  Values  of  the  electron 
and  hole  bandwidths  and  the  superlattice  in-plane  masses  [12]  are  obtained  using  the 
envelope  function  approach  of  [7]  which  accounts  for  valence-band  mixing.  The  bulk 
k  •  p  input  parameters  for  GaAlAs  are  the  same  as  in  [7]. 

Figure  1  compares  the  experimental  [3]  and  present  theoretical  binding  energies  for 
Is  excitons  formed  from  the  lowest  conduction  band  ci  and  the  topmost  valence  band 
hhi  in  the  (d/2)  Ga  As/(d/2)  Gao  7A1o  jAs  superlattice  at  low  temperature.  The  excellent 
agreement  between  theory  and  experiment  implies  that  the  simplifying  assumptions 
made  in  the  previous  paragraph  are  reasonable.  For  small  d ,  the  superlattice  exciton 
binding  energy  is  nearly  equal  to  that  of  the  bulk  alloy  Gao  ssAlo  ijAs  chosen  to  have  the 
same  A!  concentration  as  the  superiattice.  The  exciton  ccr  wavefunction  U{X,  Y,  jd)  is 
non-zero  over  many  superiattice  periods  in  this  regime.  An  increase  in  d  implies  an 
increase  in  the  barrier  thickness  for  holes  and  electrons.  As  a  result  the  total  electron- 
hole  bandwidth  given  by  4W(1)  decreases,  and  the  binding  energy  increases.  For 
d  >  140  A,  W(1 )  is  zero;  hence  the  electron  and  hole  are  localised  in  the  same  layer.  The 
superiattice  exciton  binding  energy  becomes  equal  to  the  value  for  a  single  quantum 
well  which  gradually  decreases  as  d  increases  [13]. 
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The  presence  of  a  finite  electric  field  F  along  the  growth  direction  adds 

-eF'Z  2, 

t 
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to  the  total  exciton  Hamiltonian  (3).  A  term  eFjd  consequently  appears  in  the  ccr 
exciton  equation,  and  corresponds  to  intra-sub-band  transitions  induced  by  the  electric 
field.  Contributions  arising  from  inter-sub-band  transitions  are  neglected.  The  effect  of 
the  electric  field  on  the  zero-wavevector  exetton  energy  spectrum  is  then  described  in 
the  present  theory  by 


z  x 

sf  (e°"'-eFjd-e  +  2  2W(n)k,  6mm  -  2  W?;m(n)<5,(._  Jc,"  =  0. 

(."1^  ri*  1  '  n  -  l  J 


(12) 


In  the  zero-field  limit ,  ( 12)  is  identical  to  ( 1 1 ).  In  the  absence  of  the  Coulomb  interaction , 
e°  m  =  0  and  (12)  leads  to  the  formation  of  a  Stark  ladder  (14). 

Figure  2  compares  the  experimental  (2)  and  theoretical  exciton  binding  energies  for 
the  40  A  GaAs/40  A  Ga^  65A1o  jjAs  superlattice  as  a  function  of  increasing  electric  field 
F.  The  heavy-hole  (ci-hhi)  and  light-hole  (ci-lhi)  binding  energies  shown  correspond 
to  the  intra-well  exciton,  which  is  characterised  by  the  electron  and  hole  becoming 
localised  in  the  same  well  at  high  electric  fields.  The  total  bandwidth  of  the  electron  and 
heavy  hole  (41V(1))  is  15  meV  while  that  of  the  electron  and  light  hole  is  28  me  V.  At  low 
fields  the  exciton  binding  energy  tends  to  the  zero-field  result  (cf  figure  1 ).  As  Fincreases 
the  binding  energy  increases  due  to  the  enhanced  electron  and  hole  localisation  associ¬ 
ated  with  the  formation  of  the  Stark  ladder  (14).  At  high  fields  {eFd  *>  4W(l))  the  exciton 
binding  energies  become  those  of  an  isolated  quantum  well  of  width  40  A.  The  reason 
that  the  theoretical  binding  energies  lie  below  the  experimental  values  at  high  fields  is 
most  likely  due  to  the  neglect  of  inter-sub-band  transitions  and  tunnelling  effects. 
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Electronic  and  optical  properties  of  III-V  and  II-VI  semiconductor  superlattices 
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Division  of  Applied  Sciences.  Harvard  University,  Cambridge,  Massachusetts  02138 
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The  electronic  structure  and  optical  properties  of  IH-V  and  II-VI  semiconductor  superlattices  are 
treated  theoretically  using  a  superlattice-representation  formalism.  The  band  structure  is  obtained 
from  superlattice  K-p  theory.  The  theory  is  based  on  closed  analytic  calculations  of  the  superlattice 
states  at  wave  vector  K=0  and  the  envelope-function  approach.  The  known  parameter  of  the  bulk 
constituents  represent  the  only  input.  The  electron  effective  masses  and  gaps  of  GaAs/Gai_,AL  As 
(type  I),  InAs/GaSb  (type  II),  and  HgTe/CdTe  (type  III)  are  investigated  for  a  wide  range  of  layer 
widths  using  the  recently  deduced  large  valence-band  offset  of  HgTe/CdTe.  The  behavior  of  the 
masses  is  also  discussed  in  terms  of  the  /-sum  rule.  The  calculated  fundamental  absorption 
coefficients  for  InAs/GaSb  and  HgTe/CdTe  are  in  excellent  agreement  with  experimental  data. 

The  intersubband  absorption  between  the  lowest  two  superlattice  conduction  bands  is  investigated. 

In  the  thick-barrier  limit  of  GaAs/Ga,-^  Al,As  the  absorption  can  be  larger  than  the  fundamental 
absorption  and  as  narrow  as  a  laser  linewidth.  In  the  thin-bamer  limit  the  absorption  is  smaller  and 
broader,  as  illustrated  for  In,Ga,  As/In,  Al,-,  As. 


I.  INTRODUCTION 

This  paper  presents  a  detailed  treatment  of  the  elec¬ 
tronic  structure  and  optical  properties  of  III-V  and  II-VI 
semiconductor  superlattices  (SL’s)  based  on  and  extend¬ 
ing  previous  brief  publications. 1-3  The  present  theoreti¬ 
cal  approach  describes  the  superlattice  as  a  perfectly 
periodic  system  within  the  envelope-function  approxima¬ 
tion.4-5  The  standard  formalism  for  bulk  periodic  solids, 
including  K-p  theory,  is  then  directly  applicable.  The 
only  input  parameters  for  the  theory  are  those  of  the  bulk 
materials  involved  in  the  superlattice.  This  approach  has 
previously  been  used  (i)  to  extend  the  well-known  bulk  /- 
sum  rule  to  superlattices, 1  (ii)  to  predict  large  intersub¬ 
band  optical  absorption  between  the  lowest  two  superlat¬ 
tice  conduction  bands,2  and  (iii)  to  propose  a  resolution 
of  the  valence-band  offset  controversy  in  HgTe/CdTe 
SL’s. 3  The  results  presented  in  this  paper  exhibit  the  ex¬ 
cellent  agreement  obtained  between  the  experimental 
values  of  quantities  such  as  the  fundamental  absorption 
coefficients  for  InAs/GaSb  and  HgTe/Hg,_^CdxTe  and 
the  results  obtained  using  this  theoretical  approach. 

The  present  approach,  described  in  Sec.  II,  is  easy  to 
implement  without  large  scale  computation  and  yields  re¬ 
liable  results  for  superlattice  properties  (e.g.,  effective 
masses)  both  perpendicular  and  parallel  to  the  planes  in 
the  energy  region  of  interest.  The  superlattice  states  at 
superlattice  wave  vector  K=0  are  first  expressed  in  terms 
of  known  bulk  k-p  parameters  using  the  envelope- 
function  approach  and  a  modified  bulk  Kane  model  as  in¬ 
put.  The  adequacy  of  this  limited-basis  k-p  model  has  re¬ 
cently  been  verified  by  comparison  with  the  state-of-the- 
art  extended-basis  model  of  McGill  and  co-workers.6 
The  K^O  masses  can  then  be  obtained  analytically  using 
the  /-sum  rule.1  Superlattice  K-p  theory  is  employed  to 
yield  the  SL  band  structure  at  finite  K.  The  optical  prop¬ 
erties  are  then  obtained  from  knowledge  of  the  finite  K 
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electronic  properties. 

Sections  III  and  IV  present  a  quantitative  comparison 
of  the  electronic  and  optical  properties  of  several  techno¬ 
logically  important  SL’s.  Section  III  A  describes  the  lay¬ 
er  width  dependencies  of  the  SL  electron  mass  and  gap  in 
GaAs/Ga,_x  AIxAs  (type  I),  InAs/GaSb  (type  II),  and 
HgTe/CdTe  (type  III).  The  behavior  of  the  masses  is 
then  discussed  in  terms  of  the  /-sum  rule  for  the 
InAs/GaSb  SL  (Sec.  IIIB),  which  is  of  theoretical  in¬ 
terest  because  the  electron  and  hole  wave  functions  are 
concentrated  in  separate  layers.  Section  IIIC  compares 
the  band  structures  of  the  three  SL’s. 

The  discussion  of  optical  properties  in  Sec.  IV  is  essen¬ 
tially  self-contained.  The  primary  motivation  for  study¬ 
ing  HgTe/CdTe,  and  to  a  lesser  extent  InAs/GaSb,  is  for 
use  in  infrared  detectors.  This  application  makes  use  of 
fundamental  SL  absorption  in  the  10-jzm  range.  The 
present  theory  yields  fundamental  absorption  coefficients 
in  excellent  agreement  with  experimental  data7,8  for  both 
HgTe/Hg|_xCdxTe  and  InAs/GaSb  (Sec.  IV  A).  The 
type-I  SL’s  considered  here  have  been  recently  proposed 
for  use  in  optoelectronics  owing  to  the  large  intersubband 
oscillator  strength  between  the  lowest  two  SL  conduction 
bands.  Cl  and  C2. 2,-12  In  particular,  the  Cl— <-C2  ab¬ 
sorption  in  GaAs/Gai_x AlxAs  with  thick  Ga,_xAltAs 
barriers  has  been  suggested  for  use  in  carrier-activated 
light  modulation  in  the  10-jzm  range.2  The  correspond¬ 
ing  absorption  coefficient  is  shown  here  to  be  sharply 
peaked  with  magnitude  ~  104  cm"1  (Sec.  IV B).  In  the 
thin-barrier  SL  limit  the  absorption  coefficient  is  predict¬ 
ed  to  be  broader  and  smaller  (  —  10J  cm  " 1 ),  as  illustrated 
in  Sec.  IVB  for  IntGa,_x As/In1.Al1_rAs. 

II.  FORMALISM 

The  Hamiltonian  in  an  A  / B  superlattice  is  given  by 

„2  f. 

H(t\=  f~  +  F(i-H-— ^-r(oxVK(r)]-p  (1) 

2m  4  mV 
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where  V(t)  is  the  microscopic  SL  potential,  p  is  the 
momentum  operator,  and  the  last  term  describes  the 
spin-orbit  coupling.  The  SL  wave  function  at  SL  wave 
vector  K  in  band  L  satisfies 

//(r)(r|LK)=£i(K)<r|LK>  <21 

where  EL( K)  is  the  corresponding  energy.  The  z  for  1) 
axis  is  chosen  as  the  SL  growth  direction  with  z  =  0 
defined  as  the  center  of  a  given  layer  of  material  A.  For 
lattice-matched  SL’s  having  the  xy  interface  plane  coin¬ 
cident  with  a  crystal  plane,  K  =  (kx,ky,K  2)  =  (K.,K  2) 
where  kx  and  ky  are  bulk  wave  vectors. 

We  employ  the  envelope-function  approach5  to  express 
SL  quantities  in  terms  of  bulk  electronic  structure  param¬ 
eters.  The  envelope-function  expansion  is  given  by 

<r|£K>  =  ^FJL.K-.rKrlnO)  (3) 

n 

where  (rinO)  is  the  bulk  Bloch  function  for  band  n  at 
k=0  in  either  material  A  or  B  and  £„(£, K;r)  is  the  en¬ 
velope  function.  For  the  well-lattice-matched  SL’s  con¬ 
sidered  here,  <  r |n0 )  may  be  assumed  to  be  the  same  in  A 
and  B.  This  assumption  is  justified  here  by  the  similarity 
of  the  bulk  pseudopotentials  and  momentum-matrix  ele¬ 
ments  for  the  A  and  B  bulk  materials  under  considera¬ 
tion.513  The  envelope  function  Fn(L, K;r)  is  taken  to  be 
slowly  varying  on  the  scale  of  the  bulk  unit-cell  size,  and 
can  therefore  be  cell  averaged.  This  approximation  to¬ 
gether  with  the  substitution  of  Eq.  (3)  into  Eq.  U)  yields  a 
multiband  effective-mass-like  Hamiltonian 

H\?B){kx,ky,kl-+~i(b/b2)W(L,YL-,t) 

~£t(K)F(L,K;r)  (4) 

governing  the  envelope  functions  at  r  in  a  layer  of  materi¬ 
al  A  ( B ).  The  matrix  HkA'fB)( k)  is  the  general  k  p  matrix 
for  bulk  A  (B)  material  and  F(L,K;r)  is  a  column  vector 
with  components  £„(L, K;r).  The  boundary  conditions 
for  F(L,K;r),  to  be  specified  explicitly  later,  are  obtained 
by  integrating  Eq.  (4)  across  an  interface,  and  are  con¬ 
sistent  with  continuity  of  the  cell-averaged  current. 14 


The  bulk  momentum-matrix  elements  of  HAfBl( k)  con¬ 
tain  the  effects  of  the  rapidly  varying  (rmO)’s. 

The  envelope-function  equation  [Eq.  14)]  is  truncated 
here  to  a  limited  number  of  bulk  bands  by  using  the 
specific  form  of  k)  corresponding  to  the  modified 

Kane  model13  including  fintte-spin-orbu  splitting.15  A 
finite  bulk  heavy-hole  mass  is  obtained  though  inclusion 
of  remote  band  effects  via  perturbation  theory.  The  eight 
bulk  k  =  0  basis  states  (r« 0)  being  considered  are 
defined  in  Table  1  in  terms  of  the  states  S  ),  ,*  >,  Y ), 
and  I Z  )  using  the  notation  of  Ref.  13.  The  correspond¬ 
ing  k  =  0  energies  £„(0I  in  material  A  are  also  given. 
Each  (r!«0)  can  be  characterized  by  i J,Mj )  as  shown  in 
Table  I,  where  Mj  is  the  z  component  of  the  total  angular 
momentum  J. 13 

The  SL  states  at  K  =  (0,0,X\)  can  be  labeled  by  Mj 
which  remains  a  good  quantum  number. 5  Specifically 
Mj  —  ±\  for  the  light  particle  SL  states,  and  for 

the  heavy-hole  SL  states.  The  resulting  8X8  matrix 
equation  obtained  from  Eq.  (4)  at  K  =  (0,0,*,1  consists 
of  two  equivalent  4X4  blocks  corresponding  to  positive 
and  negative  Mj  values,  respectively.  Table  !I  shows  the 
4X4  block  corresponding  to  positive  Md  (i.e.,  A/,  =  -4-i 
and  +  j).  The  4X4  block  corresponding  to  negative  Mj 
can  be  obtained  from  Table  II  by  replacing  F ,  by  F2,  Fy 
by  £4,  £s  by  £fc,  and  F7  by  F%.  Each  £„  is  independent 
of  x  and  y.  The  Kane-matnx  element 
P  ~—iv'2/3(S\pt\Z  >  which  appears  in  Table  II  is  de¬ 
duced  from  experimental  bulk  masses  and  gaps.  The 
function  mHH(z)  corresponds  to  the  bulk  heavy-hole 
mass  when  z  is  in  material  A  or  B,  respectively. 

The  quantities  Vr Jz),  and  are  set  equal  to 

zero  in  material  A.  They  are  given  in  material  B  by  the 
differences  Vr_,  and  Vr*  between  the  corresponding 
bulk  band  edges  of  material  A  and  B  as  shown  in  Fig.  1 . 
The  quantities  mHH(z),  Vr  (z),  Kr  'z),  and  VT  (z)  are  as- 
sumed  to  change  abruptly  at  an  interface  on  the  macro¬ 
scopic  length  scale  of  the  SL  period. 

The  coupied  differential  equations  for  F„(L,Kl;z  1  in 
Table  II  can  be  rewritten  equivalently  as 


TABLE  I.  Bulk  modified  Kane  model  k=0  states  inO),  energies  E„ (0)  in  material  A.  and  angular 
momentum  labels  I  J,Mj)  for  Ts,  T ,,  and  Tg  bulk  band  edges,  using  the  notation  of  Refs.  5  and  13.  The 
origin  of  energy  is  defined  as  the  T t  edge.  The  bulk  band  gap  and  spin-orbit  splitting  in  bulk  A  material 
are  E„  and  A  A,  respectively. 


n  :|n0) 

EJO) 

J.Mj  ) 

r* 

l:|St> 

0 

4-+i> 

2:|St> 

0 

!W> 

r, 

3:v'2/3IZT>-i/776|*+iT1> 

-ea 

if.  +  p 

4:1/273121  >  +  v^T76l*-,TT  ) 

~Ea 

12  —  X  ) 

5VUHX+m) 

-e4 

6:l/l/2|*-iTl> 

-Ea 

IW> 

r, 

7:’/TT3|Z  T  >  + 1/7731*  +  (Ti  > 

-E4-\a 

|i,  +  }> 

8:i/l/3|Zl  >  —  i/773l*  —  iTt ) 

-Ea-Aa 

iw> 

Hd/dz).  The  K.  =  (0,0,Ki )  superlattice  energy  is  defined  as  ELiK , ). 
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-£BnUELWi))-£AJz,EL(Kl))+V„(2) 


Fn(L,K ,\z)  =  El(K ,)Fn{L,K l;z)  . 


(5) 


The  coefficients  A„(z,EL(E1)),  B„{z,EL{Ki )),  and  F„(z> 
are  summarized  in  Table  III  for  n=l,...,8.16  The 
specific  forms  of  the  envelope-function  boundary  condi¬ 
tions  resulting  from  integration  of  Eq,  (4)  or  Eq.  (5) 
across  an  interface  are  obtained  by  requiring  continuity 
of 

Bn(z,EL{Kl  ))-f  An{z,EL{KL  ))Fn(L,K  L;z) 
az 

and 


A'^E^KtHFJL.K^z)  . 

With  these  boundary  conditions  Eq.  (5)  can  be  solved 
analytically  at  K=0. 

The  K  =  0  SL  states  given  by  <r|L,0> 
=  F„(L,0;z)<r|fl0}  have  either  even  (P=  +)  or  odd 

iP  =  —  )  parity  under  r— *  —  r  within  the  present  model. 
Therefore  ( r|£,0>  can  be  labeled  by  parity  P  =  ±  in  ad¬ 
dition  to  Mj.  Table  IV  gives  the  analytic  expressions  for 
the  nonvanishing  F„(L,0;z)’s  corresponding  to  <r|L,0)’s 
with  parity  P  and  positive  Mj  in  an  A  /B  SL  with  layer 
widths  lA,lB  and  period  d. 17  Discontinuities  in  the  en¬ 
velope  functions  arise  due  to  the  truncated  basis  set. 6,14 
The  F„' s  for  the  — Af,  SL  states  can  be  obtained  from 
those  of  the  +Afj  states  by  interchanging  F,«-*F2, 
Fj«-*F4,  Fs*-*F6,  and  F7«-*Fg.  The  bulk  k  -0  Bloch 
functions  ( r|nO>  for  n—  I  and  2  transform  like  atomic  s 
functions  under  operations  of  the  tetrahedral  group, 
while  the  <  r|«0)’s  for  n  =3, ....  8  transform  like  atomic 


p  functions.  Therefore  for  <riL,0)'s  with  the 

nonvanishing  F„(L,0;z)’s  in  Table  IV  are  even  (odd!  for 
n— 1,2  and  odd  (even)  for  n  =3, ....  8,  respectively.  An¬ 
alytic  expressions  for  EL( 0)  appear  in  Ref.  5.  The  quan¬ 
tities  kA  and  kB  appearing  in  the  expressions  for  the  light 
particle  (heavy-hole)  SL  states  in  Table  IV,  are  bulk  wave 
vectors  for  the  bulk  light  particle  (heavy-hole)  bands  at 
energy  EL( 0)  in  materials  A  and  B,  respectively. 5  Figure 
1  indicates  k  A  and  kB  for  the  case  where  L  is  a  light  par¬ 
ticle  SL  band. 

The  superlattice  band  structure  Ft(K)  for  K^O  can 
now  be  obtained  using  SL  K-p  theory.  Writing 

<riX.,K)=  2£ctv.(K)e‘,CT(riAr'0)  (6) 

.v 

the  SL  K-p  equation  for  SL  band  L  at  wave  vector  K  be¬ 
comes 


2 

N 


£v<0)  + 


2m 


■El{  K) 


A  +  **.P 
O.VAT+  p 
m 


NS’ 


cLNXK)~0  (7) 

• 

where  PV/V.=  OVOipjlV'O)  is  the  SL  momentum-matrix 
element  at  K=0.  Equation  (7)  may  be  used  to  derive  the 
/-sum  rule,  which  yields  the  SL  effective  masses  mL  for 
band  L  at  K=0: 


2  n-L  - 

V 

iL'*L) 


(8) 


E(k>  E(k) 


Here 

_  2  l<L,0lpo|L',0>l2  {2/m)\PZL.\2 

fvL  m  El(Q)-ElXQ)  “  ikE^X  0) 

is  the  oscillator  strength,  {2/m)\P°v  |J 
=  (2/m)KL,0|pa|L',0>|2  is  an  energy  associated  with 
the  magnitude  of  the  K=0  momentum-matrix  element, 
and  a  =  l  (z)  or  ||  (x ,y).  The  /-sum  rule  is  also  useful  for 
discussing  SL  optical  properties.  The  SL  matrix  elements 
appearing  in  Eqs.  (7)  and  (8)  are  given  by1 

< L,0\pxiy)\L',0)='Zanr,XL,L,)p;:? ’  ,  (10) 

nn' 

<L,0|pjL',0>  =  2k(U'fr  +  n,(L,L’)Jm.] , 

ini' 

(in 


FIG.  1.  Relative  bulk  band  alignments  of  the  rt,  r7,  and  Fg 
edges  in  materials  A  and  B  defining  Vr  ,  Kr  ,  and  Vr  ,  respec- 
tively.  The  complex  band  structure  associated  with  the  bulk  B 
band  gap  is  shown  dashed,  and  the  maximum  of  the  imaginary 
part  of  the  bulk  wave  vector  “Max  Im(k)“  is  indicated.  k  A  ( kB  ) 
is  the  magnitude  of  the  bulk  wave  vector  along  the  growth  axis 
at  energy  £^(0)  in  bulk  material  A  (B). 


where  p„„  =<n0ip|n'0>  is  the  bulk  momentum-matrix 
element,  and 


<W(L,L')  = 


1 

d 


XF’(I,0;:IF,.(i  ,G,z)  , 


(12) 


no 


41 


ELECTRONIC  AND  OPTICAL  PROPERTIES  OF  III-V  AND  .  . 


*  1 


o 

■J 


•Ji 


■4*1 

1 

T3 

■o 


o 

w 

*! 


c  « 

*  r 
c  A 


5  w 
_  u 

3<* 


i 


£ 

I 

c 


JS 

T3 

I 

CQ 


a 


JS  i 


*o 

c 

A 


o 
> 
A 
* 
Jf 

a"! 


v» 


'5  ®.  £ 

“  o  r™ 


2  c 
~  « 


=  O 


o  2 


*■  % 
.a 

^  r; 

a  l 


*  1 
I  5 


UJ 

03 

< 


•?  I 

So  O 
e 

"  “5 

o  g 

C  o 
u  s 

i  "8 

E  | 

C  V 
U 

N  .£ 
V  ~ 

-  >j 


?  i 

JS  s 1 

—  « 


4- 


4| 

I 


;Sw 
-  !  i 
^  ‘ 


l 

s 

UJ 

+ 

< 

T 

Uj 


*53 

I 


•* 

vi 

O 


UJ 

+ 

T 


o»  «* 

\  c 
«*»  'S 


1  I* 


•* 

c 


uj 


•a 

VJ 

O 


o 

4 


4 


+ 

II 

£ 


+ 

tl 

CL 


I 

^T 

<N 

I 

<3 

<N 
+ 

r~t 
+ 

o  3J 

—  « 


fej 
i m 

C*  l«N 


7,  j  B 

T 

>- 

I 


C 


~  UJ 

S  tsr 

u?  > 


>t 

< 

cm 

+ 

UJ 

n 

+ 

© 

UJ 


N 

© 

•J 


\ 

“55 


VJ 

o 


"55 

I 


*53 

I 


i 

o 

•4 

UJ 

+ 

<3 

+ 


-J 


i  ^ 

CM  CM 


.  *» 

•*  CM 
C  \ 

•*>  1'35  ^ 

f  >  T 


3k 

o 

U! 

+ 

T 


I 


<s> 


«* 

C 


,2. 
>-  PM 


o 

4 


o 

4 


4- 

II 

£ 


I 

II 

CL 


:3k 

i  i 


CM  C4 


■* 

s 


~  h] 


'C 


o 

4 


\ 

"53 

I 

N 


I 


UJ 


o 

4 


+ 

II 


II 

a. 


I! 

Ij 

|| 

ii 

J I 

ii 


o 


N 

O 

4 

uT 


*^|<N 

+ 

II 

5 


ill 

ft.  it 


36J9 


3660 


JOHNSON,  EHRENRE1CH,  HUI,  AND  YOUNG 


41 


XF;(t,0;z)p/„(I',0;zl  .  (13) 

The  selection  rules  within  the  modified  Kane  model  are 
(L,0|pJ(x)tL',0)  =0  unless  (i)  0(±1),  and  (ii) 

|L,0>  and  |L',0>  have  different  parities. 

For  the  SL's  considered  here,  the  ann-(L,L')p*n ■  terms 
dominate  over  the  fI„(Z,,Z.')  terms  in  { L,0\pz\L\0 >. 
Therefore  the  Kronig-Penney  model  is  inadequate  for  cal¬ 
culating  SL  momentum-matrix  elements  since  that  model 
only  contains  II  terms.  It  can  be  shown1418  that  for 
type-I  SL*s  such  as  QaAs/Ga^Al^As  having  a  gap 
much  larger  than  the  conduction-  and  valence-band 
offsets, 

(L,Q\pz\L\0)~im/m*)nn(L,L'\  n=l,2  (14) 

where  L  =CT,C3, . . . ,  L'  =  C2,C4, . .  . ,  and  m  *  is  the 
bulk  electron  mass.  (Cl  is  the  lowest  SL  conduction 
band.)  The  effect  of  n„(L,L')  in  Eq.  (11)  is  therefore 
smaller  by  about  m  /m*  than  the  first  term.  In  the  bulk 
limit  (i.e.,  lA  or  /B— * 0)  the  F„’s  for  C2  become  sine  or 
cosine  waves  with  period  d  while  the  F„' s  for  Cl  become 
constant.  The  a  and  II  integrals  for  L  =C1  and  L’  =  C 2 
vanish  and  ( Cl,0|p|C2,0)  is  therefore  zero.  This  be¬ 
havior  is  consistent  with  that  of  a  bulk  intraband  transi¬ 
tion  which  vanishes  in  the  absence  of  scattering.  In  a  su¬ 
perlattice,  the  barrier  layer  supplies  crystal  momentum  in 
the  1  (z)  direction.  Hence  <Cl,0|pz|C2,0>  will  be  larger 
than  <Cl,0|pJC2,0>. 

III.  ELECTRONIC  PROPERTIES 

The  three  types  of  superlattice  (SL)  being  considered 
are  shown  in  Fig.  2.  The  relative  alignments  of  the  T6 
and  T 8  bulk  band  edges  are  shown  for  type-I 
(GaAs/Gai_z  A1tAs),  type-II  (InAs/GaSb),  and  type-III 
(HgTe/CdTe)  A  /B  superlattices.  A  is  the  valence-band 


FIG.  2.  Schematic  band  alignments  for  the  three  types  of  su¬ 
perlattice.  The  electron  well  associated  with  the  T6 
conduction-band  maximum  (solid  line)  and  the  inverted  hole 
well  associated  with  the  T8  valence-band  maximum  (dashed 
line)  are  shown.  The  electron  and  hole  envelope  functions  are 
shown  schematically  for  a  type-11  superlattice,  where  the  two 
are  concentrated  in  adjacent  layers.  A  is  the  valence-band 
offset. 


offset.  Although  the  SL  electron  and  hole  states  contain 
both  r6  and  T8  components,  the  solid  line  ( F6)  can  be  as¬ 
sociated  roughly  with  the  quantum  well  appropriate  to 
electrons,  and  the  dashed  line  ( Tg )  with  that  appropriate 
to  holes.  As  indicated  by  the  sketched  envelope  func¬ 
tions,  the  electron  and  hole  in  type-II  SL’s  are  therefore 
concentrated  in  layers  A  and  B,  respectively.  By  contrast 
both  electron  and  hole  are  concentrated  in  layer  A  in 
type-I  and  -III  SL’s.  The  spectral  limit  theorem M  implies 
that  a  positive  SL  gap  always  exists  in  type-I  SL  since 
there  is  a  gap  region  common  to  both  materials  A  and  B. 
For  type-II  and  -III  SL’s  the  gap  may  be  zero. 

Table  V  gives  the  bulk  k-p  parameters  and  valence- 
band  offsets  A  used  as  input  to  the  envelope-function 
equations  [Eq.  (5)].  A  is  taken  as  350  meV  for 
HgTe/CdTe  (Ref.  3)  in  contrast  to  our  previous  zero 
offset  analysis. 1  Although  the  qualitative  features  of  Fig. 
3  in  Ref.  1  are  unchanged,  m1  in  the  HgTe/CdTe  SL  is 


TABLE  V.  Bulk  k-p  parameters  and  valence-band  offsets  (A)  used  as  input  to  the  superlattice  envelope-function  equations. 
w*<whh  >  is  the  bulk  electron  (heavy-hole)  mass.  £(!"<,),  £(rT),  and  EtTg)  are  the  energies  of  the  Te,  I~7,  and  Tg  edges,  respectively. 


Type  I 

Type  II 

Type  III 

GaAs 

Gao.7Alo.lAS1 

Ino.53Gao.47As  Ino  52AI0.48AS 

InAs  GaSb 

HgTeb  CdTeb 

(A) 

(B) 

(A)  (B) 

(A)  (B) 

(A)  (B) 

T=  0  K 

r=60  K 

r=o  k 

r=o  k 

£(r*)-£(r,)  (eV) 

1.52' 

1.98 

0.76d 

1.47d 

0.42' 

0.81' 

-0.30 

1.60 

£<r»)-Efr7>  (eV) 

0.34' 

0.32 

0.35* 

0.32* 

0.38' 

0.75' 

1.0 

0.90 

A  (eV) 

0.1 38f 

0.1 6d 

0.57' 

0.35 

m*/m0 

0.067* 

0.084 

0.042d 

0.075d 

0.022 

0.042* 

0.031 

0.11 

Whh  /mo 

0.7* 

0.7 

0.5* 

0.5* 

0.4' 

0.4' 

0.7 

0.7 

■Virtual  crystal  alloy  values. 

^Reference  3. 

‘Reference  13. 
dReference  10. 

'Reference  20. 

r70:30  conduction-band:valence-band  ratio  (Ref.  21). 
Reference  22. 


4) 


ELECTRONIC  AND  OPTICAL  PROPERTIES  OF  III-V  AND  .  .  . 


3661 


roughly  twice  as  large  for  A  =  350  meV  than  for  A=0 
while  m  and  £|L  both  tend  to  be  slightly  smaller. 

A.  K  =  0  gaps  and  masses 

Figure  3  shows  the  SL  band  gap  £gL  and  the  K  =  0  Cl 
electron  masses  m  ,  (solid  line),  m  (short-dashed  line)  as 
functions  of  layer  width.  The  behavior  can  be  under¬ 
stood  qualitatively  by  considering  the  quantum  well  (QW) 


FIG.  3.  Superlattice  gap  Exl  and  the  K=0  Cl  electron 
masses  mL  (solid  line),  m.  (short-dashed  line)  as  functions  of 
layer  widths  l4,  lB  in  (a)  GaAs/Ga,,  7AI0  jAs,  (b)  InAs/GaSb. 
and  (c)  HgTe/CdTe.  The  locus  of  £„SL  =  0  is  indicated  by  a 
long-dashed  line  for  InAs/GaSb  and  HgTe/CdTe.  VCA  masses 
and  gaps  for  the  alloy  A,B^,  with  x  =IA  /d  are  shown  by  dot¬ 
ted  lines. 


and  homogeneous  virtual  crystal  alloy  (VCA)  limits  (dot¬ 
ted  lines).  The  behavior  of  the  effective  masses  will  be 
discussed  again  in  Sec.  Ill  B  on  the  basis  of  the  /-sum 
rule. 

The  QW  picture  is  appropriate  in  the  thick-barrier  lim¬ 
it  where  m  ,  is  large.  The  SL  band  gap  £*L  is  then  deter- 
mined  by  the  kinetic  energies  of  confinement  of  the  elec¬ 
trons  and  holes  in  their  respective  wells.  In  the  QW  pic¬ 
ture,  the  energies  of  the  electrons  and  holes  are  more  sen¬ 
sitive  to  their  respective  well  widths  than  the  correspond¬ 
ing  barrier  widths.  Furthermore,  because  of  its  lighter 
bulk  mass,  the  electron  confinement  energy  is  more  sensi¬ 
tive  to  the  electron  well  width  than  the  hole  energy  is  to 
the  model  well  width. 

The  VCA  picture  is  appropriate  in  the  thin-barrier  SL 
limit  where  the  envelope-function  decay  length  in  the 
barrier  is  much  greater  than  the  barrier  thickness.  In  this 
limit  the  A  /B  SL  is  expected  to  behave  like  a  homogene¬ 
ous  alloy  AXB^X  where  x  =  IA  / d  is  the  concentration  of 
material  A  assumed  to  be  uniformly  dispersed 
throughout  the  sample.  The  VCA  picture  predicts  that 
m,.  and  will  be  equal  and  follow  £|L  as  in  the  bulk. 

For  fixed  barrier  width  /P  in  each  SL  system,  £gSL  de¬ 
creases  as  lA  increases,  due  ;o  a  reduction  in  the  QW 
electron  kinetic  energy  of  confinement.  In 
GaAs/Ga,_xAlxAs  [Fig.  3(a)]  £gL  tends  to  the  bulk 
GaAs  gap  with  increasing  lA.  Figure  2,  on  the  other 
hand,  suggests  that  in  InAs/GaSb  [Fig.  3(b)]  and 
HgTe/CdTe  [Fig.  3(c)]  the  gap  £gSL  becomes  zero  for 
large  lA  because  the  decreasing  electron  confinement  en¬ 
ergy  causes  the  electron  energy  level  to  fall  below  that  of 
the  hole  level.  In  the  VCA  picture  an  increase  in  lA  is 
equivalent  to  an  increase  in  x.  Since  the  bulk  A  gap  is 
less  than  that  of  bulk  B,  the  VCA  gap  also  decreases. 
The  variation  of  the  VCA  gap  for  GaAs/Ga^Al^As 
and  HgTe/CdTe  using  x  =  lA/d  is  shown  by  the  dotted 
line  in  Fig.  3. 23  As  expected  the  VCA  gap  agrees  well 
with  EgL  for  thin  barriers  lB. 

In  GaAs/Ga^jA/ As  and  HgTe/CdTe,  £gSL  increases 
with  increasing  barrier  thickness  lB  at  fixed  1 A  and  satu¬ 
rates  at  the  isolated  quantum-well  value.  For  InAs/GaSb 
the  confinement  energy  of  the  electron  increases  as  lB  be¬ 
comes  larger,  but  the  hole  confinement  energy  decreases. 
Hence  £g  may  increase  or  decrease  with  increasing  lB 
depending  on  whether  the  electron  or  hole  energy  shift 
dominates. 

Figure  3  shows  that  m  „ ,  indicated  by  the  short -dashed 
line,  decreases  somewhat  with  increasing  /  A  in 
GaAs/Ga,_x Alj As  and  HgTe/CdTe  for  fixed  lB.  This 
corresponds  to  the  expected  bulklike  behavior  for  which 
EgL~m,t.  In  HgTe/CdTe  m„  becomes  zero  for 
sufficiently  large  I A  as  indicated  by  the  long-dashed  line 
in  Fig.  3(c).  As  lA  is  increased  further,  m .  actually  be¬ 
comes  nonzero  once  more.  A  detailed  account  of  the  be¬ 
havior  of  mlt  and  £gL  for  HgTe/CdTe  in  this  layer  width 
regime  is  given  in  Ref.  3.  The  VCA  masses,  shown  by  a 
dotted  line,  agree  well  with  mi  for  thin  barriers  lB.  As 
shown  in  Fig.  3(b),  m,.  in  InAs/GaSb  exhibits  a  peak  at 
IA  =25  A  for  GaSb  widths  greater  than  40  A.  The  corre¬ 
sponding  electron  energy  level  coincides  with  the  max- 
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imum  imaginary  wave  vector  in  the  bulk  GaSb  gap  [see 
the  cross  labeling  “Max  lm(/c)”  in  Fig.  1].  The  decay 
length  of  the  electron  wave  function  in  GaSb  is  therefore 
a  minimum,  and  the  electron  is  maximally  confined  to  the 
InAs  layer.  As  a  result  the  in-plane  SL  mass  m  resem¬ 
bles  the  bulk  InAs  electron  mass  m  *nAs(£cl(0) )  at  a  finite 
energy  £C)(0)  corresponding  to  the  electron  confinement 
energy  above  the  InAs  conduction-band  edge.  However 
the  1 4  — >-0  limit  of  m,  is  given  by  the  bulk  GaSb  electron 
mass  mQ3Sb(0'  which  is  smaller  than  m  *nAs  ( £r ,  ( 0 ) )  due 
to  the  large  conduction-band  nonparabolicity  in  bulk 
InAs.  This  effect  gives  rise  to  a  peak  inm  . 24 

Turning  now  to  the  case  where  lA  is  fixed  and  lB  is 
varying,  we  see  that  the  behavior  of  m  in  all  three  SL 
systems  is  again  similar  to  that  of  £*L  as  described  above. 

Figure  3(a)  shows  that  in  GaAs/Ga,  AlAs  in¬ 
creases  with  lA  at  fixed  lB.  The  electron  energy  is 
lowered  and  as  a  result  the  effective  barrier  height  is  in¬ 
creased.  and  the  tunneling  probability  is  decreased.  As 
indicated  in  Figs.  3(b)  and  3(c)  mL  in  InAs/GaSb  and 
HgTe/CdTe  exhibits  a  peak  which  occurs  at  the  value  of 
lA  for  which  the  electron  decay  length  in  layer  £  is  a 
minimum.  The  corresponding  tunneling  probability- 
through  layer  B  is  therefore  a  minimum.25 

Finally  for  fixed  lA,m,  increases  with  increasing  bar¬ 
rier  thickness  lB  in  all  the  materials  due  to  a  decrease  in 
tunneling  probability. 

B.  /-sum  rule 

The  behavior  of  m,  and  m,}  of  SL  band  Cl  at  K=0 
can  also  be  understood  in  terms  of  the  /-sum  rule,  Eq.  (8), 


with  flL  given  by  Eq.  (9).  Type-1  SL’s  have  already  been 
discussed  in  Ref.  1.  We  focus  here  on  the  somewhat 
more  complicated  type-II  case,  InAs/GaSb.  for  which 
the  electron  and  hole  envelope  functions  are  confined  in 
separate  layers.  Figure  4  shows  the  variation  of  Et  '0), 
(2/m)!££cl  2.  and  /£C1  ia  =  i,|!)  for  L  =C 2.  Cl.  HH1, 
and  LH1  (where  HH  denotes  heavy  hole  and  LH  denotes 
light  hole)  as  a  function  of  well  and  barrier  widths  for 
InAs/GaSb.  Three  typical  sets  of  layer  widths  <60  A/40 
A,  40  A/40  A  and  40  A/60  A)  are  considered  to  illus¬ 
trate  the  behavior.  The  (40  A  InAs)/(40  A  GaSbi  SL  is 
used  as  a  reference.  The  /-sum  rule  contributions  to  Cl 
from  bands  other  than  those  given  above  are  also  listed, 
as  are  the  values  of  m,  and  m  obtained  from  Eq.  (8).  As 
shown  by  sketches  for  the  (40  A  lnAs)/(40  A  GaSb)  SL. 
the  £„(L,0;2)’s  are  concentrated  in  InAs  (layer  A  )  for  the 
electron  states  (C1.C2)  and  in  GaSb  (layer  B)  for  the 
hole  states  (HH1,  LH1).  The  rs  (VB)  edge  of  GaSb  is 
taken  to  be  the  zero  of  energy. 

We  first  focus  on  C2  and  Cl.  The  Cl— C2  properties 
of  InAs/GaSb  are  representative  of  those  of  type-I  and 
type-III  SL‘s.  As  indicated  by  the  upward  arrow  in  the 
C2  column,  increasing  1 4  (the  electron  well  width)  from 
40  to  60  A  at  fixed  lB=  40  A  causes  £c:( 0)  to  decrease 
from  0.67  to  0.42  eV,  and  £C1< 0)  to  decrease  from 
0.16  to  0.052  eV  due  to  a  reduction  in  the  electron 
confinement  energy.  Hence  the  energy  difference 
A£c2.ci(0)==£c2<°)~£ci(0>  decreases.  The  energy- 
12 /m)|Pc2.ct  i1  =  12//n)KC2,0!ptiCl,0>!2  decreases 
from  4.9  to  4.5  eV  as  I A  increases  since  (2/m)IP,~,  Cl  2 
vanishes  in  the  bulk  limit  of  pure  A  material.  However, 


FIG.  4.  Energies  £t(0),  (2/m)|P£[£i  |I=(2/mll(Z.,0l^1I,,|Cl,0)l2,  and^  oscillator  strengths  flx\  for  lA  InAs//*  GaSb  superlat¬ 
tice.  Results  are  given  for  three  sets  of  layer  widths:  60  A/40  A,  40  A/40  A.  and  40  A/60  A.  The  upward  and  downward  arrows  in¬ 
dicate  increasing  InAs  UA )  and  GaSb  (/#)  width,  respectively.  Dominant  envelope  functions  are  shown  for  the  important  K  =0  su- 
perlattice  states  L  = Cl.  Cl,  HH1,  and  LH1  in  the  (40  A  InAs)/(40  A  GaSb)  superlattice.  The  total  contribution  from  other  superlat¬ 
tice  bands  is  also  listed.  Superlattice  masses  are  calculated  using  the  /-sum  rule  Eq.  (8). 
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fci.c i  increases  in  magnitude  (from  —  9.6  to  —12)  be¬ 
cause  of  the  dominating  variation  of  the  energy  denomi¬ 
nator. 

Along  the  same  lines,  as  indicated  by  the  downward  ar¬ 
row  in  the  C2  column,  increasing  lB  (the  electron  barrier) 
from  40  to  60  A  at  fixed  lA  =40  A  causes  A£C2 1-,<0)  to 
decrease.  This  change  is  small  because  the  electron  ener¬ 
gies  are  insensitive  to  lB  for  sufficiently  thick  barriers. 
The  energy  (2/m  >lPc2.ci  increases  from  4.9  to  7.1  as  iB 
increases  because  the  deviation  from  bulk  A  behavior  be¬ 
comes  larger.  Alternatively,  the  increase  in 
{2/m)\Pc2X\l2  can  be  viewed  as  resulting  from  the  in¬ 
creased  effectiveness  of  the  barriers  in  supplying  crystal 
momentum.  The  net  result  is  an  increase  in  the  magni¬ 
tude  of  fci.c i  from  —9.6  to  —15.  The  quantities 
(2/m)i/>c2.cri'  and  fci.c l  are  negligible  since  the  paral¬ 
lel  direction  is  essentially  bulklike.  We  note  in  passing 
that  a  (40  A  GaAsi/(40  A  Ga(  Al*  As)  SL  has  a  smaller 
energy  (2/m )\Pci.c\  '2  (=l-5  eV)  associated  with  the 
C1-C2  matrix  element1  than  (40  A  InAs)/l40  A  GaSb)  be¬ 
cause  InAs,  where  the  Cl— -C2  transition  occurs,  is  far 
more  nonparabolic  than  its  GaAs  counterpart. 

There  are  several  differences  between  the  intersubband 
Cl— »C2  and  valence-conduction-band  VB— >C1  proper¬ 
ties  (where  VB  =  HH1,LH1)  of  InAs/GaSb.  In  contrast 
to  the  electron  energies  £c,(0)  and  EC2( 0),  the  hole  energy 
£vb( 0)  is  more  sensitive  to  lB  than  iA  for  large  lB,  since 
the  hole  is  located  in  the  B  layer.  Furthermore,  the  ener¬ 
gies  (2/mK/>vB.,C1  P  — (2/m)K VB,0|/?1((,)!C1,0>|2  are 
small  compared  to  the  bulk  VB— *CB  value  of  15  eV  since 
the  electron  and  hole  are  in  adjacent  layers.  (Recall  that 
(2/m  I2  is  smaller  because  of  its  intraband  charac¬ 

ter.)  The  oscillator  strength  fvl'.Ci  can  however  still  be 
appreciable  since  A£C1  Vb(0)  =  £a(0)  £Vb(0>  is  also 

small.  The  quantity  / hH1,C(  vanishes  because  of  the 
selection  rules  mentioned  in  Sec.  II. 

Unlike  (2/m)\P^2,c)  2  which  increases  as  lB  increases, 
ti  e  energies  ( 2  /m ) | P 1 decrease  as  either  1 4  or  lB  is 
made  larger.  Specifically,  for  fixed  l A  =40  A,  increasing 
lg  from  40  to  60  A  causes  both  the  electron  and  hole  bar¬ 
riers  to  become  more  effective  since  the  electron  barrier 
thickness  and  the  effective  hole  barrier  height  increase. 
As  a  result  the  electron-hole  overlap  is  reduced.  The  de¬ 
cease  in  (2/m )|£vb!ci  f  as  ^  a  is  increased  for  fixed 
lB  =40  A  can  be  understood  using  a  similar  argument.  In 
this  case  the  hole  barrier  thickness  and  the  effective  elec¬ 
tron  barrier  heigi<’  increase. 

In  contrast  to  lype-I  SL’s  (Ref.  1)  the  values  of  ml 
shown  in  Fig.  4  are  small  and  comparable  to  the  VCA 
mass  (see  Fig.  3(b)]  despite  the  fact  that  fci.c\  *s  lar8«- 
Furthermore  the  contributions  to  the  /-sum  rule  from 
HH1  and  LH1  are  small.  The  contributions  from  the  ex¬ 
cited  hole  states  are  therefore  important  as  indicated  in 
the  column  "Other  Bands.”  For  type-II  SL,  excited  hole 
states  near  the  top  of  the  ( Tg)  hole  well  can  leak  into  lay¬ 
er  A  thereby  increasing  the  electron-hole  overlap  which 
leads  to  an  appreciable  contribution  to  the  /-sum  rule. 

C.  Finite  K  properties 

The  results  for  the  SL  energies  and  matrix  elements  at 
K  =0  can  be  used  to  obtain  the  band  structure  £t(K)  for 


K^O  by  diagonalizing  the  SL  Kp  matrix  in  Eq.  (7).  The 
SL  matrix  elements  ( LyK\pL\K)  for  finite 

K  are  then  calculated  using  the  relationship  P/r(K) 
=  2mm  c*M(K)ct  si  (KXMOip  AfO>,  which  follows 
from  Eq.  (6).  The  resulting  SL  properties  are  illus¬ 
trated  in  Fig.  5  which  shows  ££(K>  and 
(2/m)iPii(K)!2  =  (2/m):<L,K;p  \L‘,K)  :2  for  (190  A 
GaAs)/(200  A  Ga0  75A10  25As),  (37  A  lnAs/37  A  GaSb), 
and  (58  A  HgTe/42  A  Hg0  ,5Cd0  g5Tei  along  the  K  and 
Kl  directions.  Both  £^ ( K )  and  (2/m)|Pir(K)l:  are  in¬ 
dependent  of  the  direction  of  K  within  the  present  mod¬ 
el. 

The  valence-band  structure  calculated  by  Chang  and 
Schulman26  utilizing  an  elaborate  tight-binding  approach, 
which  has  been  widely  used,  is  shown  by  the  dashed  line 
for  the  GaAs/Ga,_,  Al*As  SL.  The  agreement  with  the 
present  results  is  good  for  both  the  band  structure  and 
matrix  elements  even  though  only  eight  L,0)'s  were  ex¬ 
plicitly  included  in  the  SL  Kp  matrix  of  Eq.  (7),  all  other 
L,0)’s  lying  in  the  energy  range  from  —2  to  2  eV  being 
treated  perturbatively.  Sixteen  :£,0)‘s  were  explicitly  in¬ 
cluded  in  Eq.  (7)  in  the  cases  of  the  InAs/GaSb  and 
HgTe/Hg,_ tCdtTe  SL’s  in  order  to  facilitate  the  calcu¬ 
lation  of  optical  properties,  to  be  discussed  in  Sec.  IV, 
over  a  wider  energy  range. 

The  Cl  energy  band  for  K,  =0,  given  by  £<-,(£  ),  is 
reasonably  parabolic  in  the  K,  direction  for  each  of  the 
three  SL’s.  However,  the  topmost  valence  bands  show 
large  nonparabolicity  beyond  n/d  as  a  result  of  hybridi¬ 
zation.  The  relative  ordering  of  the  LH1  and  HH2  bands 
for  each  SL  depends  on  the  particular  choice  of  SL  layer 
widths.  At  K=0  HH1  and  LH1  are  repelled  strongly  by 
Cl  in  the  K„  direction.  The  repulsion  between  LH1  and 
HH2  is  also  appreciable  since  the  bands  are  close  in  ener¬ 
gy.  LH 1  therefore  bends  upward  in  the  parallel  direction 
for  the  InAs/GaSb  SL  due  to  the  ordering  of  the 
LH1  and  HH2  bands  but  bends  down  for  the 
GaAs/Ga,_, Al, As  and  HgTe/Hg, _xCd,Te  SL’s.  At 
finite  K  in  the  three  SL’s,  the  HHl  band  contains  a 
|C!,0>  component  to  first  order  in  the  K  p  interaction, 
and  hence  indirectly  acquires  a  |LH1,0)  component  to 
second  order  in  the  K  p  interaction.  This  leads  to  an  an¬ 
ticrossing  of  HHl  and  HH2  in  the  GaAs/Gai.^AljAs 
SL  and  the  HgTe/Hg)  ^^Cd^Te  SL  at  finite  K.  .  In  the 
InAs/GaSb  SL  the  anticrossing  involves  LH1  and  HHl. 
The  HH3  band  is  flat  in  the  parallel  direction  for  the 
GaAs/Ga,.,  Alj  As  SL  since  HH3  is  not  included  in  the 
more  limited  set  used  for  this  SL. 

The  energies  (2/m)IP|i(K)l2 

=(2/m)KL,Klpl,!£',K>l2  shown  in  Fig.  5  are  relevant 
to  the  calculation  of  fundamental  optical  absorption  dis¬ 
cussed  in  Sec.  IV,  where  the  incident  light  propagates 
along  the  z(i)  axis  and  the  polarization  vector  lies  in  the 
xy  ( || )  plane.  At  Kl—  0  the  energies  (2/m)\Plv[K„  )l2 
depend  sensitively  on  K,  due  to  the  significant  hybridiza¬ 
tion  of  the  SL  valence  bands.  In  the  GaAs/Ga^,  Al,  As 
SL  the  crossing  of  LH1  and  HH3  causes 
'2/mi!/^-,  LH1l£,  )P  to  drop  abruptly  to  zero  at  the 
LH1-HH3  crossing  point.  For  larger  K  the  now  upper¬ 
most  HH3  band  does  not  interact  with  Cl.  The  values  of 
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(2/m  )|P£t.(K)i2  for  the  HgTe/Hg^Cd^Te  SL  are  seen 
to  be  smaller  than  those  of  the  GaAs/Ga,_ x  Alt  As  SL, 
The  state  iCl.O)  in  the  HgTe/Hg!_xCdtTe  SL  has  an 
appreciable  Fv *  component  since  the  bulk  HgTe 
conduction-band  edge  has  Ts  symmetry,  thereby  reduc¬ 
ing  the  matrix  element  between  Cl  and  the  SL  valence 
bands.  By  contrast  the  InAs/GaSb  matrix  elements  are 
small  because  the  electron  and  hole  are  separated,  as  dis¬ 
cussed  in  Sec.  Ill B.  In  the  HgTe/Hg|_xCdxTe  SL  the 
value  of  (2/m)\P^2  HH2(K)r  is  nearly  equal  to  that  of 
(2/m)\P(:i  HH1(K)|2  because  the  envelope  functions  cor¬ 
responding  to  C2  and  HH2  both  resemble  firs'  excited 
states  in  the  same  well. 

The  perpendicular  band  structure  for  K  =0,  given  by 
El(Kl),  shows  essentially  no  dispersion  for  the 
GaAs/Ga,_xAlxAs  SL  since  the  Ga|_xAlxAs  layer  is 
thick.  The  K9—0  energy  (2/m)l/>£r(AT1)|2  shows  a 
weak  dependence  on  Kl  for  GaAs/Ga,_x  Alt  As  and 
HgTe/Hg|_xCdrTe,  in  contrast  to  the  InAs/GaSb  SL. 
The  stronger  dependence  in  InAs/GaSb  is  associated 
with  the  electron  and  hole  lying  in  different  wells  and  has 
been  discussed  previously  by  Voisin  et  al. 27  In  the 
InAs/GaSb  SL,  the  interchange  of  (2/m)|/>|.)  LH|  ( A’i  )|2 
and  (2/m)|P£.,  HH2(/fJ  )|2  at  finite  KL  is  associated  with 


the  crossing  of  the  LH1  and  HH2  bands. 

The  preceding  results  al!  pertain  to  the  valence-band 
offsets  A  listed  in  Table  V.  One  of  the  remarkable  prop¬ 
erties  of  the  HgTe/CdTe  electronic  structure  is  that  a 
semiconductor  —semimetal—  semiconductor  transition 
occurs  as  the  valence-band  offset  A  tcf.  Fig.  2)  is  in¬ 
creased  from  A=0.  This  behavior  underlies  our  recently 
proposed  resolution  of  the  valence-band  offset  controver¬ 
sy  in  HgTe/CdTe  SL’s.J  Explicitly  it  was  shown  in  Ref. 
3  that  a  large  offset  value  (A  =  350  meV)  is  indeed  con¬ 
sistent  with  the  magneto-optical  data  of  Berroir  el  al.1* 
obtained  from  an  unintentionally  doped  (100  A 
HgTe)/(36  CdTe)  SL  sample.  The  experimental  data  had 
previously  been  interpreted  as  being  uniquely  associated 
with  a  small  offset  A  =  40  meV. 

Figure  6  shows  the  band  structure  for  the  (100  A 
HgTe)/(36  A  CdTe)  SL  for  A  =40,  230,  and  350  meV. 
For  small  A  (  ~40  meV)  Cl  lies  above  HH1  and  the  SL  is 
semiconducting.  As  A  is  increased  Cl  drops  in  energy 
until  t  touches  HH1  for  A  =  230  mev.  and  the  SL  be- 
com  semimetallic.  For  A  >  295  meV  the  SL  is  semicon¬ 
ducting  once  again  as  a  result  of  the  uncrossing  of  the  Cl 
and  HH1  bands.  The  band  gap  in  this  region  is  still 
direct  but  it  occurs  at  the  SL  Brillouin-zone  face 
KL=ir/d,  as  shown  for  A  =  350  meV. 


FIG.  5.  Band  structures  E^(K>  and  energies  (2/m)l/>|v(K)l2  =  (2/m)i<I,K!pi,!I',K  >IJ  for  (190  A  GaAsl/(200  A 
Ga^  7iAL  j,As),  (37  A  InAs)/(37  A  GaSb),  and  (58  A  HgTe)/(42  A  Hgo  ijCdomTe)  superlattices  shown  as  functions  of  K  and  K  . 
The  origin  of  energy  is  defined  as  the  valence-band  ( r»)  edge  of  GaAs,  GaSb.  and  HgTe,  respectively.  The  label  —  L  indicates  the 
transition  corresponding  to  (2/mt|/>|l  (K)IJ.  The  superlattice  growth  axis  is  along  the  i  direction  The  tight-binding  results  of 
Chang  and  Schulman  (Ref.  26)  are  shown  (dashed  line)  for  comparison. 
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FIG.  6.  The  band  structures  for  a  ( 100  A  HgTe)/(36  A  CdTel 
superlattice  as  a  function  of  band  offset  A.  As  A  increases,  the 
system  changes  from  semiconducting  (SC)  to  semtmetallic  (SM) 
and  back  to  semiconducting  due  to  the  crossing  and  uncrossing 
of  the  Cl  and  HH1  bands. 


Figure  7  shows  the  nearly  cylindrical  constant  energy 
surfaces  of^HHl  along  K  and  for  the  (100  A 
HgTe)/(36  A  CdTe)  SL  with  A  =  350  meV.  Energies  are 
measured  from  the  bottom  of  the  HH1  band  (0  meV). 
The  bulges  are  a  consequence  of  the  Kl  dependence  of 
the  in-plane  band  structure.  Assuming  reasonable  values 
of  the  intrinsic  electron  concentration  (nc  >  2X  lO16 
cm'J)  the  calculated  cyclotron  mass  is  consistent  with 
the  zero  field  experimental  value  of  0.015±0.003.  Re¬ 
cently,  unintentional  doping  concentrations  of 
«(.~5X1015  cm-3  have  been  measured  in  other 
HgTe/CdTe  samples. 29  Using  nc  —  5  X  I015  cm  ~  \  the  cal¬ 
culated  cyclotron  mass  becomes  consistent  with  the  ex¬ 
perimental  value  for  a  band  offset  of  A —  370  meV,30  or 
possibly  even  a  somewhat  larger  value.3’ 


Ki  (units  of  %  ) 


FIG.  7.  Constant  energy  surfaces  along  K<>  and  A,  of  HHI 
for  a  (100  A  HgTe)/(36  A  CdTe)  superlattice  with  A  =  3fo  meV. 


IV.  OPTICAL  PROPERTIES 


The  results  of  Sec.  Ill  C  permit  evaluation  of  the  imagi¬ 
nary  part  of  the  dielectric  function  at  frequency  w  given 
by 

f,(u>)=  -~-7  Y /  — - -  <LKep  L'K)  2 

fim-V  Zl  J  <2tt>3 

c  j  EL  (Ki  -  £, '  K  )  I 


x[f(E, ,(k»-f(EL  i K ))] 


—  2n(a>  )*(  ( o ) 


where  L(L')  is  the  SL  band  index  of  the  initial  (final! 
state,  K.  is  the  SL  wave  vector  and  /(£)  is  the  Fermi- 
Dirac  distribution.  The  unit  vector  c  defines  the  polar¬ 
ization  of  incoming  light.  The  quantities  n  (u)  and  *(o>) 
are  the  real  and  imaginary  parts  of  the  refractive  index. 

The  two  optical  processes  of  interest  are  fundamental 
absorption  involving  transitions  between  SL  valence  and 
conduction  bands  (Sec.  IV  A),  and  intersubband  absorp¬ 
tion  involving  transitions  between  the  lowest  two  SL  con¬ 
duction  bands  Cl  and  C2  (Sec.  IV  Bi.  Fundamental  ab¬ 
sorption  in  SL's  is  appreciable  regardless  of  the  polariza¬ 
tion  of  the  incident  light,  although  for  the  cases  of  in¬ 
terest  in  Sec.  IV  A  the  polarization  vector  e  lies  in  the 
plane  of  the  layers.  Intersubband  absorption  is  only  ap¬ 
preciable  if  the  polarization  vector  e  is  perpendicular  to 
the  plane  of  the  layers,  and  if  there  are  earners  in  Cl. 

The  imaginary  part  of  the  dielectric  function 
e2(«u)  =  2 nicoMco)  can  be  written  as 

e2(«)  =  e?(w)  +  6ef2’cl(to)  +  6eP'VB(&>)  (16) 

where  Se22C'(ce)  is  associated  with  Cl— »C2  absorption. 
befB  VBtai)  is  associated  with  fundamental  absorption  be¬ 
tween  SL  valence  (VB)  and  conduction  (CB)  bands  within 
—  0.5  eV  of  the  onset,  and  e2(w)  is  the  contribution  asso¬ 
ciated  with  other  occupied  states.  The  real  part  of  the 
dielectric  function  eliu)  =  n2(u>)  —  k2(o)  is  given  by 

ei(w)=f°(w>  +  6ef2'Ci(w)  +  6ffB,VB(<y)  (17) 

where  the  individual  contributions  6ff2C'(cj), 

6efBVB^),  and  are  obtained  from  5fpc'(o>), 

j^cb.vbj^  and  respectively,  using  a  Kramers- 

Kronig  relation.  The  real  part  of  the  refractive  index 
n  («)  is  related  to  et((u)  and  f2(a>)  by 

f  (w)  i/2 

+  (18) 

The  absorption  coefficient  is  defined  as 

a(tu)  =  «€2(co)/n (rule  .  (19) 

For  light  polarized  perpendicular  to  the  layers  the 

Cl— C2  contribution  to  e2(u>),  given  by  5epcl(«)  in 
Eq.  (16),  is  appreciable  over  a  narrow  energy  range  and  at 
energies  far  below  the  onset  of  VB  — CB  transitions  for 
the  cases  of  interest.  The  corresponding  contribution  to 
e,(«),  given  by  6ef2  C'(w)  in  Eq.  (17).  is  a  strong  function 
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of  a)  in  this  frequency  range  and  is  equal  to  the  principal 
part  of  (2/it)/q  da>V8ef2,cW)/(<i)'2  —  or).  The  fre¬ 
quency  dependence  of  the  refractive  index  n  (o>)  (Eq.  (18)] 
must  therefore  be  taken  into  account  in  calculating  the 
intersubband  absorption  a(tu)  [Eq.  (19)]. 

By  contrast,  the  contribution  r?(tu)  in  Eq.  (16)  has  a 
broad  structure  regardless  of  the  polarization  of  incident 
light  and  only  becomes  appreciable  at  high  energies  ( >  2 
eV).  The  corresponding  contribution  to  given  by 

e°(a>)  in  Eq.  (17),  is  therefore  reasonably  independent  of 
frequency  to  over  the  energy  range  of  interest  0  <  fico  <  0.5 
eV.  In  addition  e°(ta)  dominates  6efB  VB(£j).  For  funda¬ 
mental  absorption  with  light  polarized  within  the  layer 
plane  6ef2-CI(ca)  and  5ef2-CI(u»)  are  negligible;  hence  the 
refractive  index  n(tu)  can  be  taken  to  be  constant  near 
the  fundamental  absorption  edge.  We  have  estimated  the 
actual  variation  in  n  (a>)  to  be  less  than  10%  using  a  two- 
band  SL  model. 


A.  Fundamental  absorption 

Figure  8  compares  the  experimental  absorption  curve 
(dashed  line)  for  a  (37  A  InAs)/(37  A  GaSb)  SL  at  7=4 
K  (Ref.  8)  with  the  present  theoretical  results  (solid  line). 
The  agreement  is  seen  to  be  satisfactory.  The  absorption 
coefficient  a(£)  is  an  order  of  magnitude  smaller  than 
that  of  a  direct-gap  bulk  material  because  the  electron 
and  hole  in  the  SL  are  concentrated  in  separate  layers  re¬ 
sulting  in  reduced  overlap.  The  structure  in  a(E)  mainly 
arises  from  the  transitions  HH1-*C1  and  LH1— -Cl 
whose  onsets  are  indicated  by  arrows.  The  corresponding 
partial  contributions  are  indicated  by  long-dashed  lines. 
The  tail  of  the  experimental  absorption  curve,  which  is 


Photon  Energy  E(eV) 


FIG.  8.  Comparison  of  experimental  coefficients  (short- 
dashed  line)  of  Chang  el  al.  (Ref.  8)  and  theoretical  (solid  line) 
fundamental  absorption  coefficients  a(E)  as  functions  of  photon 
energy  E  for  (37  A  lnAs)/(37  A  GaSb)  at  T=  4  K.  Dominant 
partial  contributions  are  shown  (long-dashed  line).  Inset:  ex¬ 
perimental  vs  theoretical  tail  of  n(£)  including  a  a:4-A  layer 
width  fluctuation  in  the  theory,  at  constant  superlattice  period. 


not  reproduced  by  the  theory,  is  possibly  due  to  disorder 
in  the  SL  layer  widths.  The  inset  in  Fig.  8  shows  the 
modified  theoretical  absorption  curve  allowing  for  a  ran¬ 
domly  distributed  r4-A  fluctuation  (corresponding  to 
about  a  monolayer)  in  the  individual  layer  widths,  but 
keeping  the  SL  period  constant  at  74  A. 

Figure  9  shows  a  similar  comparison  between  the  ex¬ 
perimental7  and  theoretical  absorption  curves  for  a  (58  A 
HgTe)/(42  A  Hg,_  ^Cd^Te)  SL  at  room  temperature. 
The  experimental  results  of  Lansart  et  al.1  (dashed  line) 
are  demonstrably  reproducible  in  the  sense  that  two 
separate  samples  grown  under  the  same  conditions  yield 
an  identical  a(£)  curve.  ‘  The  experimental  data  show  no 
evidence  of  a  theoretically  inexplicable  tail,  possibly  indi¬ 
cating  that  the  corresponding  disorder  in  the  InAs/GaSb 
sample  is  absent  in  the  HgTe/Hg,_JICdtTe  samples.  The 
theoretical  curve  for  A  =  350  meV  (solid  line)  is  in  re¬ 
markable  agreement  with  the  experimental  data.  Al¬ 
though  a(£)  is  not  very  sensitive  to  A  the  agreement  be¬ 
tween  experiment  and  theory  is  better  .or  A  =  350  meV 
than  for  A  =40  meV  (dashed-dotted  line).  The  partial 
contributions  for  A  =  350  meV,  shown  by  long-dashed 
lines,  are  again  dominated  by  the  HH1— »C1  and 
LHI— »CI  transitions  at  energies  near  the  fundamental 
SL  gap.  The  HH2— *C2  contribution  near  £  —  0.5  eV  be¬ 
comes  comparable  in  magnitude  to  mat  of  HH1-—C1 
since  the  corresponding  matrix  elements  are  nearly  equal 
(Sec.  Ill  C).  The  HH3— »C3  contribution  is  large  for 
£—0.8  eV.  Calculation  of  a(£)  for  £>0.55  eV  is 
difficult  since  many  SL  bands  contribute,  and  £t(K)  is 
required  for  large  K{  values.  The  HH3-*C3  contribu¬ 
tion,  shown  by  the  dotted  lines,  was  therefore  included 
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FIG.  9.  Comparison  of  experimental  coefficients  (short- 
dashed  line)  of  Lansari  et  al.  (Ref.  7)  and  theoretical  (solid  line) 
fundamental  absorption  coefficients  a(E)  as  a  function  of  pho¬ 
ton  energy  E  for  (58  A  HgTe)/(42  A  Hgo  ^Cd^Te)  at  T=300 
K.  A  is  taken  as  350  meV.  Dominant  partial  contributions  are 
shown  (long-dashed  line).  Theoretical  curve  above  £=0.55  eV 
is  approximate  (shown  dotted).  The  theoretical  absorption 
curve  using  A  =40  meV  is  indicated  by  a  dashed-dotted  line. 
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approximately  in  Fig.  9  using  a  two-dimensional  density 
of  states  and  a  K-independent  SL  matrix  element.  The 
observed  structure  in  all  cases,  even  the  last,  coincides 
with  theoretically  expected  transitions. 

The  fundamental  absorption  in  the 
GaAs/Ga,  _XA1X  As  SL  was  not  considered  due  to  the 
importance  of  excitons  which  are  not  included  in  the 
present  theory. 

B.  Intersubband  absorption 

In  contrast  to  fundamental  absorption,  the  Cl  — C2 
absorption  is  only  appreciable  if  the  Cl  band  contains 
carriers,  and  the  incident  light  is  polarized  perpendicular 
to  the  layers.  The  dependence  of  the  C 1  —  C2  absorption 
on  the  light  polarization  follows  from  the  anisotropy  of 
the  Cl— C2  oscillator  strength  fcz.c\  discussed  in  Sec. 
Ill  B  (cf.  Fig.  4).  Several  practical  applications  of  the 
strong  Cl  — C2  absorption  have  recently  been  suggested. 

a.  Carrier-activated  light  modulators.  High-speed 
carrier-activated  light  modulation  is  possible  in  thick- 
barrier  SL’s  (Ref.  2)  where  the  Cl— C2  absorption  is 
large  (  ~  104  cm  - 1 )  and  narrow  (  —  10  meV)  as  a  result  of 
the  large  Cl— C2  oscillator  strength  fci.c\  anc*  ^act 
that  the  Cl  and  C2  bands  are  essentially  parallel  in  all 
directions.  The  properties  of  a(£)  and  n  ( E)  will  be  illus¬ 
trated  here  by  considering  an  (80  A  GaAs)/(160  A 
Ga,_xAlxAs)  SL. 

b.  Infrared  detectors.  Levine  et  al. 12  have  proposed  an 
infrared  detector  consisting  of  GaAs/Ga,  _x  AlxAs  quan¬ 
tum  wells  with  sufficiently  thin  well  layers  such  that  C2 

_ I 


lies  in  the  continuum.  The  Cl— C2  absorption  of  Ref. 
12  is  smaller  and  broader  than  for  the  case  of  Ref.  2 
where  both  Cl  and  C2  are  below  the  top  of  the  well.  As 
shown  here,  a  thin-barrier  SL  also  gives  rise  to  a  broad 
a(E)  having  a  magnitude  comparable  to  that  of  Ref.  12 
( ~  103  cm-1).  This  is  because  the  oscillator  strength 
fez. c i 's  small  in  the  thin-barrier  SL  (Sec.  Ill  B>  and  the 
Cl  and  C2  bands  have  finite  dispersions  along  the  perpen¬ 
dicular  direction.  The  specific  thin  iaver  SL  system 
chosen  here,  (40  A  InxGa,_xAs)/(20  A  In,.AI, . vAs) 
which  corresponds  to  the  bulk  materials  suggested  by 
Levine  et  al.,10  exhibits  a  larger  high-energy  cutoff  for 
a(E)  than  a  GaAs/Ga,  _XA1X  As  SL  of  comparable  layer 
widths.  In  the  GaAs/Ga ,_XA1X As  SL,  the  Ga,_xAlxAs 
.T-point  minimum  imposes  a  lower  wave¬ 
length  limit  of  —5  /im,10  whereas  in  InxGa,_xAs/ 
InyAl,_>As  the  limit  is  —2  pm. 

I.  Thick-barrier  limit 

Equation  (15)  can  be  used  to  obtain  a  simple  analytic 
form  for  &eP'cl(n>)  for  wide-gap  SL’s  such  as 
GaAs/Ga, _xAlxAs  in  the  thick-barrier  limit.  The  Cl 
and  C2  bands  are  dispersionless  along  the  perpendicular 
direction.  The  in-plane  dispersions  of  Cl  and  C2  are  par¬ 
abolic  to  a  good  approximation,  with  masses  mChl  and 
mC2>l|,  respectively.  In  addition  the  matrix  element 
!<Cl,K)/»i|C2,K>!2  is  essentially  independent  of  K  be¬ 
cause  the  two  bands  are  nearly  parallel. 

At  T—  0  K  the  expression  for  5ef2  CI(w)  reduces  to 


6ef2,ci(<n)= 


4tt2c2 


_2,.2 

m  a) 


m. 


rrtfd 
0  otherwise 


|<Cl,0|pi|C2,0)|2  if  E?2CH0)>fic»EP'c'(Kl=KF) 


(20) 


where  (m^/ir&d)  is  the  Cl  — C2  joint  density  of  states 
with  mr|,/m  =(m/ma  ||  — m/mC2  ||)~l.  The  in-plane 
masses  mCi  #  and  mC2j|  differ  slightly  because  of  nonpara¬ 
bolic  band  effects  in  the  bulk.  The  low-energy  cutoff 
for  6c2C2iC1(w)  is  E^’cHK,~Kf)  where  Epx'{K^) 
=  EC2(K!j)  —  Ecl(K„)  and  KF  is  the  Fermi  wave  vector 
along  the  parallel  direction.  It  follows  that  the  absorp¬ 
tion  width  Eg2'cl(0)-Eg2-cHK^  =  KF)  is  nnC]H2d /mr8 
where  nCl  is  the  concentration  of  electrons  in  Cl  and 

nC2~®’ 

Since  Cl  and  C2  are  essentially  parallel,  mr  |(  is  large, 
and  therefore  6ef2,ci(tu)  is  large  and  narrow.  Figure  10 
shows  the  corresponding  a(E)  (dashed  line)  and  n(£) 
(solid  line)  for  (80  A  GaAs)/(160  A  Ga^Al^As)  at 
T—  300  K  with  nCI  =  5X  1017  cm-3.  The  5-meV  width  is 
comparable  to  a  laser  linewidth.  The  sharp  structure  in 
a(E)  is  accompanied  by  a  large  variation  in  the  refractive 
index  n  (£).  The  sensitivity  of  n  (£)  to  the  photon  energy 
£  has  potential  application  in  high-speed  light  modula¬ 
tion.2  The  slight  smearing  on  the  low-energy  side  of 
a(£)  is  due  to  the  finite  temperature  Fermi  distribution. 


Energy  E  (eV ) 

FIG.  10.  Calculated  refractive  index  n(£)  (solid  line;  left- 
hand  scale)  and  absorption  coefficient  a(E)  (dashed  line;  right 
hand  scale)  vs  photon  energy  E  for  (80  A  GaAs)/(160  A 
Gao  iAIo  jAs)  at  T—  300  K,  for  Cl  electron  concentration 
nr,  =  5  X  10'7  cm  -  ’.  The  incident  light  is  polarized  perpendicu¬ 
lar  to  the  layers. 
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FIG.  11.  Cl  and  C2  band  structure  for  (40  A  Ino  3jGao,47As)/(20  A  In,)  52A10  4lAs),  together  with  Cl  constant  energy  surfaces  and 
Cl— *C2  constant  energy  surfaces.  The  chemical  potential  Ef(  T— 60  K)=0.065  eV  corresponds  to  a  Cl  electron  concentration  of 
nC]  —  1.4X  1018  cm-3.  The  shaded  region  of  K  space  corresponds  to  K  points  at  which  the  probability  of  occupation  of  Cl  is  greater 
than  y. 


The  results  plotted  in  Fig.  10  obey  the  sum  rule 
/\>Se2«-cW«~^^  =  -^  ,  (21) 

J0  m*  2  p 

where  ne  is  the  electron  density,  m  *  is  the  bulk  electron 
mass  (m*  ~  0.07m),  and  the  plasma  frequency 
cj2p  — Atrn^/m  *,  to  a  good  approximation.  This  will  not 
be  the  case  for  the  thin-barrier  SL  to  be  discussed  later. 
The  magnitude  of  the  absorption  curve  in  the  thick- 
barrier  SL,  which  is  larger  than  that  for  the  interband 
bulk  absorption,  is  a  consequence  of  its  narrow  energy 
range.  Substituting  the  general  expression  for  &ef2,ci(<s>) 
in  a  thick-barrier  SL  [Eq.  (20)]  into  Eq.  (21)  yields 
l/c2,ci  I -m  fm*.  This  approximate  result  for  \fci,c\  1  *s 
verified  for  the  (80  A  GaAs)/(160  A  Gat_xAIxAs)  SL  in 
Fig.  10  where  \fci,ci  I =  13.5  compared  to  m /m*  =  15. 

Physically,  the  magnitude  of  a(£)  in  Fig.  10  can  be  un¬ 
derstood  using  a  bulk  free  carrier  absorption  model  for 
the  Cl— »C2  transition.  Explicitly,  the  barrier  ( B )  atoms 
are  imagined  to  be  homogeneously  distributed 
throughout  the  SL  sample  giving  rise  to  scattering  of  the 
electrons.  The  impurity  concentration  of  B  atoms  re¬ 
quired  for  a  bulk  free  carrier  absorption  of  magnitude 
— 104  cm-1  roughly  corresponds  to  the  concentration  of 
barrier  atoms  within  the  spatial  extent  of  the  Cl  envelope 
function  in  the  barrier  ( ~  30  A ). 

2.  Thin-barrier  limit 

Figure  11  shows  the  Cl  and  C2  band  structure  for  (40 
A  In0  sjGag  47As)/(20  A  In0  52Al0  4gAs)  together  with  the 
Cl  constant  energy  surfaces,  and  the  Cl— »C2  constant 
energy  surfaces.  The  nonzero  dispersion  of  Cl  and  C2 
along  the  perpendicular  direction  gives  reduced  nesting 
between  the  Cl  and  C2  bands  compared  to  the  thick- 
barrier  case.  The  energy  difference  £C2(K)  — £C,(K)  is  a 
maximum  at  K=0  which  represents  a  high-energy  cutoff 
of  0.47  eV  (2.6  ^xm)  for  the  Cl— *-C2  transition.  The 


K=0  oscillator  strength  fci.c\  IS  “40  and  therefore 
smaller  than  the  thick -barrier  GaAs/Ga,  Alx  As  value 
of  — 13.5.  We  consider  the  situation  with  carriers  in  Cl 
at  temperature  T,  and  a  Fermi  level  at  energy  EF[T) 
above  the  Cl  edge.  The  shaded  portions  in  Fig.  11  corre¬ 
spond  to  the  region  in  K  space  where  the  Cl  band  is  oc¬ 
cupied  foT  an  electron  concentration  ncl  =  1.4X1018 
cm*3  at  T==  60  K  [£f(D=0.065  eV].  The  C2  band  is 
empty,  hence  Cl— »C2  transitions  will  occur  at  wave  vec¬ 
tors  K  within  this  shaded  region.  As  seen  from  the 
Cl— *-C2  constant  energy  surfaces  in  Fig.  1 1,  the  number 
of  Cl— *C2  transitions  occurring  at  a  given  incident  pho¬ 
ton  energy  £  is  a  weak  function  of  £  over  the  range 


Energy  E  (eV ) 

FIG.  12.  Calculated  refractive  index  niE)  (solid  line;  left- 
hand  scale)  and  absorption  coefficient  a(E)  (dashed  line;  right- 
hand  scale)  vs  photon  energy  E  for  (40  A  In0  ^Ga,,  4,A$)/(20  A 
Ino  sjAIo  «iAs)  at  T—  60  K,  for  Cl  electron  concentration 
nct  =  1 . 4  X  10'*  cm  ~  \  The  incident  light  is  polarized  perpendic¬ 
ular  to  the  layers. 
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0.25  <  E  <  0.45  eV,  therefore  the  absorption  curve  will  be 
reasonably  flat.  Figure  12  shows  the  corresponding  a(E) 
(dashed  line)  and  n(E)  (solid  line)  for  (40  A 
In;tGa,_xAs)/(20  A  In^Al, _yAs).  The  broad  structure 
in  a(E)  yields  a  weaker  variation  in  n(E)  than  for  the 
thick -barrier  SL.  The  small  peak  in  a(E)  near  0.45  eV  is 
reminiscent  of  a  one-dimensional  joint  density  of  states 
and  is  associated  with  the  near  parallelism  of  Cl  and  C2 
in  the  two  in-plane  (K . )  directions. 

In  the  thin-barrier  limit  considered  in  Fig.  12  the  e2" 
sum  rule  of  Eq.  (21)  is  only  approximately  half  exhausted 
by  the  Cl  — C2  transition  as  a  result  of  the  finite  band 
dispersion  along  the  perpendicular  direction.  This  effect 
causes  nonzero  free  carrier  absorption  within  C 1  and  also 
gives  greater  relative  weight  to  transitions  to  higher  mini¬ 
bands.  The  e2'sutn  rule  therefore  provides  an  upper 
bound  to  the  CT— C2  absorption  strength  in  the  thin- 


barrier  SL.  The  important  consequence  of  the  sum  rule  is 
that  a  narrow,  large  Cl  — C2  absorption  in  thick-barrier 
SL's  becomes  not  only  broader,  but  also  considerably 
smaller  for  thin-barrier  SL’s  than  would  be  the  case  if  the 
Cl— C2  transition  still  exhausted  the  sum  rule. 
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The  infrared  optical  properties  arising  from  fundamental  and  intersubband  absorption  in  lll-V  and  II— VI  semiconductor 
superlattices  (SL)  are  calculated  using  a  superlattice  representauon  formalism.  The  SL  electronic  structure  at  finite  wavevector  K  is 
obtained  from  the  known  K  —  0  solutions  using  SL  K- p  theory.  The  theoretical  fundamental  absorption  curves  for  HgTe/HgCdTe 
SL  are  in  excellent  agreement  with  recent  experimental  data.  Intersubband  absorption  between  the  lowest  conduction  subbands  Cl 
and  C2  is  large  in  both  the  thick  and  thin  barrier  limit,  and  of  potential  technological  importance. 


This  paper  discusses  aspects  of  the  infrared 
optical  properties  o(  III-V  and  II-VI  semicon¬ 
ductor  superlattices  (SL)  associated  with  funda¬ 
mental  and  intersubband  absorption.  The  present 
theoretical  approach,  summarized  in  fig.  1,  em¬ 
ploys  a  superlattice  representation  which  is  ob¬ 
tained  from  the  Bloch  representation  describing 
the  bulk  constituents  using  envelope  functions. 
The  standard  formalism  for  bulk  periodic  solids, 
including  K'p  theory,  is  then  directly  applicable 
to  the  superlattice  [1]. 

Fig.  2  shows  the  resulting  band  structures  and 
optical  (momentum)  matrix  element  energies  for 
190AGaAs/  20OAGaO75Alo2jAs,  37AInAs/ 
37AGaSb  and  58AHgTe/42AHg013Cd0  85Te 
along  the  ATM  and  Kx  directions,  where  ±  denotes 
the  SL  growth  axis.  The  valence  band  structure 
calculated  by  Chang  and  Schulman  [2]  utilizing 
their  widely-used  tight-binding  approach,  is  shown 
by  the  dashed  line  for  the  GaAs/  GaALAs  SL.  The 
present  results  for  both  the  band  structure  and 
matrix  elements  agree  well.  The  relative  ordering 
of  the  LH1  and  HH2  bands  for  each  SL  depends 
on  the  particular  choice  of  SL  layer  widths  (and 
valence  band  offset).  The  energies  (2/m)  X 
|  PlL.  (JO  |  2  =  (2/m)  |  (L,  K  |  p„  |  V.  K >  |  2 
shown  in  fig.  2  are  relevant  to  the  calculation  of 
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fundamental  optical  absorption,  where  the  inci¬ 
dent  light  propagates  along  the  z  ( X )  axis  and  the 
polarization  vector  lies  in  the  xy  ( || )  plane  for  the 
case  of  interest.  The  values  of  (2/m)\P[L-(K)\2 
for  the  HgTe/  HgCdTe  SL  are  seen  to  be  smaller 
than  those  of  the  GaAs/ GaALAs  SL  because  the 
state  |C1,  0>  in  the  HgTe/HgCdTe  SL  has  an 
appreciable  -component  associated  with  the  p- 
like  character  of  the  bulk  HgTe  conduction  band 
edge.  By  contrast  the  InAs/GaSb  matrix  elements 
are  small  because  the  electron  and  hole  lie  in 
different  layers.  The  valence  band  offset  of 
HgTe/CdTe  was  taken  to  be  350  meV.  One  re¬ 
markable  feature  of  the  HgTe/CdTe  electronic 
structure  is  that  a  semiconductor  -*  semimetal  -* 
semiconductor  transition  can  occur  as  the  valence 
band  offset  A  is  increased  from  A  =  0.  This  be¬ 
havior  led  to  our  recently  proposed  resolution  of 
the  valence  band  offset  controversy  in  HgTe/CdTe 
SL’s  [3]. 

Fig.  3  shows  a  comparison  between  the  experi¬ 
mental  {4]  and  theoretical  fundamental  absorption 
curves  for  58AHgTe/42AHg0I5Cd0g5Te  SL  at 
room  temperature.  The  experimental  (dashed  line) 
results  of  Lansari  et  al.  (4]  were  shown  to  be 
reproducible  in  the  sense  that  two  separate  sam¬ 
ples  grown  under  the  same  conditions  yielded 
identical  absorption  coefficients  a(£).  The  theo¬ 
retical  curve  for  A  =  350  meV  (solid  line)  is  in 
excellent  agreement  with  the  experimental  data. 
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•  Envelope  Functions:  Fn(L,  K;r) 

(r|L,  K)  =  £  F„(I.K;r)<r|n,k  =  0) 

SL  Wave  Functions  Bulk  Bloch  Functions 

Band  L,  Wavenumber  K  Band  n,  Wavenumber  It  =  0 


•  SL  Band  Energy  Ei(K)  from: 


Hsl\L'K)=  El(K)\L,K) 


Slowly  varying  F„(L,K,r) 


««*)(**' *»•'*  ^)F(X,,K;r)  =  Et(K)F(L.K;r) 


Bulk/t(B)kp  F  =  {F„} 

matrix  , 


•  Effective-Mass  Like  Eqs.  for  F„’t 

-  Install  Standard  Boundary  Conditions  at  Interfaces 

-  Use  Bulk  A(B)  Modified  Kane  Model 

-  Solve  analytically  at  K  =  0 


•  Superlattice  Representation  |L,0): 


{F„(X.,0;r)}  ,  £t(0) 


•  Momentum/Optical  Matrix  Elements  f 

(L,0|p|L',0> 

/  N 

SL  K  p  Theory  f-Su 


SL  Bands  £&(K) 
<L,K|p|L',K) 


f-Sum  Rule 


K  =  0  Effective  Masses 


•  Optical  Properties  f 

Absorption  Coefficient  a(w) 

Refractive  Index  n(o>) 

Fig.  1.  Theoretical  approach  to  calculation  of  superlattice  electronic  and  optical  properties. 


Although  a(E)  is  not  very  sensitive  to  A  the 
agreement  between  experiment  and  theory  is  be¬ 
tter  for  A  =  350  meV  than  for  A  —  40  meV 
(dashed-dotted  line).  The  partial  contributions  for 
A  =  350  meV,  shown  by  long-dashed  lines,  are 


dominated  by  the  HH1  -*  Cl  and  LH1  -» Cl 
transitions  at  energies  near  the  fundamental  SL 
gap.  Calculation  of  a(E)  for  E  >  0.55  eV  is  dif¬ 
ficult  since  many  SL  bands  contribute,  and  EL(K) 
is  required  for  large  AT,,  values.  The  HH3  -*  C3 
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37A  InAs/  37A  GoSb  58A  rtjTe  /42A  HgCdTe 
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Fig.  2.  Band  structures  £L(AT)  and  enerpes(2/m)|/,jlL.(/C)|J-(2/m)|<L,  K\pv\L\  K)  | 2  for  190AGaAs/20OAGao15Alo25As. 
37AlnAs/37AGaSb  and  58AHgTe/42AHg01JCd0,5Te  superlattices  shown  as  functions  of  A",,  and  Kx.  The  origin  of  energy  is 
defined  as  the  valence  band  (T,)  edge  of  GaAs,  GaSb  and  HgTe  respectively.  The  label  L'  -» L  indicates  the  transition 

corresponding  to  (2/m)  |  Plf(.K)  | J. 


— — —  e«p».  (  Schetrino  elal ) 

theory  (total)  y'' 

— — —  A  *  3S0m«V  /X 

- A  »  40m«V 


HH3—C3 


/£.  HHI--CI  / 
fj  _ 'HH2— C2 

i  ^LHI-CI  / 


0  0.2  0.4  0.6  0.8 

Photon  Energy  E  (eV) 

Fig.  3.  Comparison  of  experimental  (short  dashed  line)  of 
Lansari  et  al.  [4]  and  theoretical  (solid  line)  fundamental 
absorption  coefficients  a(£)  as  a  function  of  photon  energy  £ 
for  58AHgTe/42AHg0)JCd0SjTe  at  T—  300  K.  Dominant 
partial  contributions  are  shown  (long  dashed  line).  Theoretical 
curve  above  £  -0.55  eV  is  approximate  (shown  dotted).  A  is 
taken  350  meV.  The  theoretical  absorption  curve  using  A  —  40 
meV  is  indicated  by  a  dashed-dotted  line. 


contribution,  shown  by  dotted  lines,  was  therefore 
included  approximately  in  fig.  3  using  a  two-di¬ 
mensional  density  of  states  and  a  /f-independent 
SL  matrix  element.  The  observed  structure  in  all 
cases,  even  the  last,  coincides  with  theoretically 
expected  transitions.  Similar  agreement  has  aLo 
been  obtained  for  the  InAs/GaSb  system  (5). 

Unlike  fundamental  absorption,  the  intersub¬ 
band  absorption  between  conduction  subbands 
Cl  and  C2  is  only  appreciable  if  the  incident  light 
is  polarized  perpendicular  to  the  layers  and  the 
Cl  band  contains  carriers.  The  dependence  of  the 
Cl  -*  C2  absorption  on  the  light  polarization  fol¬ 
lows  from  the  anisotropy  of  the  Cl  -» C2  oscilla¬ 
tor  strength  /C2iC i  16].  Several  practical  applica¬ 
tions  of  the  strong  Cl  -» C2  absorption,  in  par¬ 
ticular  carrier  activated  light  modulators  [5]  and 
infrared  detectors  [7],  have  recently  been  sug¬ 
gested. 

Fig.  4  shows  the  schematic  band  structure  of 
Cl  and  C2  in  the  thick  and  thin  barrier  SL  limits. 
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(a)  Thick  Borrieri  (QW) 

E 

Ec2(0)-Ec,<0> 

*  £<nan 


(b)  Thin  Barriers 

Fig.  4.  Schematic  band  siructrure  of  the  lowest  two  superlattice 
conduction  bands  Cl  and  C2  in  the  (a)  thick  and  (bj  thin 
barrier  SL  limits.  Carriers  are  present  in  Cl  with  an  associated 
Fermi  level  Ef.  The  maximum  and  minimum  energies  for 
photon  absorption  are  indicated  by  £ml,  and  respectively. 


with  carriers  filled  up  to  the  Fermi  level  £F.  For 
thick  barriers  the  bands  Cl  and  C2  are  essentially 
parallel  in  all  directions  assuming  both  Cl  and  C2 
lie  energetically  below  the  top  of  the  barrier.  The 
joint  density  of  states  is  a  sharply  peaked  function 
of  energy.  In  addition  the  Cl  -» C2  oscillator 
strength  fci.ci  *s  lar8e  since  the  thick  barriers  are 
effective  in  supplying  crystal  momentum  along  the 
growth  axis.  The  resulting  intersubband  absorp¬ 
tion  coefficient  is  therefore  sharply  peaked  [5].  For 
thin  barriers,  the  SL  bands  have  finite  dispersion 
along  the  growth  axis.  The  joint  density  of  states 
between  Cl  and  C2  is  smaller  in  magnitude  for 
the  thin  barrier  SL,  but  is  also  non-zero  over  a 
wider  energy  range  as  a  result  of  reduced  nesting. 
The  oscillator  strength  /C^  C1  is  also  smaller  for 
the  thin  barrier  SL  since  thin  barriers  are  less 
effective  at  supplying  crystal  momentum. 

Fig.  5a  shows  the  Cl  -*  C2  contribution  to  the 
imaginary  part  of  the  dielectric  function  Sef2Ci(E) 
(dashed  line)  as  a  function  of  energy  E  for  the 
thick  barrier  SL  80AGaAs/l60AGaAlAs  at  T  — 
300  K.  The  tail  of  Sc22ci(£)  on  the  low-energy 


Fig.  5.  Intersubband  Cl-»C2  optical  properties  in  80AGaAs/160AGao1Aln  3As  superlattice  with  Cl  earner  concentration 
nc«  5  x  10'7  cm'1  at  temperature  T  -  300  K:  (a)  contributions  to  the  real  (5<Pcl(£)-,  solid  line)  and  imaginary  (6«  V2CI(  £). 
dashed  line)  parts  of  the  total  dielectric  function,  and  (b)  reflectance  R. 
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Energy  E  (eV ) 

Fig.  6.  Calculated  refractive  index  n{E)  (solid  line;  left-hand 
scale)  and  absorption  coefficient  a(E)  (dashed  line;  right-hand 
scale)  versus  photon  energy  E  for  40AIn053Ga04-;As/ 
20Aln0  5,  Al04gAs  at  7~=  60  K.  for  Cl  electron  concentration 
nc  -  1.4x10'*  cm  ~3. 


side  is  due  to  finite  temperature  smearing  of  the 
Fermi-Dirac  distribution  in  Cl.  The  contribution 
to  the  real  part  of  the  dielectric  function  6ef2  C1(  £) 
is  also  shown  (solid  line).  The  corresponding  re¬ 
flectance  is  shown  in  fig.  5b.  Fig.  3  of  ref.  [5] 
shows  the  resulting  sharply  peaked  absorption 
coefficient  (magnitude  ~  104  cm*1;  width  -  5 
meV)  and  refractive  index. 

Fig.  6  shows  the  smaller  but  broader  a(£) 
(dashed  line)  for  the  thin  barrier  40AInGaAs/ 
20AInAlAs  SL  together  with  the  corresponding 
refractive  index  «(£)  (solid  line).  The  broad 


structure  in  a(£)  results  in  a  weaker  variation  of 
n(E)  than  in  the  thick  barner  SL  case.  The  near 
parallelism  of  Cl  and  C2  in  the  two  in-plane  ( K  ) 
directions  gives  rise  to  a  small  peak  in  o(  £ )  near 
0.45  eV  which  is  reminiscent  of  a  one-dimensional 
joint  density  of  states.  The  magnitude  of  «(£)  in 
fig.  6  is  comparable  to  that  of  ref.  [7j. 
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Infrared  optical  absorption  in  imperfect  parabolic  quantum  wells 

L.  Brey,  Jed  Dempsey,  N.  F.  Johnson,  and  B.  I.  Halperin 
Lyman  Laboratory  of  Physics,  Harvard  University,  Cambridge,  Massachusetts  02138 
(Received  26  February  1990) 

The  effects  of  possible  imperfections  on  the  infrared  optical  absorption  and  on  the  charge-density 
profile  of  wide  parabolic  quantum  wells  (WPQW’s)  are  studied.  We  consider  effects  that  can  arise 
from  the  finite  width  of  WPQW’s,  from  the  existence  of  a  quartic  component  in  the  confining  poten¬ 
tial,  and  from  the  existence  of  a  region  of  flat  potential  in  the  center  of  the  well.  Within  the  local- 
density  approximation,  we  confirm  that  a  perfect  WPQW  absorbs  light  only  at  the  bare  harmonic- 
oscillator  frequency,  and  show  that  the  effects  of  small  imperfections  of  the  types  considered  on  the 
absorption  spectrum  are  twofold:  a  shift  in  the  location  of  the  main  peak  and  the  appearance  of  new 
peaks  nearby. 


I.  INTRODUCTION 

The  properties  of  an  interacting  three-dimensional  (3D) 
electron  gas  in  a  uniform  positive  background  have  been 
widely  studied  over  the  years1  and  different  many-body 
effects  have  been  predicted.  In  particular,  the  ground 
state  of  this  system  in  an  external  magnetic  field  is  ex¬ 
pected  to  be  a  spin-density  wave  or  a  Wigner  crystal 
when  the  electron  density  is  low  enough.2  In  order  to  ob¬ 
serve  these  broken-symmetry  ground  states,  a  lower  den¬ 
sity  of  electrons  than  that  found  in  normal  metals  is  re¬ 
quired.  For  this  reason,  n-type  doped  semiconductors 
with  small  effective  mass  and  low  carrier  density  might 
seem  the  best  candidates  to  exhibit  exotic  ground  states. 
Unfortunately,  the  interaction  between  the  electrons  and 
the  neutralizing  charged  impurities  in  these  systems  is 
strong  enough3  to  preclude  any  broken-symmetry  ground 
state  favored  by  the  electron-electron  interaction.  In 
contrast,  the  study  of  a  high-mobility,  two-dimensional 
(2D)  electron  gas  has  been  possible  experimentally,4  due 
in  part  to  the  development  of  modulation-doping  tech¬ 
niques,  which  reduce  the  electron-ionized  impurity  in¬ 
teraction  by  separating  the  2D  electron  gas  spatially  from 
the  neutralizing  positive  charges. 

To  achieve  an  almost-3D  electron  gas  while  reducing 
the  electron-impurity  interaction,  a  remotely  doped 
wide-parabolic-quantum-well  (WPQW)  structure  has 
been  proposed.2  In  such  a  well,  the  parabolic  potential, 
Viz )=  Az2,  mimics  the  potential  created  by  a  uniform 
slab  of  positive  charge  of  density  n0-  Ae/lire2.  In  this 
expression,  e  is  the  electron  charge  and  e  is  the  (uniform) 
static  dielectric  constant  of  the  host  semiconductor. 
Electrons  are  introduced  remotely  in  the  WPQW  by  plac¬ 
ing  donors  at  some  distance  from  either  side  of  the  well. 
The  electrons  enter  the  well  to  screen  the  parabolic  po¬ 
tential  and  distribute  themselves  in  a  uniform  layer  of 
density  n0  over  the  fictitious  positive  charge.  In  practice, 
the  WPQW’s  are  ~4000  A  wide,  and  uniform  electron 
layers  of  thickness  >  2000  A  have  been  obtained.  Be¬ 
cause  the  donors  can  be  separated  by  several  hundred 
angstroms  from  the  electrons  in  such  a  system,  the 


electron-random  impurity  potential  can  be  considerably 
smaller  than  is  possible  in  the  usual  doped  semiconduc¬ 
tors.  The  mobility  of  these  samples,  even  in  the  presence 
of  alloy-disorder  scattering,  should  be  significantly  higher 
than  that  of  doped  semiconductors  with  the  same  concen¬ 
tration  of  carriers. 

In  the  experimental  samples,  the  parabolic  potential  is 
achieved  by  tailoring  the  conduction-band  edge  of  an  al¬ 
loy  semiconductor,  usually  Ga,_xAlxAs.  Since  the  band 
offset  between  GaAs  and  Ga,.,  Al,  As  is  proportional5  to 
x,  it  is  possible  to  obtain  a  parabolic  potential  by  varying 
the  fraction  of  aluminum  quadratically  with  position. 
Recently,  structures  of  this  type  were  grown  using 
molecular-beam  epitaxy  by  Gossard  and  co-workers,6  and 
independently  by  Shayegan  and  co-workers.7  Magneto¬ 
transport  experiments6,7  on  these  WPQW’s  reveal  that 
they  hold  a  thick,  high-mobility  slab  of  electron  gas.  In 
addition,  recent  theoretical  studies  of  these  systems  have 
discussed  electron  energy  levels  and  charge-density 
profiles,8  electronic  structure  in  the  presence  of  a  longitu¬ 
dinal  magnetic  field,9  and  the  existence  of  a  spin-density- 
wave  instability  in  the  presence  of  a  longitudinal  magnet¬ 
ic  field.10 

The  infrared  optical  absorption  and  magneto-optical 
absorption  in  WPQW  have  been  studied  experimentally11 
and  theoretically.12  It  has  been  shown12  that,  in  the  ab¬ 
sence  of  an  applied  magnetic  field,  an  ideal  n-type  doped 
parabolic  quantum  well  absorbs  far-infrared  radiation 
only  at  the  bare  harmonic  oscillator  frequency,  indepen¬ 
dent  of  the  electron-electron  interaction  and  of  the  num¬ 
ber  of  electrons  in  the  well.  For  this  reason,  it  has  been 
thought  that  optical-absorption  measurements  might  be 
useful  in  characterizing  departures  from  ideal  parabolici- 
ty  in  experimental  samples. 

The  aim  of  the  present  work  is  to  study,  within  the 
framework  of  the  Hohenberg-Kohn-Sham  local-density 
approximation  (LDA),  how  the  optical  absorption  of  a 
WPQW  changes  from  its  ideal  form  when  different  im¬ 
perfections  are  present.  We  also  report  the  influence  of 
imperfections  on  the  charge-density  profile  and  on  the 
electronic  states.  In  Sec.  II  we  describe  the  method  used 
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in  our  calculations,  and  in  Sec.  Ill  we  discuss  three  exper¬ 
imentally  relevant0  effects:  the  effect  of  the  finite  width  of 
the  well,  the  effect  of  a  quartic  term  added  to  the  parabol¬ 
ic  potential,  and  the  effect  of  a  region  of  flat  potential  in 
the  center  of  the  well.  Finally,  in  Sec.  IV,  we  summarize 
our  results. 

In  the  present  paper  we  confine  ourselves  to  the  case  of 
zero  applied  magnetic  field.  If  one  can  neglect  the 
scattering  of  electrons  by  impurities  and  phonons,  the  ab¬ 
sorption  in  this  case  is  produced  only  by  the  component 
of  the  electric  field  in  the  z  direction  (perpendicular  to  the 
layer).  Thus,  to  see  the  effect,  one  must  use  radiation  that 
is  incident  at  an  angle  far  from  normal  incidence. 

II.  METHOD  OF  CALCULATION 

We  consider  a  WPQW  with  the  geometry  used  in  Ref. 
6,  where  the  well  has  a  finite  width  W,  a  depth  At,  and  is 
bounded  by  an  additional  barrier  of  height  A2.  To  de¬ 
scribe  the  electrons  in  the  host  semiconductor,  we  use  the 
effective-mass  approximation.  We  take  the  static  dielec¬ 
tric  constant  and  the  effective  mass  to  be  uniform  across 
the  well.  In  the  actual  WPQW,6-7  these  quantities  vary 
by  only  1 1  and  7  %,  respectively,  from  the  center  to  the 
edge  of  the  well,  and  including  this  variation  in  the  calcu¬ 
lation  produces  only  small  changes  in  the  results.  Also 
omitted  from  the  calculation  are  the  nonparabolicity  of 
the  conduction  band  and  the  band-mixing  effects  induced 
by  confinement.  These  effects,  again,  have  only  a  small 
influence  on  the  electronic  properties  of  the  system. 

The  interactions  between  electrons  in  the  conduction 
band  can  be  separated  into  a  Hartree  term  due  to  the 
electrostatic  potential  of  the  total  electron  density  and  an 
exchange-correlation  term.1  The  exchange-correlation 
part  of  the  ground-state  energy  can  be  described  as  a 
functional  of  the  electron  density.13  In  the  LDA  this 
functional  is  assumed  to  have  only  local  dependence  on 
the  electron  density.  The  LDA  has  been  used  very  suc¬ 
cessfully  to  obtain  ground-state  properties  of  many  sys¬ 
tems.14  Making  this  local  approximation  leads  to  a  one- 


body  Schrodinger-type  equation,  where  the  electrons 
move  in  a  potential  that  is  the  sum  of  the  external  (para¬ 
bolic)  potential,  the  Hartree  potential,  and  an  exchange- 
correlation  potential.  Although  the  energy  eigenvalues  of 
this  one-particle  equation  do  not  correspond  to  the  quasi¬ 
particle  energies,  one  can  consider  the  exchange- 
correlation  potential  as  a  local,  energy-independent 
self-energy.15  The  cDA  gives  good  results  for  conduc¬ 
tion  electrons  in  silicon  inversion  layers  and 
GaAs/Ga|_^  Alx As  heterostructures,  and  for  quantum 
wells.416 

In  our  system,  we  replace  the  localized  donor  charges 
oy  a  z-dependent  charge  density  that  has  been  averaged 
over  the  x-y  plane.  If  we  restrict  ourselves  to  self- 
consistent  solutions  that  respect  translational  symmetry 
in  the  x-y  plane,  the  one-electron  equation  describing  the 
motion  of  the  electrons  separates,  and  the  wave  functions 
and  eigenvalues  are 

tiki  tfk? 

En.k,,k~Zn  +  - - T  +  T - 7  ’  (la) 


* 


n.kx,k 


i  1  Hk  x+k  y I 

,(T)  ~^fe  ?«<*>• 


(lb) 


where  we  have  supposed  spin  degeneracy  and  omitted  the 
spin  index.  In  the  above  expression,  S  is  the  sample  area, 
k  =  {kI,ky)  is  the  wave  vector  of  the  electron,  m*  is  the 
effective  mass,  and  e„  and  <p„(z)  are  obtained  from  the 
one-dimensional  Schrodinger  equation 


ft1  d2 
2 m9  dz 2 


+  Viz)+  VH(z)+  Flc(z) 


<P„lz)  =  E,<p„(z)  • 


(2) 


In  this  expression.  Viz)  is  the  bare  well  potential, 
which  depends  on  the  Al  concentration  at  the  position  z, 
and  which  corresponds  to  the  position  of  the  bottom  of 
the  conduction  band  in  the  absence  of  doping;  F,c(z)  is 
the  exchange-correlation  potential17 


F  (z)=  — 0.985— n  /3(z) 
e 


1  +  TWTlnl 1  +  18.37605*  l/3M! 

agti w  (z) 


(3; 


where  ag  =effJ/m*e2;  VH(z)  is  the  Hartree  term  due  to 
the  electrostatic  interaction  of  the  electrons  with  them¬ 
selves  and  with  the  [(x,y  (-averaged]  impurity  charge, 


d2V„(z) 

dz1 


4ve2 

6 


[n(z)  — iVD(z)]  , 


(4) 


where  NDlz)  is  the  density  of  positive  charge  necessary  to 
maintain  charge  neutrality.  The  electron  density  n(z)  is 
given  by 


where  n,(z)  is  the  contribution  of  the  ith  subband  to  the 
charge  density,  9(e)  is  the  Heaviside  unit-step  function 
(9=0  for  e  <  0  and  9=1  for  e>0),  and  tF  is  the  Fermi 
energy  obtained  from  the  condition 

n5  =  X  • 

‘  (6) 

N,  =  — r(ef  —  e,  )9(ef  —  e,  )  , 
irh 


nlz)~  2  • 


»Az)~  — ^-(Ef  —  e,  )i^,(z)!29(Ef-E, ) 


A,  being  the  number  of  electrons  per  unit  area  in  the  ith 
subband.  Consistent  with  our  use  of  a  dielectric  constant 
that  is  uniform  across  the  well,  we  have  neglected  the 
effect  of  image  potentials  in  Eq.  (2). 


(5) 
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The  self-consistent  solution  of  Eqs.  (2)-(6)  gives  us  the 
charge-density  profile,  the  Fermi  energy,  the  subband  en¬ 
ergies,  and  the  total  potential,  which  is  defined  as 
Vr{z)=V[z)+  VHiz)+  Vxc{x).  From  the  eigenfunctions 
and  eigenvalues,  we  can  obtain  the  infrared  (ir)  optical 
spectrum  of  the  system. 

The  peaks  in  the  ir  optical  absorption  do  not  appear  at 
frequencies  corresponding  to  the  quasiparticle  energy 
separation.  Instead,  the  resonances  are  shifted  from  the 
self-consistent  subband  separation  by  the  depolarization 
effect,18  due  to  the  Hartree  screening  of  the  resonance, 
and  by  the  excitoniclike19  or  vertex-correction  effect.  In 
fact,  the  absorption  peaks  correspond  to  the  collective 
modes  of  the  system,  which  must  be  determined  from  the 
poles  of  the  appropriate  response  function.20  In  the  case 
of  a  quantum  well,  in  the  long-wavelength  limit,  the 
movement  of  the  confined  electrons  can  only  be  coupled 
to  an  electric  field  perpendicular  to  the  electronic  sheet, 
and  the  charge  in  the  well  absorbs  ir  radiation  only  if  the 
electric  field  has  a  component  in  the  perpendicular  direc¬ 
tion.  We  are  able  to  use  the  dipole  approximation  in 
describing  the  interaction  between  light  and  the  electrons 
and  to  neglect  retardation  effects21  because  the  thickness 
of  the  typical  WPQW  is  much  smaller  than  the  wave¬ 
length  of  the  light  with  frequency  corresponding  to  the 
self-consistent  subband  separation. 

We  obtain  the  optical  absorption  by  using  the  self- 
consistent-field  approximation22  together  with  the  LDA. 
In  the  form  derived  by  Ando,19  the  optical  absorption  per 
unit  area  can  be  written  as 


/>(*>)  =  {  Re[ffc<w)D2]  , 


(7) 


where  D  is  the  external  electric  field  directed  in  the  z 
direction  and  9a  is  the  modified  two-dimensional  dynam¬ 
ical  conductivity 


9„{<o)  =  - 


(fiw)2  —  2ifUii/r 


(8) 


where  we  have  introduced  a  phenomenological  relaxation 
time  r  and 


//  = 


2m* 


Nn~Nn. 


1/2 


1/2 


v*».t 


(9) 


where  Z„.„  is  the  matrix  element  of  the  z  coordinate  be¬ 
tween  the  states  <p„.  and  <pn.  £?  in  Eq.  (8)  and  U„  „  ,  in 
Eq.  (9)  are  the  eigenvalues  and  eigenfunctions  of  the  ma¬ 
trix 


+  (Nn-Nn.)i'HNm-.Vm.)wz 

X(Em.m£„.„)1/2(a„.mm. ~0„n-.mm)  .  (10) 

In  the  above  expressions,  the  indices  n,  n' ,  m,  and  m  ’ 
refer  to  the  eigenvalues  and  eigenvectors  of  the  one- 
dimensional  equation  (2).  The  matrix  elements  a  and  0  in 


Eq.  (9)  represent  the  depolarization  and  excitonic  effects, 
respectively,  and  are  given  by  the  expressions 


:  —2 
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r  +  ee  U  r 
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(12) 


It  is  also  easy  to  show  that  the  two-dimensional  dynami¬ 
cal  conductivity  satisfies  the  sum  rule 


f  9 Z2(o))d<i)  =  — —ns  . 

m  * 


(13) 


In  this  model  the  vertex  corrections  are  given  by  the 
functional  derivative  of  the  e  .change-correlation  poten¬ 
tial  with  respect  to  the  density.  That  this  correction  is  in¬ 
dependent  of  frequency  is  consistent  with  the  lack  of 
dependence  of  the  exchange-correlation  potential  on  the 
quasiparticle  energy.  It  is  important  to  note  that,  to  be 
consistent,  the  use  of  the  exchange-correlation  potential 
in  the  calculation  of  the  excitoniclike  effects  must  be  ac¬ 
companied  by  the  inclusion  of  Klc  in  the  one-dimensional 
Schrodinger  equation,  and  vice  versa. 


in.  NUMERICAL  RESULTS 

We  are  interested  in  the  electronic  and  optical  proper¬ 
ties  of  the  model  parabolic  potential 

4  A,z2 

F, (z)  = IF/2 -  |z | ) -H  A , -f  Aj )0(  |z  |  -  IF/2 ) 

(14) 

and  in  the  effects  that  different  perturbations,  when  add¬ 
ed  to  this  potential,  have  on  those  properties.  In  our  cal¬ 
culations  we  use  the  following  set  of  parameters: 
f  =  12.5,  A;  =  150  meV,  A2  =  75  meV,  and  m  *  =0.067 
times  the  free  electron  mass.  The  positively  charged 
donor  impurities  are  in  two  layers  of  equal  charge  densi¬ 
ty,  200  A  thick,  located  just  outside  the  well  on  either 
side.  We  have  checked  that  our  results  are  insensitive  to 
the  precise  location  of  the  positive  charges  for  reasonable 
choices  of  the  parameters. 

In  some  of  the  actual  WPQW  the  parabolic  potential  is 
created  by  changing  the  relative  thickness  of  alternating 
GaAs  and  Al0  jGa^As  layers  in  a  superlattice  of  period 
20  A,  so  that  the  average  aluminum  composition  changes 
quadratically  across  the  well.6  Since  the  resulting  poten¬ 
tial  is  very  difficult  to  handle  numerically,  we  have  used 
the  averaged  potential  in  our  calculations.  To  check  the 
sensitivity  of  our  results  to  short -wavelength  variations  m 
the  potential,  we  have  compared  the  results  for  another 
fine  superlattice  with  those  for  its  averaged  parabolic  po¬ 
tential.  The  fine  superlattice  we  considered  had  a  period 
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of  20  A,  a  fixed  barrier  thickness  of  10  A,  and  a  barrier 
height  which  changed  quadraticaliy  from  one  period  to 
the  next.  The  differences  between  the  charge-density 
profiles  obtained  for  the  fine  superlattice  and  for  the  aver¬ 
aged  potential  are  very  small.  The  superlattice  produces 
an  oscillation  of  very  small  amplitude  in  the  charge- 
density  profile,  with  the  same  period  as  the  superlattice. 
There  are  also  small  differences  in  the  charge-density  dis¬ 
tribution  at  the  center  of  the  well,  due  to  the  region  of  flat 
potential  that  the  superlattice  produces  in  the  center  of 
the  well.  This  flat  region  typically  corresponds  to  3  or  5 
periods  of  the  fine  superlattice.  The  effects  on  the  energy 
levels  and  on  the  optical  absorption  are  also  small.  The 
insensitivity  of  our  results  to  fine  structure  in  the  poten¬ 
tial  arises  because  the  reciprocal  lattice  vector  corre¬ 
sponding  to  the  superlattice  period  has  an  associated  ki¬ 
netic  energy  much  larger  than  the  energy  spacing  be¬ 
tween  the  parabolic-well  states  in  which  we  are  interest¬ 
ed.  In  summary,  we  have  checked  that  the  use  of  the 
averaged  potential  instead  of  the  fine  superlattice  poten¬ 
tial  does  not  affect  our  results. 

A.  Size  effects 

In  this  subsection  we  study  the  effects  of  the  finite 
width  W  and  the  additional  confining  potential  A2  on  the 
properties  of  the  system.  We  apply  the  method  described 
in  Sec.  II  to  the  potential  of  Eq.  (14),  K(z)=K,(z),  and 
we  study  the  variation  of  the  properties  of  the  system 
with  the  fractional  occupation  tj  defined  by 
• rj~ns/{n0lV ),  where  n,  is  the  number  of  electrons  per 
unit  area  in  the  system.  We  have  found,  in  agreement 
with  Ref.  8,  that  the  number  of  occupied  subbands  in¬ 
creases  with  the  number  of  electrons  in  the  well,  that  the 
separation  in  energies  between  occupied  subbands  de¬ 
creases  with  n, ,  and  that  the  separation  between  the  Fer¬ 
mi  energy  and  the  first  subband  occupied  goes  quickly  to 
the  3D  value  eF  =  ff2(3flJn0):/3/2m *.  We  have  also 
checked  that  the  thickness  of  the  electron  slab  increases 
linearly  with  the  fractional  occupation  tj.  Our  calcula¬ 
tions  show  that  a  very  uniform  slab  of  electrons  is  formed 
when  only  two  subbands  are  occupied. 

Size  effects  become  important  when  the  fractional  oc¬ 
cupation  is  near  1  and  the  electrons  feel  the  abrupt 
change  in  potential  at  the  edge  of  the  well.  In  Fig.  1  we 
plot  the  charge-density  profile  for  tj=0.6  and  for  tj=1. 
In  the  T}~ 0.6  case  the  charge  is  almost  uniform  in  the  oc- 
cup.  ed  part  of  the  well.  The  small  bumps  at  the  edges  of 
(he  slab  are  Friedel-type  oscillations,  similar  to  those 
which  appear  at  metal-vacuum  interfaces.23  As  the 
WPQW  moves  toward  complete  filling  (tj=1),  the  elec¬ 
trons  start  to  feel  the  nonparabolic  confining  potential 
(A,),  and  the  amplitude  of  the  oscillations  at  the  edge  of 
the  charge-density  profile  increases.  For  tj>1,  extra 
charge  accumulates  at  the  edges  of  the  well,  and  the  dis¬ 
tribution  of  electrons  becomes  more  and  more  like  two 
2D  sheets. 

Figure  2  shows  the  infrared  optical  absorption  for 
different  values  of  the  fractional  occupation  tj.  When  the 
number  of  electrons  in  the  well  is  small  enough,  so  that 
the  charge  docs  not  feel  the  edges  of  the  well  (tjSO.8), 
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FIG.  1.  Potential  and  charge  density  in  a  WPQW  for  two 
different  fractional  occupations,  tj  =  0.6  and  tj=1.  Curve  ia) 
shows  the  bare  potential  K(z!  for  the  well,  and  curve  (b)  shows 
the  total  self-consistent  potential  Kj-(z).  Curve  (cl  shows  the 
self-consistent  charge-density  profile  niz).  The  parameters  of 
the  WPQW  are  given  in  the  text. 


the  system  absorbs  light  only  at  the  bare  frequency 
6>0~{8A]/fV1m  *)l/2.  This  frequency  can  be  identified 
with  the  plasmon  frequency  of  a  3D  electron  gas  of  densi¬ 
ty  n0,  since  by  construction  (J0={4irn0ez /em  *  )l/:.  This 
result  is  expected  from  the  analysis  of  Ref.  12.  In  the 
parabolic  potential  there  is  an  exact  cancellation  of  the 
depolarization  term  and  the  vertex-correction  term  by 


FIG.  2.  Calculated  real  part  of  the  dynamical  conductivity 
d  .-ltul  in  a  WPQW  for  different  values  of  the  fractional  occupa¬ 
tion  tj.  The  parameters  of  the  WPQW  are  given  in  the  text. 
The  value  of  the  phenomenological  relaxation  time,  r,  is  O.Ohu,,. 
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the  corrections  to  the  quasiparticle  energy  spacing  due  to 
the  electron-electron  interaction. 

The  effects  of  th  finite  width  of  the  parabolic  well  be¬ 
gin  to  appear  when  17  50.8.  The  effect  of  the  finite  width 
is  negligible  for  fractional  occupations  smaller  than  0.8 
but  increases  quickly  for  higher  values.  For  values  of  17 
smaller  than  1,  the  perturbation  is  still  relatively  small 
and  has  two  main  effect  on  the  optical  absorption  of  the 
WPQW.  First,  the  main  peak  in  the  absorption  spectrum 
is  shifted  to  a  slightly  higher  frequency  because  the  extra 
confinement  increases  the  oscillation  frequency  of  the 
center  of  mass  of  the  electrons.  Second,  small  satellites 
appear  around  the  main  peak  because  the  electric  field  of 
the  incident  light  can  now  couple  to  the  internal  motion 
of  the  electrons  as  well  as  to  the  motion  of  the  center  of 
mass. 

B.  Effect  of  a  quartic  term  added  to  the  parabolic  potential 

In  this  subsection  we  study  the  effect  that  a  quartic 
term  of  the  form 

16A  az4 

K,(z)= - *-Q(Wn-\z\)  (15) 

has  on  the  properties  of  the  WPQW.  We  apply  the 
method  described  in  Sec.  II  to  the  potential 
V(2)—  P,(z)+  Vq(z).  In  order  to  exclude  effects  due  to 
the  finite  width  of  the  well,  we  fix  the  fractional  occupa¬ 
tion  at  17=0.6.  Note  that  with  this  value  of  17,  the  ratio 
of  the  quartic  potential  to  the  parabolic  potential  at  the 
edges  of  the  electronic  slab  is  only  one-third  the  same  ra¬ 
tio  at  the  edges  of  the  well. 

In  Fig.  3,  we  show  the  subband  energies  and  the  Fermi 
energy  as  a  function  of  Aq.  Figure  4  shows  the  initial  po¬ 
tential,  the  self-consistent  potential,  and  the  charge- 
density  profile  for  the  cases  Aq  =  —  40  and  75  meV.  The 
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FIG.  3.  Fermi  level  £f-e,  (solid  circles)  and  energy-level 
separation  e,  —  e,  (open  circles)  as  a  function  of  the  strength  of 
the  quartic  term  A,  (see  text).  The  fractional  occupation  77  is 
0,6.  The  parameters  of  the  WPQW  are  given  in  the  text. 
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FIG.  4.  Potential  and  charge  density  in  a  WPQW  for  two 
different  values  of  the  quantc  term  added  to  the  potential; 
Af  =75  meV  and  A,=  —40  meV.  The  fractional  occupation  is 
17=0.6.  Curve  (a)  shows  the  bare  potential  F(r)=  F,(z)+ F#(z) 
for  the  well,  curve  (b)  shows  the  total  self-consistent  potential 
Fr(z).  Curve  (c)  shows  the  self-consistent  charge-density  profile 
n  (z).  The  parameters  of  the  WPQW  are  given  in  the  text. 


behavior  is  quite  different  for  different  signs  of  Aa.  For 
positive  values,  the  quartic  potential  induces  a  convex 
parabolic  correction  to  the  nearly  uniform  charge  distri¬ 
bution  produced  by  the  parabolic  potential  alone.  The 
positive  quartic  potential  also  increases  the  confinement 
of  the  electrons  in  the  well,  so  the  subband  energy  spac¬ 
ing  increases  with  increasing  Aq. 

For  negative  values  of  Aq,  the  quartic  potential  adds  a 
concave  parabolic  component  to  the  charge  distribution. 
Even  a  moderate  negative  A?  causes  the  charge  to  spread 
out  considerably  in  the  well  and  destroys  the  uniform 
charge-density  profile.  For  small  negative  values  of  Aq, 
the  main  effect  of  the  perturbation  is  to  reduce  the 
confinement  of  the  electrons  and,  thus,  the  intersubband 
separation.  For  values  of  Aq  more  negative  than  those 
shown  in  Fig.  3,  the  charge  builds  up  more  and  more  at 
the  edges  of  the  well,  and  the  energy  levels  approacl 
those  of  two  2D  electron  gases. 

In  Fig.  5(a)  we  show  the  real  part  of  the  dynamical 
conductivity  for  different  positive  values  of  Aq.  For  small 
values  of  Aq  the  effect  of  the  perturbation  on  the  optical- 
absorption  spectrum  is  twofold;  a  small  shift  to  higher 
frequencies  of  the  main  peak  and  the  appearance  of  small 
satellites  around  it.  This  is  similar  to  the  effect  produced 
by  the  finite  width  of  the  well.  But  now  instead  of  several 
peaks  at  higher  frequencies  than  a>n  there  is  only  one  ad¬ 
ditional  peak.  This  shows  that  the  step-potential  A:  al¬ 
lows  more  different  transitions  than  the  smoother  quartic 
potential.  At  larger  values  of  Aq  the  quartic  term  is  com¬ 
parable  to  the  parabolic  term  and  several  transitions, 
with  similar  intensities,  appear  around  o>0. 

Figure  5(b)  shows  the  optical  absorption  for  negative 
values  of  A?.  In  this  case,  as  mentioned  above,  moderate 
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FIG.  6.  Fermi  level  £/■—£,  (solid  circles)  and  energy-level 
separation  t,  —  e,  (open  circles)  as  a  function  of  the  width  of  the 
region  of  flat  potential,  W /(  (see  text).  The  fractional  occupa¬ 
tion  i}  is  0.6.  The  parameters  of  the  WPQW  are  given  in  the 
text. 


flat  segment  of  potential  of  width  fVn  centered  about 
2=0.  When  added  to  the  perfect  parabolic  potential, 
K„(z)  acts  as  a  barrier  in  the  center  of  the  well  which 
tends  to  separate  the  electron  gas  into  two  2D  systems. 
In  Fig.  6  we  plot  the  subband  energies  and  the  Fermi  en¬ 
ergy  as  a  function  of  Wn,  having  fixed  jj  at  0.6  as  before 
to  eliminate  finite-width  effects.  As  Wn  increases,  the 


FIG.  5.  Calculated  real  part  of  the  dynamical  conductivity 
9a((o)  in  a  WPQW  for  (a)  positive  and  (b)  negative  strengths  of 
quartic  term  added  to  the  potential.  The  fractional  occupation 
i;  is  0.6.  The  parameters  of  the  WPQW  are  given  in  the  text. 
The  value  of  the  phenomenological  relaxation  time,  r,  is  O.Olwo. 
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values  of  produce  large  changes  in  the  charge-density 
profile,  and  the  ir  spectrum  shows  several  peaks  of  com¬ 
parable  intensity  around  a  main  peak  that  is  shifted  down 
slightly  from  <o0. 

C.  Effect  of  a  region  of  flat  potential  in  the  center  of  the  well 

In  this  section  we  apply  the  method  of  Sec,  II  to  the 
potential  K(z)=  K](z)-i-  K„(z),  where  K„(z)  is  given  by 


*Vz>=- 


-©(  Wn/2-\z\) 


4A,  W, 


e(\z\-wn/2) . 


K„(z)  cancels  F,i z)  in  the  center  of  the  well,  producing  a 
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FIG.  7.  Potential  and  charge  density  in  a  WPQW  for  two 
different  widths  of  the  region  of  flat  potential  =  100  and  400 
A.  The  fractional  occupation  is  r?=0.6.  Curve  (a)  shows  the 
bare  potential  F(z)=  F,(z)+ F„(z)  for  the  well,  and  curve  ib> 
shows  the  total  self-consistent  potential  Fr(z).  Curve  (c)  shows 
the  self-consistent  charge-density  profile  n(z).  The  parameters 
of  the  WPQW  are  given  in  the  text. 


1246 


BREY,  DEMPSEY,  JOHNSON,  AND  HALPERIN 


42 


1.0 


0.5r 


* 

6 

tv 


o.o; 


0.5 


0.0 


ib 


0.5 


0.01 


- 1 - 1 - - 

W,|»400A 

_ . _ _ M _ _ 

- 

W,t«  300  A 

l. 

>’ _ _ _ J 

W(1*  200A 

_ _ _ 

w/  ui0 


FIG.  8.  Calculated  real  part  of  the  dynamical  conductivity 
<tu(a>)  in  a  WPQW  for  different  values  of  the  width  of  the  re¬ 
gion  of  flat  potential.  The  fractional  occupation  17  is  0.6.  The 
parameters  of  the  WPQW  are  given  in  the  text.  The  value  of 
the  phenomenological  relaxation  time,  r,  is  0.01tu0. 


levels  tend  to  become  degenerate,  as  expected  for  two  2D 
electron  gases.  This  is  seen  more  clearly  in  Fig.  7,  where 
the  self-consistent  charge-density^  profile  is  plotted  for 
two  values  of  IFfl.  For  tVn  =400  A,  the  charge  lies  most¬ 
ly  to  the  sides  of  the  barrier  created  by  F„(z). 

As  in  the  case  of  negative  quartic  term,  the  splitting  of 
the  charge-density  profile  strongly  affects  the  optical- 
absorption  spectrum,  shown  in  Fig.  8.  As  Wn  increases, 
different  peaks,  with  comparable  intensities,  appear 
around  the  frequency  <u0. 


same,  namely  (i)  a  shift  of  the  main  peak  due  to  a  shift  in 
the  frequency  of  oscillation  of  the  center  of  mass  of  the 
electrons,  and  (ii)  the  appearance  of  new  peaks  around 
the  main  peak.  The  additional  peaks  had  zero  intensity 
in  the  ideal  parabolic  case,  because  they  correspond  to 
forbidden  transitions.  With  the  perturbauons,  the  wave 
functions  change  and  the  transitions  are  no  longer  forbid¬ 
den.  The  number  of  additional  peaks  and  their  positions 
depend  on  the  particular  form  of  the  perturbation. 

When  the  strength  of  the  perturbation  increases,  the 
importance  of  the  parabolic  potential  decreases,  and  the 
charge  density  in  the  electron  slab  becomes  less  and  less 
uniform.  When  the  uniformity  is  lost,  several  peaks  with 
comparable  intensities  appear  in  the  ir  absorption  spec¬ 
trum. 

Our  LDA  calculations  are  consistent  with  the  result  of 
Ref.  12,  in  that  the  optical-absorption  spectrum  we  calcu¬ 
late  in  the  absence  of  imperfections  shows  only  one  peak, 
which  falls  at  precisely  the  expected  frequency.  On  the 
other  hand,  one  should  not  view  this  as  strong 
confirmation  that  the  LDA  treats  the  electron-electron 
interaction  accurately.  The  result  of  Ref.  12  holds  for 
any  interaction  of  the  form  K(r  — r'),  whether  Coulombic 
or  not.  Our  agreement  with  the  general  result  shows  only 
that,  as  we  have  used  it,  the  LDA  respects  the  transla¬ 
tional  invariance  of  the  electron-electron  interaction. 

Also,  the  result  of  Ref.  12  implies  that  we  must  find  an 
exact  cancellation  in  our  calculations  of  the  depolariza¬ 
tion  term  and  the  vertex-correction  term  by  the  correc¬ 
tions  to  the  quasiparticle  energy  spacing  due  to  the 
electron-electron  interaction.  In  fact,  we  find  that  the 
cancellation  also  occurs  when  the  vertex-correction  term, 
Eq.  (12),  and  the  exchange-correlation  potential,  VK,  are 
simultaneously  omitted.  This  occurs  because  the  depo¬ 
larization  term,  Eq.  (11),  and  the  vertex-correcuon  term 
separately  cancel  the  effects  of  the  Hartree  and  the 
exchange-correlation  potentials,  respectively. 


IV.  SUMMARY 
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We  study  collective  excitations  in  a  model  array  of  parabolically  confined  quantum  dots  in  an  ap¬ 
plied  magnetic  field.  Treating  the  interactions  between  electrons  on  the  same  dot  exactly  and  those 
between  electrons  on  different  dots  in  a  simple  approximation,  we  find  that  the  Hamiltonian 
separates  into  a  term  involving  center-of-mass  coordinates  of  the  electrons  on  each  dot  and  a  term 
that  depends  on  the  relative  coordinates  on  each  dot.  We  diagonalize  the  center-of-mass  Hamiltoni¬ 
an  exactly  and  discuss  retardation  effects  and  interactions  between  the  array  and  far-infrared  radia¬ 
tion. 


In  recent  years  there  has  been  growing  interest  in  the 
electronic  properties  of  quantum-dot  systems. 1-6  Most 
often  these  structures  are  formed  when  the  quasi-two- 
dimensional  electron  gas  (2DEG)  at  a  semiconductor 
heterojunction  or  in  a  narrow  quantum  well  is  confined 
further,  so  that  the  electron  motion  is  constrained  in  all 
three  dimensions.  In  many  of  the  experimental  samples, 
particularly  those  where  the  dots  are  defined  by  metallic 
gates  near  the  2DEG,  ',3,4,6  or  by  "deep-mesa”  etching,2,6 
the  confinement  in  the  plane  is  expected  to  be  nearly  par¬ 
abolic.78  To  provide  adequate  signal  strength  in  mea¬ 
surements  of  optical  transmission  and  of  capacitance,  ar¬ 
rays  of  as  many  as  10*  dots  covering  several  square  mil¬ 
limeters  are  fabricated.  In  this  paper,  we  discuss  collec¬ 
tive  modes  in  a  model  array  of  quantum  dots  with  two- 
dimensional  parabolic  confinement  in  an  applied  magnet¬ 
ic  field,  treating  the  interactions  between  electrons  on  the 
same  dot  exactly  and  those  between  electrons  on  different 
dots  within  a  simple  and  often  accurate  approximation. 
We  also  investigate  the  interaction  of  the  collective 
modes  with  far-infrared  radiation  and  calculate  the 
effects  of  retardation  in  a  system  where  the  array  is  em¬ 
bedded  in  a  semiconductor  crystal  so  that  the  dielectric 
constant  is  the  same  on  both  sides  of  the  dot  layer. 

It  has  been  shown  recently9  that  parabolically  confined 
electron  layers  with  or  without  an  external  magnetic  field 
have  center-of-mass  collective  modes  that  can  be  treated 
exactly.  More  recently,  it  has  been  noted  that  the  tech¬ 
niques  of  Ref.  9  apply  also  to  single  quantum  dots  with 
general  three-dimensional  parabolic  confinement 10  and  to 
single  parabolic  dots  in  external  magnetic  fields. 1 1  These 
results  for  single  parabolic  dots  have  also  been  obtained 
recently  by  other  techniques. 12  On  the  other  hand, 
theoretical  work  on  arrays  of  parabolic  quantum  dots13 
has  failed  to  treat  the  interactions  between  electrons  on 
the  same  dot  accurately.  Moreover,  previous  work  on  ar¬ 
rays  has  not  considered  the  case  of  an  applied  magnetic 
field  and  has  ignored  effects  due  to  retardation. 

We  begin  with  the  model  Hamiltonian  H=H0 
+  +  where 


a  i 
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pa, +  - A(ra, ) 
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In  these  expressions  m  is  the  effective  mass,  Ra  is  the 
center  position  of  the  ath  dot,  r01=Ra  +  ua,  is  the  posi¬ 
tion  of  the  /th  electron  on  the  ath  dot,  and  we  take 
A(ra/)=  A0{Tai)  =  Bxaiy.  The  terms  H'"  and  H'J' 
represent  the  interactions  between  electrons  on  the  same 
dot  and  on  different  dots,  respectively.  The  Hamiltonian 
H  incorporates  the  following  characteristics:  (i)  a  para¬ 
bolic  potential  before  electrons  are  added,  (ii)  no  tunnel¬ 
ing  between  dots,  (iii)  a  uniform  external  magnetic  field 
B—Bz,  and  (iv)  instantaneous  interactions  of  the  form 
K(  |ral  —  tpj\ ).  We  shall  later  relax  the  last  of  these  as¬ 
sumptions.  We  also  point  out  that  the  quantity  mto 5  in 
Eq.  (1)  is  the  curvature  of  the  parabolic  potential 
confining  the  electrons  on  each  dot  when  the  dot  is  part 
of  the  array.  In  principle,  this  should  be  slightly  different 
than  the  curvature  of  the  confining  potential  of  an  isolat¬ 
ed  dot  because  of  a  small  contribution  from  the  fixed  pos¬ 
itive  charges  on  the  neighboring  dots.  We  also  ignore  the 
Zeeman  energy,  which  does  not  affect  our  results. 

We  define  center-of-mass  position  and  momentum 
operators  for  each  site  and  for  the  system  as  a  whole: 
Ua=«a'  2,  Pa^S.  Pa,.  U  =  JV  ~  '  2a  "«U0,  and 
P=  2a  P<7’  where  N  is  the  total  number  of  electrons  and 
na  is  the  number  of  electrons  on  the  ath  site.  Defining 

Cf  =  [  2A/fl(  4«o  +  a>2  )l/2]~ 1/2 
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where  M  ~Nm,  Xa  =  K!r-x,  k  =  ±1,  and  tu,  =  A.(  /2 ) 

-f- < -4-  icij"  /4  > 1  /2,  we  find  that  [H,CJ  ]  —  ±fiaj}C^  and 
that  the  |CfS  obey  the  commutation  relations 
[c,-,cn=6u.  and  [Cy  ,C>:  ]=0=[Cj?  ,C*].  Thus 
Ci  and  C>  are  the  creation  and  annihilation  operators 
for  exact  excitations  of  our  Hamiltonian.  These  excita¬ 
tions  correspond  to  the  classical  modes  in  which  all  the 
electrons  on  ail  the  dots  move  together  in  phase,  main¬ 
taining  their  relative  positions.  This  represents  a  general¬ 
ization  of  the  results  for  single  dots10- 12  to  arrays  of  dots. 

To  study  modes  where  the  electrons  on  different  dots 
do  not  move  in  phase,  we  make  a  harmonic  approxima¬ 
tion  to  the  interaction  between  pairs  of  electrons  that  lie 
on  different  dots.  We  note  that  although  our  treatment 
up  to  this  point  has  assumed  that  V'2'  in  Eq.  (3)  depends 
only  on  lrn/  —  r0y|,  the  interactions  in  actual  dot  arrays 
may  be  more  complicated,  due,  for  example,  to  the  effects 
of  image  charges  on  gate  structures  that  do  not  possess 
translational  symmetry  in  the  xy  plane.  Then  the  interac¬ 
tion  between  electrons  on  different  dots  must  be  written 
in  the  more  general  form  Fl2l(raJ,r0y ).  Image  charges  on 
gate  structures  will  also  cause  modifications  in  the 
confining  potential  for  an  electron  on  a  single  dot  and  will 
modify  the  interactions  between  two  electrons  on  the 
same  dot,  thereby  affecting  the  assumptions  that  enabled 
us  to  solve  exactly  for  the  center-of-mass  motion  for  a 
single  dot.  Nevertheless,  under  many  conditions  a 
simple-harmonic-oscillator  approximation  will  be  valid 
for  small  displacements. 

For  simplicity,  we  assume  that  the  |Raj  lie  on  a 
periodic  lattice  and  that  V>2)  is  invariant  under 
reflections  as  well  as  under  translations  through  lattice 
vectors,  and  write  F,2‘(ra(,rft)  =  K'2,(Ra(j,ua,,ugy ) 
=  Ka'(Rae, -u0/,-ual),  where  R„e=RrRa.  Using 
these  symmetries  and  assuming  that  uw  and  u0J  are  small 
compared  to  the  scale  of  variation  of  K'2l(ra,,r0y  1,  we 
write  Fl  2  ’( ra, , t0j )  =  P  ^  +  O  ( u 3  I  where 

P^y  =  F,2HRa,R0)-Hua,-u0y>-fn0 

+  T <U«  +«/3y  -W„0-U0;  )  +  Ua,  -da@-U0y  , 

(5) 

and  f^sOK^’/du,,,  ),  wa0=(32Fl2,/3uo,3ua, ),  da0 
=  (32F,2V3ua,3u0y),  with  all  derivatives  evaluated  at 
ua,  =O  =  u0y.  We  emphasize  that  because  the  effective  di¬ 
ameter  d  of  the  dots  is  generally  much  smaller  than  their 
nominal  diameter  and  very  much  smaller  than  the  spac¬ 
ing  R0  between  dots,  the  replacement  of  F12’  by  P121  is 
often  an  excellent  approximation.  For  example,  if  V12'  is 
a  Coulomb  interaction  and  d/f?0  =  0.1,  then  the  worst 
case  fractional  error  ( P12'  —  V'2')/V'2)  is  of  order  10-3 
for  electrons  on  neighboring  dots  and  decreases  rapidly 
for  dots  that  are  not  nearest  neighbors. 

Substituting  H  '2,s  j  „  £,y  P  ,2'0I  for  H'2',  one 
can  show  that  the  resulting  Hamiltonian  separates  into 
two  parts: 

ff=H0  +  H'"  +  H't2;^Hcm  +  //,„  ,  (6) 

where  Hr  m  depends  only  on  the  center-of-mass  coordi¬ 


nates  |UJ  and  momenta  |P„i  of  the  electrons  on  each 
dot  and  H rcl  depends  only  on  the  na  —  1  relative  coordi¬ 
nates  on  each  dot  and  on  their  conjugate  momenta.  The 
importance  of  this  result  is  that  the  only  coupling  be¬ 
tween  dots  is  in  Hc  m  ,  which  is  the  Hamiltonian  for  lat¬ 
tice  vibrations  of  charged  ions  in  a  magnetic  field  in  the 
harmonic  approximation.  Specializing  to  the  case  when 
rta  =n  for  all  a,  m  is  given  by 
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-i-inmiu^U2 


< Pa  >’  +  {P3+nma>f(*,,-~UM]2 1 


nm 
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Using  the  equation-of-motion  method  or  techniques  simi¬ 
lar  to  those  of  Tikochinsky, 14  Hc  m  can  be  diagonalized 
exactly:  Hc  m.  —  2kA  +  const,  where  tuk>  is 

given  by 

‘WkA.=  T|a|l+a22  +  ^[(«ll+«32>: 

—  4(a,,a2:  — afj  — w2a::)]l/2!  ,  (9) 

with  A.— ±1,  a,,  =(a>5+«2 l  +  D",  a)2  =  2Z>kv,  a, ,  =  £>5 
+  £>f,  and  D£'  =  2,ae'kR°nD%.  Here  Ck*A  and  Ck~  are 


0  rt/4  It:  2  lrt'4 


kRo 

FIG.  1.  Dispersion  of  center-of-mass  collective  modes  .  , 
for  square  lattice  of  lattice  constant  R„  =  5000  A  for  k  =  kx  in 
the  first  Brillouin  zone,  with  B  =  0  T  (solid  lines)  and  5=1  T 
(dashed  lines).  Parameters  are  =  3  meV,  n  =  200.  e=  12.  and 
m  equals  0.07  times  the  electron  mass.  We  assume  Coulomb  in¬ 
teractions.  The  nearly  vertical  dotted  line  at  left  is  the  line 
u>  —  kc  /e 1  - 
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creation  and  annihilation  operators  which  satisfy  the 
commutation  relations  [C^x-,CkX  ]  =  SXX’Skk-  and 
[C^x.,CjT; J=0=[C£x.,CkX .].  In  the  special  case  when 
F(2,=  Kt2,{  |raJ -rBj\),  one  can  show  that  daj3=-wafl 
and  that  D jj=0=0,  In  this  case,  6>k=0  x  is  identical  to  &>>, 
Ck=0  x  is  identical  to  Cf,  and  our  approximation  repro¬ 
duces  the  exact  result.  In  Fig.  1  we  plot  the  frequencies 
cok  for  a  square  lattice  of  lattice  constant  JJ0  =  5000  A 
for  k  =  kx  in  the  first  Brillouin  zone,  with  no  magnetic 
field  (solid  lines!  and  with  B=\  T  (dashed  lines).  We 
have  assumed  Coulomb  interactions  and  have  taken 
fuo0=  3  meV,  n  —  200,  e=  12,  and  m  equal  to  0.07  times 


the  electron  mass.  The  dynamical  matrix  has  been  calcu¬ 
lated  using  the  results  of  Bonsall  and  Maradudin. 1? 

Having  diagonalized  H.m  ,  we  now  consider  the  in¬ 
teraction  of  light  with  an  array  described  by  the  Hamil¬ 
tonian  H.  We  choose  light  incident  obliquely  on  the  ar¬ 
ray  with  q=^,z  +  q  and  e  =  e,z+e  .  One  way  to  take 
the  light  into  account  is  to  add  a  time-dependent  com¬ 
ponent  A,(ra,  )  =  Re[e(£0c//cd)exp(iq  ■ta, -icon]  to  the 
vector  potential  in  our  Hamiltonian.  If  we  treat  this  as  a 
small  perturbation,  neglect  the  Aj  term,  and  make  the 
dipole  approximation  expfiq  ua,  )=1,  we  can  write  the 
perturbing  Hamiltonian  as 


where  a  —  ±,  A.=  ±l, 


a°  j  [^qA<^qX~all)-'g^rgpJ 

^ca22~iaanK^\2 


=  l  +  l<u2x-an) 

X[a22(^x-an) 

+af2]/(a»Ja52+«^aj2)|  -  (12) 

We  see  that,  in  the  dipole  approximation,  light  couples 
only  to  the  center-of-mass  excitations  of  H.  For  first- 
order  processes,  the  perturbation  H'  can  cause  transitions 
only  to  states  that  differ  in  energy  by  +,  or 

±&uq  from  the  original  state.  Because  the  wave¬ 
length  of  light  of  frequency  &>0~5X1012  s_1  is 
( 2-trc /el/2«0)~  10-2  cm-~200 R0,  the  dipole  approxima¬ 
tion  is  very  well  justified  throughout  the  optical  absorp¬ 
tion  region.  In  the  special  case  of  normal  incidence 
(q.,=0!  with  K'21  of  the  form  Va){\tai—Tej\),  the  dipole 
approximation  is  exact  in  our  two-dimensional  model  and 
the  light  couples  only  to  the  exact  center-of-mass  excita¬ 
tions  of  H  with  frequencies  co±[.  Thus,  within  this  per¬ 
turbative  picture,  the  optical  response  at  normal  in¬ 
cidence  of  an  array  of  quantum  dots  described  by  our 
original  Hamiltonian  with  any  number  of  electrons  on 
the  dots  is  exactly  the  same  as  for  a  single  dot10-12  with 
the  same  total  number  of  electrons.  For  non-normal  in¬ 
cidence,  within  the  dipole  approximation,  perturbation 
theory  predicts  sharp  peaks  in  the  infrared  optical  ab¬ 
sorption  at  ejq 

This  analysis,  however,  is  inadequate.  It  is  known 
from  the  study  of  polar  crystals16  that  the  optical  proper¬ 
ties  of  such  systems  are  not  given  accurately  by  first- 
order  perturbation  theory  because  the  radiation  mixes 
strongly  with  the  dynamical  degrees  of  freedom  of  the 


lattice.  For  small  q.„  the  modes  created  by  Cq  A  in  fact 

lie  in  a  continuum  of  radiation  modes  and  thus  become 
resonances  with  finite  widths  and  with  central  frequencies 
that  are  shifted  from  <yq  x.  These  changes  in  the  modes 

are  known  as  “retardation"  effects  because  they  result 
when  the  instantaneous  interactions  in  our  model  Hamil¬ 
tonian  are  replaced  by  the  correct  retarded  interactions. 
Because  the  wavelength  of  light  of  frequency  oj0  is  so 
large  compared  to  the  lattice  spacing,  the  region  where 
retardation  effects  are  important  is  a  very  small  fraction 
of  the  Brillouin  zone,  the  region  to  the  left  of  the  nearly 
vertical  dotted  line  in  Fig.  1.  On  the  other  hand,  it  is  pre¬ 
cisely  this  region  that  is  probed  by  infrared  optical  ab¬ 
sorption,  so  we  must  understand  the  effects  of  retardation 
to  understand  the  optical  response  of  our  quantum  dot 
array. 

To  study  retardation  effects,  we  consider  the  classical 
electrodynamics  of  our  array  in  the  long-wavelength  lim¬ 
it.  16  For  s.mplicity,  we  consider  a  system  where  the  dot 
array  is  embedded  in  an  infinite  semiconductor  crystal  so 
that  the  dielectric  constant  e  is  the  same  for  z>  0  and 
z  <  0.  Because  the  radiation  interacts  only  with  the  di¬ 
pole  moment  on  each  dot  in  the  long-wavelength  limit, 
we  treat  our  array  as  a  two-dimensional  lattice  of  two- 
dimensional  harmonic  oscillators,  where  each  oscillator 
has  charge  —  ne,  mass  nm,  and  natural  frequency  «n  (in¬ 
cluding  the  effects  of  any  fixed  positive  charges  in  the  ar¬ 
ray).  The  dynamics  of  the  ath  dot  are  given  by 

e  f 

U„=  — —  E,. 4 - —  X B  ,  (13) 

m  c 

where  E  is  the  component  of  the  macroscopic  electric 
field  E  that  lies  in  the  plane  of  the  array.17  Taking  the 
continuum  limit,  we  incorporate  the  charged  oscillators 
through  a  polarization  P=yE,  "'here  we  use  Eq.  (13)  to 
write 
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Y=8(2>- 


(&o— to2)2  —  to2to2 


2  2 
toQ~to 

—  ltotoc 

0 


/totof  0 

tog  — to2  0 
0  0 


(14) 


where  6(z)  is  the  Dirac  delta  function  and  n,  =(«  /R  l )  is 
the  number  of  electrons  per  unit  area  in  our  array.  We 
assume  E=E(z)exp(/0l,Jt  —/to/)  and  B  =  B(z)exp(iqfx 
—  /to/),  and  solve  Maxwell’s  equations  subject  to  the  ap¬ 
propriate  boundary  conditions.  Outside  the  continuum, 
we  require  that  £'*'  — 0  as  Inside  the  continu¬ 

um,  we  require  that  £(z)  be  an  outgoing  wave.  In  both 
cases  we  get  the  dispersion  relation 


/  2  2  \2  2  2 
{(OqCO  r~COcCL) 


tojto2—  to, (tog—  to2) 


(q\c'/e- 2to2) 
(q*c2  /e  —  w2)l/2 


(15) 


where  w,  =<27rn,e2/el/2mc).  Outside  the  radiation  con¬ 
tinuum,  al=[q\c2 /t— arte/c1  is  positive  and  we  take 
the  positive  square  root.  Inside  the  continuum,  a\  is 
complex  near  the  roots  of  the  dispersion  relation  and  we 
take  the  square  root  w;*h  negative  imaginary  part. 

Two  special  cases  deserve  mention.  When  q,  =  0,  the 
dispersion  relation  given  by  Eq.  (15)  factors,  yielding 


FIG.  2.  (a)  Small-/:  behavior  of  longitudinal  mode  frequencies  (/?  = 0  T):  unretarded  (diagonal  dashed  line),  and  retarded  (real  part, 
solid  line;  imaginary  part,  dash-dotted  line),  (b)  Small-/;  behavior  of  transverse  mode  frequencies  <B=0  T>:  unretarded  (horizontal 
dashed  line),  and  retarded  (real  part,  solid  line;  imaginary  part,  dash-dotted  line),  (c)  Small-/:  behavior  of  high-frequency  mode  ( B~  1 
T):  unretarded  (slanted  dashed  line),  and  retarded  (real  part,  solid  line:  imaginary  part,  dash-dotted  line).  Nearly  vertical  dotted  line 
in  (aMc)  is  the  edge  of  the  radiation  continuum  o)  =  kc/f':.  Modes  in  the  continuum  are  radiative  and  have  complex  frequencies. 
Modes  outside  the  continuum  are  nonradiative  and  have  real  frequencies. 
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ti>5*,  =  X(<uc /2)  +  (wg+w2 /4— w;/4  —  iko)c(t)t  /2)l/1 
—  ico,/2 

with  X=±l,  where  the  square  root  is  taken  with  positive 
real  part.  For  ns~10n  cm-2  and  e~12,  we  find 
to,  — 1010  s'1  «oj0,  so  o}^'=(ox  and  the  5-field  dispersion 
of  the  frequencies  at  qi(=0  is  hardly  affected  by  retarda¬ 
tion. 

When  5=0,  Eq.  (15)  factors  again  and  we  get  separate 
dispersion  relations  for  the  longitudinal  and  transverse 
modes  For  the  longitudinal  mode  we  find  otj  —  iol 
—  coj/2  +  cu,{  —  o>o+<y2/4-l-^|c2/e)1/2.  This  is  complex 
with  constant  real  part  for  <j2  <  (dig- co;/4te /c2,  so  Reo; 
is  almost  dispersionless  in  this  region.  Thus  retardation 
effects  strongly  suppress  the  dispersion  of  the  longitudi¬ 
nal  mode  for  qt  in  the  radiation  continuum.  As  q;  in¬ 
creases  beyond  the  critical  value  (nig— w2/4)e/c2,  to,  be¬ 
comes  real  and  rises  toward  its  nonretarded  value.  Fig¬ 
ure  2(a)  shows  the  small-*?  dispersion  of  Reai,  (solid  line), 
Im&>/  (dash-dotted  line),  and  the  unretarded  longitudinal 
frequency  <uq  +1  (dashed  line).  The  edge  of  the  radiation 

continuum  is  indicated  by  the  nearly  vertical  dotted  line. 
Figures  2(b)  and  2(c)  are  similar  plots  for  the  transverse 
mode  and  for  the  higher-frequency  mode  when  5  =  1  T, 
respectively. 

With  the  addition  of  a  small  disspative  term  in  the 
complex-frequency  modes  will  appear  as  resonant  peaks 
in  the  infrared  optical  absorption  spectrum. 16  If  the  elec¬ 
trons  on  different  dots  are  screened  from  each  other,  as 
may  be  the  case  in  samples  with  a  metallic  gate  very  close 
to  the  array, 1,3-4  the  optical  absorption  spectrum  is  that 
for  isolated  single  dots,  with  no  dispersion.  Even  when 
there  is  no  such  screening,  however,  we  see  that,  when  re¬ 
tardation  is  taken  into  account,  the  optical  absorption 
spectrum  is  essentially  unchanged  by  interactions  be¬ 
tween  dots,  except  that  the  peaks  acquire  finite  natural 
widths  on  the  order  of  to,.  These  widths  are  much  small¬ 
er  than  those  shown  in  the  experimental  data, 1  which 


presumably  arise  from  impurity  scattering  and  from  im¬ 
perfections  in  the  dot  array.  The  same  conclusions  hold 
with  or  without  external  magnetic  fields.  Thus  it  is  very 
difficult  to  observe  effects  of  interdot  interactions  with  in¬ 
frared  optical  absorption,  even  when  the  effects  are  large 
outside  the  optical  absorption  regime.  It  may,  however, 
be  possible  to  observe  the  dispersion  outside  the  radiation 
continuum  by  Raman  scattering  or  by  oil.c'  techniques 
such  as  the  use  of  a  grating. 18 

In  summary,  we  have  studied  collective  excitations  in 
an  array  of  parabolically  confined  quantum  dots,  with 
and  without  an  external  magnetic  field.  Using  instan¬ 
taneous  interactions  and  a  harmonic  approximation  to 
the  interaction  between  electrons  on  different  dots,  we 
have  found  that  the  Hamiltonian  separates  into  a  term 
that  depends  only  on  the  coupled  center-of-mass  motions 
of  different  dots  and  a  term  that  depends  only  on  the  rela¬ 
tive  coordinates  within  each  dot.  Diagonalizing  the 
center-of-mass  portion  of  the  Hamiltonian,  we  have 
shown  that  light  couples  only  to  the  center-of-mass 
modes  to  an  excellent  approximation.  Although  the 
modes  show  dispersion  at  short  wavelengths,  the  disper¬ 
sion  would  be  very  difficult  to  observe  via  far  infrared  op¬ 
tical  absorption — first,  because  the  wave  vector  in  such 
an  experiment  is  always  very  small  compared  to  the  re¬ 
ciprocal  lattice  vectors  of  the  dot  array,  and  second,  be¬ 
cause  the  effects  of  retardation  serve  to  reduce  still  fur¬ 
ther  the  dispersion  in  the  optical  region. 
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Electronic  and  optical  properties  of  a  superlattice  in  a  parabolic  potential 
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The  electronic  and  optical  properties  of  a  superimposed  parabolic  and  superlatiice  potential  are 
calculated  within  the  local-density  approximation  for  a  range  of  superlattice  periods  d.  For  small  d, 
the  properties  are  similar  to  those  of  a  parabolic  quantum  well  containing  electrons  with  effective 
masses  corresponding  to  the  underlying  superlattice.  The  "effective-mass  approximation"  is  valid  in 
this  regime.  Fo.  lai*.;  d,  the  spacing  of  the  ideal-parabolic-well  energy  levels  becomes  comparable 
to  the  superlattice  miniband  width,  and  the  effective-mass  approximation  breaks  down. 


I.  INTRODUCTION 

Remotely  doped  wide  parabolic  quantum  wells 
(WPQW’s)  have  recently  been  proposed1  as  systems 
where  an  almost  three-dimensional  electron  gas  can  be 
obtained  without  significant  electron-impurity  interac¬ 
tion.  Several  experimental  and  theoretical  studies  of  the 
properties  of  WPQW’s  have  recently  been  reported. 2-7 
In  particular,  the  infrared  optical  absorption  and 
magneto-optical  absorption  in  WPQW's  have  been  stud¬ 
ied  experimentally6  and  theoretically.1  It  has  been 
shown7  that,  in  the  absence  of  an  applied  magnetic  field, 
an  n-type  doped  parabolic  quantum  well  absorbs  far- 
infrared  radiation  at  the  bare  harmonic-oscillator  fre¬ 
quency,  independent  of  the  electron-electron  interaction 
and  the  number  of  electrons  in  the  well.  For  this  reason, 
it  has  been  thought  that  optical-absorption  measurements 
might  be  useful  in  characterizing  departures  from  ideal 
parabolicity  in  experimental  samples. 

Experimentally,  WPQW’s  have  been  created  from  a 
thin  layer  GaAs/Ga  ( ,  Al,  As  superlattice  by  changing 
therelative  GaAs  and  Ga,_,Al,As  layer  thicknesses  in  a 
20-A-period  superlattice  so  that  the  average  A1  concen¬ 
tration  varies  parabolically  along  the  growth  axis.2  The 
implicit  assumption  being  made  is  that  an  electron  in  a 
short-period  superlattice  “sees”  an  average  "effective”  po¬ 
tential  (defined  by  the  bottom  of  the  superlattice  conduc¬ 
tion  band)  which  varies  quadratically  along  the  growth 
axis.  This  assumption  subsumes  the  properties  of  the  un¬ 
derlying  superlattice  into  a  renormalized  electron  mass 
equal  to  the  superlattice  conduction-band-edge  mass. 
The  effective-mass  approximation  has  essentially  been 
made. 

The  aim  of  the  present  work  is  to  study  the  electronic 
and  optical  properties  of  a  combined  parabolic-quantum  - 
well  (PQW)  and  superlattice  (SL)  potential  for  an  arbi¬ 
trary  superlattice*  period  d.  For  simplicity  only  periodic 
superiattices  are  investigated.  We  find  the  following  re¬ 
sults.  (i)  the  superlattice  potential  introduces  oscillations 
in  the  self-consistent  charge-density  profile  with  spatial 
period  equal  to  that  of  the  superlattice,  (ii)  For  superiat¬ 
tices  with  thin  barriers  (such  that  the  superlattice  band- 
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width  is  much  greater  than  the  parabolic-well  subband 
spacing)  the  properties  of  the  combined  superlatuce  and 
parabolic  quantum  well  correspond  to  those  of  a  parabol¬ 
ic  well  with  a  renormalized  mass  equal  to  the  superlattice 
mass.  In  particular,  the  self-consistent  energy  levels  show 
a  fairly  weak  dependence  on  the  superlattice-layer  period. 
The  static  dielectric  screening  of  the  superlatiice  poten¬ 
tial  by  the  electron  gas  in  the  parabolic  potential  is  simi¬ 
lar  to  the  screening  obtained  from  a  bulk  three- 
dimensional  electron  gas.  The  combined  PQW  and  SL 
absorbs  infrared  light  with  the  electric  field  along  the 
growth  axis  at  only  one  frequency,  independent  of  the 
electron-electron  interaction  or  the  electron  concentra¬ 
tion.  (iii)  For  superiattices  with  thick  barriers  the  spacing 
of  the  ideal  parabolic  energy  levels  becomes  comparable 
to  the  superlattice  miniband  width,  and  the  effective-mass 
approximation  begins  to  break  down.  In  particular,  the 
seif-consistent  energy  levels  show  dramatic  variation  with 
superlattice-layer  period.  The  optical-absorption  spec¬ 
trum  for  light  with  the  electric  field  along  i  growth  axis 
shows  increasing  structure  with  increasing  superlattice 
period.  Satellites  appear  around  the  fundamental  absorp¬ 
tion  peak,  which  itself  becomes  shifted  to  lower  frequen¬ 
cies.  Effective  masses,  obtained  from  the  area  under  the 
fundamental  peak,  and  the  position  of  the  fundamental 
peak,  respectively,  are  shown  to  differ  increasingly  from 
each  other  and  from  the  bare  superlattice  band-edge  mass 
with  increasing  superiattice  period. 

In  Sec.  II  we  describe  the  calculational  approach, 
which  is  the  self-consistent-field  approximation  within 
the  Hohenberg-Kohn-Sham  local-density  approximation 
(LDA).  In  Sec.  Ill  the  calculated  electronic  and  optical 
properties  of  the  combined  SL  and  PQW  potentials  are 
presented.  Finally,  in  Sec.  IV  we  summarize  our  results. 
In  the  present  paper  we  restrict  ourselves  to  the  case  of 
zero  applied  magnetic  field.  If  one  can  neglect  the 
scattering  of  electrons  by  impurities  and  phonons,  the  ab¬ 
sorption  in  this  case  is  produced  only  by  the  component 
of  the  electric  field  in  the  z  direction  (perpendicular  to  the 
layer).  Thus,  to  see  the  described  effects  experimentally, 
one  must  use  radiation  which  is  incident  at  an  angle  far 
from  normal  incidence- 
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II.  FORMALISM 

We  use  the  effective-mass  approximation  in  order  to 
describe  the  electrons  in  the  host  semiconductor.  We 
take  the  static  dielectric  constant  to  be  constant  along  the 
well.  The  nonparabolicity  of  the  conduction  band  and 
the  band-mixing  effects  induced  by  the  confinement  are 
omitted  from  the  calculation.  These  effects  only  have 
small  influence  on  the  electronic  properties  of  the  system. 

The  interactions  between  electrons  in  the  conduction 
band  can  be  separated  into  a  Hartree  term  due  to  the 
electrostatic  potential  of  the  total  electron  density  and  an 
exchange-correlation  term.  The  exchange-correlation 
part  of  the  ground-state  energy  can  be  described  as  a 
functional  of  the  electron  density.9  In  the  LDA  this  func¬ 
tional  is  assumed  to  have  only  local  dependence  on  the 
electron  density.  Making  this  local  approximation  leads 
to  a  one-body  Schrodinger-type  equation,  where  the  elec¬ 
trons  move  in  a  potential  that  is  the  sum  of  the  external 
(e.g.,  parabolic  plus  superlattice)  potential,  the  Hartree 
potential,  and  an  exchange-correlation  potential.  Al¬ 
though  the  energy  eigenvalues  of  this  one-particle  equa¬ 
tion  do  not  correspond  to  the  quasiparticle  energies,  one 
can  consider  the  exchange-correlation  potential  as  a  lo¬ 
cal,  energy-independent  self-energy.10  The  LDA  gives 
good  results  for  conduction  electrons  in  silicon  inversion 
layers  and  GaAs-Ga,..,  Al,As  heterostructures,  and  for 
quantum  wells.11-” 

Specifically,  within  these  approximations  the  motion  of 
the  electrons  in  directions  parallel  (x,y)  and  perpendicu¬ 
lar  (zl  to  the  electron  sheet  are  separable.  The  electrons 
are  free  to  move  in  the  plane  perpendicular  to  the 
confining  direction,  and  the  wave  function  and  eigenval- 


ues  are  given  by 

£  A  k  —  e.  -) - 1- - —  , 

2m*  2m* 

(la) 

♦.*  *  <r)«- . 

"-*«■»  vs 

(lb) 

dz 2 


+  Viz)+V„(z)+VKiz) 


(2) 


In  this  expression  Viz)  is  the  bare  potential,  FIC(z)  is  the 
exchange-correlation  potential,11  and  VH(z)  is  the  Har¬ 
tree  term  due  to  the  electrostatic  interaction  of  the  elec¬ 
trons  with  themselves  and  with  the  ionized  impurities. 
Consistent  with  the  approach  of  a  constant  value  of  the 
dielectric  constant,  we  have  neglected  the  effect  of  the  im¬ 
age  potentials  in  Eq.  (2).  The  self-consistent  solution  of 
Eq.  (2)  gives  us  the  charge-density  profile,  the  Fermi  ener¬ 
gy,  the  total  potential — defined  as  VT(z)&V(z) 
+  VH(z)+VtK(z) — and  the  subband  energies.  From  the 
eigenfunctions  and  eigenvalues,  we  can  obtain  the  in¬ 
frared  <ir)  optical  spectrum  of  the  system. 

The  electrons  absorb  light  at  the  frequencies  corre¬ 
sponding  to  the  collective  modes  of  the  system  which 
must  be  determined  from  the  poles  of  the  appropriate 
response  function.  Within  the  LDA,  the  resonances  are 
shifted  from  the  self-consistent  subband  separation  by  the 
depolarization  effect14  due  to  the  Hartree  screening  of  the 
resonance,  and  by  the  excitoniclike14  or  vertex-correction 
effect  due  to  the  exchange-correlation  screening  of  the 
resonance.  If  one  can  neglect  the  scattering  of  electrons 
by  impurities  and  phonons,  the  absorption  of  light  is  pro¬ 
duced  only  by  the  component  of  the  electric  field  perpen¬ 
dicular  to  the  electron  layer.  In  this  case,  and  within  the 
dipole  approximation,  we  obtain  the  optical  absorption 
by  using  the  self-consistent-field  approximation  together 
with  the  LDA.14  In  the  form  derived  by  Ando,14  the  op¬ 
tical  absorption  per  unit  area  can  be  written  as 

£(«)= jRe[tfBl«)/>2]  ,  (3) 

where  D  is  the  external  electric  field  in  the  z  direction. 
The  quantity  9  a  is  the  modified  two-dimensional  dynam¬ 
ical  conductivity  given  by 


Spin  degeneracy  has  been  assumed,  and  the  spin  index 
omitted.  In  the  above  expression,  S  is  the  sample  area, 
k  =  )  is  the  wave  vector  of  the  electron,  m  *  is  the 

effective  mass,  and  e„  and  ?„(z)  are  obtained  from  the 
one-dimensional  Schrodinger  equation, 


I, 


da(c£>)—— — (—  io)n  ,T  — - - - 

m*  'T  £1-(Ao)2-2i*a/T 


(4) 


where  we  have  introduced  a  phenomenological  relaxation 
time  r,  and 


//  = 


2 


1/2 


(5) 


Here,  Z„-„  is  the  matrix  element  of  the  position  operator  z  between  the  states  <p„-  and  <p„,  ns  is  the  two-dimensional 
electron  density,  and  A',  is  the  number  of  electrons  per  unit  area  in  the  ith  subband.  £  }  in  Eq.  (4)  and  !/„•„  ,  in  Eq.  i5) 
are  the  eigenvalues  and  eigenvectors  of  the  matrix 


£fi‘n ^ 


,>,-6,™  +f  A, -A, 


),/2(Ar  -Af.) 


t/z. 


)•'*(  a. 


(6) 


In  the  above  expressions  the  indexes  n.  n m ,  and  m '  refer  to  the  eigenvalues  and  eigenvectors  of  the  one-dimensional 
Hamiltonian  given  in  Eq.  (2).  The  matrix  elements  a  and  B  in  Eq.  (6)  represent  the  depolarization  and  excitomc  effect, 
respectively,  and  are  given  by  the  expressions 
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^  dz’f*  efe'>m(x’>*.<x") . 

t  *  -  *  ~  at  *  —  * 


3»\. 


where  n(z)  is  the  electron  density.  It  is  also  easy  to  prove 
that  the  two-dimensional  dynamical  conductivity  satisfies 
the  sum  rule 


f  9a(eo)dcL>= —^■ns  . 

*  m  * 


(9) 


It  is  important  to  note  that,  to  be  consistent,  the  use  of 
the  Hartree  potential  in  the  calculation  of  the  depolariza¬ 
tion  effect  must  be  accompanied  by  the  inclusion  of  VH  in 
the  one-dimensional  Schrodinger  equation,  and  vice  ver¬ 
sa.15  Also,  the  inclusion  of  the  excitoniclike  effect  in  the 
response  function  needs  to  be  accompanied  by  the  in¬ 
clusion  of  the  exchange-correlation  potential  in  the  one- 
dimensional  Schrodinger  equation.15 

III.  RESULTS 

A  parabolic  potential  F(z)  =  Az2  mimics  the  potential 
created  by  a  uniform  slab  of  positive  charge  of  density 
n0  -  A  e/2 tre2.  In  this  expression  e  is  the  electron  charge 
and  e  is  the  (uniform)  static  dielectric  constant  of  the  host 
semiconductor.  The  actual  parabolic  potential  profile 
^i>qw<*)  used  in  the  calculations  was  modified  to  model 
the  experimental  WPQW  samples  more  closely. 
Specifically,  a  finite  parabolic  well  was  chosen  of  thick¬ 
ness  W and  height  A,,  bounded  by  an  additional  potential 
barrier  of  height  A2, 


42 


(7) 


(8) 


wells  of  width  a.  In  our  calculations  K0  was  taken  to  be 
IS  meV  and  the  barrier  and  well  thicknesses  were  taken 
to  be  equal  la—b ).  The  position  of  the  superiattice  is 
chosen  such  that  there  is  a  barrier  at  the  center  of  the 
parabolic  well  (z  —  0)  and  the  superlattice  retains  inver¬ 
sion  symmetry  about  z  =0. 

A.  Electronic  structure 

In  this  subsection  we  study  the  electronic  structure  of  a 
combined  SL  potential  PSL(z)  ai>3  parabolic  well  poten¬ 
tial  k'pQwiz).  In  Fig.  1  we  compare  the  initial  potential, 
the  self-consistent  potential,  and  the  charge-density 
profile  in  both  the  absence  {Fig.  1(a))  and  presence  [Fig. 
1(b))  of  the  superlattice  potential  FSL(z).  Tlie  specific  su¬ 
perlattice  period  used  in  this  illustration  was  300  A.  In 
the  absence  of  the  superiattice  potential  [Fig.  1(a)),  the 
charge  is  almost  uniform  in  the  occupied  part  of  the  well. 
The  small  bumps  at  the  edges  of  the  slab  are  Friedel-type 
oscillations. 14  In  the  presence  of  the  superiattice  poten¬ 
tial  [Fig.  1(b)],  additional  oscillations  of  the  charge- 
density  profile  appear  with  the  same  periodicity  as  the  su¬ 
periattice.  It  is  interesting  to  note  from  the  self- 
consistent  total  potential  that,  although  FpQW(z)  is  well 
screened  by  the  electron  gas,  KSL(z)  is  not. 

Figure  2  shows  the  self-consistent  subband  energies  e,, 


4A,z2 

^pow(2)=-^renF/2-izD 

+(A,  +  Aj)©(|z|-R'/2) ,  (10) 

where  0  is  the  unit-step  function.  We  define  the  fraction¬ 
al  occupation  of  the  WPQW  as  17=11,  /n^W,  where  n,  is 
the  number  of  electrons  per  unit  area  in  the  system.  The 
thickness  of  the  electron  layer  increases  linearly  with  n„ 
and  for  17=  1  the  thickness  will  be  W.  When  17  is  larger 
than  one,  the  excess  of  electronic  charge  will  be  concen¬ 
trated  at  the  edges  of  the  WPQW  and  the  charge-density 
distribution  will  no  longer  be  uniform.  We  are  interested 
in  the  cases  of  uniform  charge  distribution  and  we  re¬ 
strict  ourselves  to  17=0.6.  Size  effects  in  a  parabolic 
quantum  well  for  17  near  1  are  investigated  in  Ref.  16.  In 
the  present  calculations  we  use  the  following  set  of  pa¬ 
rameters:  e=12.5,  A,  =  150  meV,  A2  =  75  meV,  and 
m *  /m0  =0.067,  with  m0  the  free-electron  mass.  The 
positively  charged  donor  impurities  are  in  two  layers  of 
equal  charge  density,  200  A  thick,  located  just  outside  the 
well  on  either  side.  We  have  checked  that  our  results  are 
insensitive  to  the  precise  location  of  the  positive  charges 
for  reasonable  choices  of  the  parameters. 

The  superimposed  superiattice  potential  PSL(z)  used  in 
the  present  work  is  the  Kronig-Penney  potential  consist¬ 
ing  of  rectangular  barriers  of  width  b  and  height  K0,  and 


2  (A) 


FIG.  1.  Potential  and  charge  density  in  a  parabolic  quantum 
well  in  (a)  the  absence  and  (b)  the  presence  of  an  additional  su¬ 
periattice  potential  of  period  300  A.  The  fractional  occupation 
17=0.6,  and  the  barrier  height  in  the  superiattice  potential  is  15 
meV.  Curve  li)  shows  the  bare  potential  Fix!  for  the  well,  and 
curve  (ii)  shows  the  total  self-consistent  potential  Fr<z).  Curve 
(iii)  shows  the  self-consistent  charge-density  profile  ntz).  The 
parameters  of  the  parabolic  quantum  well  are  given  in  the  text. 
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FIG.  2.  Fermi  level,  £f-£,  (line  with  solid  dots),  and 
energy-level  separation.  e,  —  £,  (solid  line),  as  a  function  of  the 
superlattice  period  d.  The  fractional  occupation  ij  is  0.6.  The 
bandwidth  of  the  lowest  conduction  miniband  of  the  superlat¬ 
ive  is  shown  dashed.  The  parameters  of  the  parabolic  quantum 
well  and  superlattice  are  given  in  the  teat. 

measured  with  respect  to  the  lowest  subband  (t  =  1 )  as  a 
reference,  for  the  combined  parabolic  and  superlattice 
potentials  as  a  function  of  the  SL  period  d.  The  dramatic 
variation  of  e,  for  large  SL  period  d  can  be  understood  by 
comparing  the  following  two  quantities  associated  with 
the  constituent  parabolic  and  supcriattice  potentials,  re¬ 
spectively.  (i)  the  spacing  of  self-consistent  subband  ener¬ 
gy  levels  in  an  ideal  parabolic  quantum  well  Fppwlz),  and 
(ii)  the  bandwidth  of  the  lowest  miniband  in  the  superlat- 
tice  Fsl(z)  (indicated  by  a  dashed  line  in  Fig.  2).  We  will 
only  be  considering  the  bandwidth  of  the  unscreened  SL 
potential  since  the  electron  gas  cannot  effectively  screen 
FSL(z)  (see  Fig.  1).  For  small  d  the  superlattice  band¬ 
width17  (dashed  line)  is  much  larger  than  the  spacing  of 
the  parabolic-quantum-well  levels,  and  the  energy  levels 
e,  for  the  total  potential  are  essentially  the  same  as  those 
calculated  for  an  ideal  parabolic  quantum  well  where  the 
electron  effective  mass  in  the  perpendicular  direction 
(m, )  is  taken  to  be  equal  to  the  mass  at  the  bottom  of  the 
superlattice  conduction  band.  These  latter  levels  for  an 
ideal  parabolic  quantum  well  KpQW(z)  are  indicated  by 
the  </— 0  limit  in  Fig.  2.  Therefore,  in  this  small-d  re¬ 
gime  the  effects  of  the  superiattice  potential  can  be  de¬ 
scribed  by  a  renormalization  of  the  electron  effective 
mass  just  as  in  the  well-known  effective-mass  approxima¬ 
tion.  As  d  increases,  the  bandwidth  of  the  SL  decreases, 
and  the  perpendicular  superiattice  effective  mass  m  x  in¬ 
creases.  Within  a  one-electron  picture,  an  increase  in  m , 
leads  to  a  decrease  in  the  electron  energy  of  confinement 
(  —  mf1  >  The  separation  of  the  subband  energies  there¬ 
fore  decreases  as  d  increases,  as  shown  in  Fig.  2.  The  po¬ 
sition  of  the  Fermi  level  decreases  as  d  increases,  and  the 
number  of  occupied  subbands  increases.  An  interesting 
situation  arises  when  c ,  —  e }  becomes  comparable  to  the 
underlying  SL  bandwidth.  It  is  no  longer  appropriate  to 


describe  the  SL  by  an  effective  medium  with  a  renormal¬ 
ized  mass  equal  to  the  band-edge  SL  mass,  and  the 
effective-mass  approximation  begins  to  break  down.  As 
each  subband  solid  line)  crosses  the  bandwidth  (dashed 
line),  a  more  appropriate  value  of  the  electron  mass  be¬ 
comes  the  negative  mass  at  the  top  of  the  first  SL  mini¬ 
band.  The  energy  e,  therefore  starts  to  increase  with  in¬ 
creasing  d.  For  larger  d  these  subbands  lie  in  the  SL  gap 
The  corresponding  eigenstates  are  evanescent  and  are 
only  allowed  because  of  the  presence  of  the  parabolic  po¬ 
tential  which  breaks  the  Bloch  condition.  Since  an 
evanescent  state  can  occur  at  the  left  and  nght  wails  of 
the  parabolic  potential,  a  symmetric  (bonding)  or  an¬ 
tisymmetric  lantibonding)  linear  combination  of  the  two 
can  be  formed.  These  two  “gap”  sta'es  become  degen¬ 
erate  as  d  increases,  as  can  be  seen  from  Fig.  2  since  the 
decay  length  eventually  becomes  much  less  than  the  well 
width. 

It  is  interesting  to  consider  the  SL  potential  to  be  an 
external  probe  for  investigating  the  screening  properties 
of  the  electron  gas  in  a  PQW.  The  presence  of  such  an 
external  periodic  perturbation  yields  the  total  self- 
consistent  potential  KT(z)  and  charge  density  shown  m 
Fig.  1(b).  For  a  given  SL  period  d,  we  can  then  define  a 
screening  factor  e(q,2 ),  where  q  =  2ir/d,  given  by 

f(f,z>  =  Fsl(z)/Ft(z)  , 

where  is  the  unscreened  SL  potential  with  period 

d.  We  choose  to  evaluate  e(q,z)  at  the  center  of  the  para¬ 
bolic  well  (z  —  0)  and  define  f(q,0)  =  e(q).  In  fact,  e(q,z) 
is  only  a  weak  function  of  z  in  the  central  region  of  the 
parabolic  quantum  well.  For  values  of  q  where  the  sys¬ 
tem  responds  linearly  to  the  perturbation,  this  definition 
of  an  effective  screening  factor  e(q)  is  consistent  with  the 
definition  of  a  static  dielectric  function.  Figure  3  shows 
e(q)  as  a  function  of  q.  For  comparison,  we  have  also 
plotted  the  BohmPines  random-phase-approximauon 
(RPA)  sUtic  dielectric  function  f^pA(q)  for  a  three- 
dimensional  (3D)  electron  gas  of  the  same  concentration, 
same  effective  mass,  and  same  background  dielectric  con¬ 
stant.  The  magnitudes  of  eiq)  and  cjtpxl?)  increase 
as  q  becomes  smaller,  since  the  electron  gas  is  better  at 
screening  external  perturbations  of  longer  wavelength. 
Hence  the  SL  potential  for  large  d  is  reasonably  well 
screened.  The  deviation  at  small  q  between  (iq)  and 
fjipA(g)  is  due  to  the  finite  extent  of  the  SL  (i.e.,  size 
effects  become  important).  For  large  q  the  screening  of 
the  periodic  potential  is  ineffective.  Hence  for  small  d . 
the  SL  potential  is  essentially  unscreened  (see  Fig.  1).  It 
is  important  to  note  that  in  the  calculation  of  c(q)  there  is 
a  contribution  from  the  self-consistent  treatment  of  the 
exchange-correlation  potential  that  is  not  included  in 

fRPA^*’ 

B.  Optical  properties 

In  this  subsection  we  study  the  optical  properties  of  the 
combined  PQW  and  SL  potentials  using  the  formalism 
outlined  in  Sec.  II.  In  Fig.  4  we  show  the  real  part  of  the 
dynamical  conductivity  for  different  values  of  the  super- 
lattice  period  d.  It  was  shown  in  Ref.  7  that  m  the  ab- 
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FIC.  3.  Solid  line  shows  the  screening  factor  defined  in 
the  text,  as  a  function  of  q  =  2ir/d,  where  d  is  the  superlatuce 
period.  Dashed  line  shows  the  static  dielectric  function 
calculated  within  the  random-phase  approximation,  for  a 
three-dimensional  electron  gas  of  the  same  concentration. 

sence  of  the  superlattice  potential  the  system  only  ab¬ 
sorbs  light  at  the  bare  parabolic  well  frequency 
a}0=(8Al/lV2m  *)l/J  independently  of  the  number  of 
electrons  in  the  system  and  of  the  form  of  the  electron- 
electron  interaction.  In  the  parabolic  potential  the  depo¬ 
larization  term  plus  the  vertex-correction  term  cancel  ex- 


FIG  4.  Calculated  real  part  of  the  dynamical  conductivity 
d'.lw i  in  a  combined  superlatuce  and  parabolic  potential  for 
differeni  values  of  the  superlattice  period  d.  The  fractional  oc¬ 
cupation  v  is  0.6  The  value  of  the  phenomenological  relaxation 
time,  r,  is  0.01m, 


actly  the  corrections  to  the  quasiparticie  enerrv  spacing 
due  to  the  Hartree  potential  and  exchange-correlation 
potential,  respectively.15  16  Therefore,  for  small  SL 
periods  d  such  that  the  SL  bandwidth  is  much  greater 
than  the  Fermi  energy  of  the  electrons  in  the  parabolic 
well,  the  system  only  absorbs  light  at  one  frequency.  As 
shown  in  Fig.  4,  increasing  the  SL  penod  d  has  two  main 
effects. 

(i)  The  fundamental  absorption  peak  tu0  shifts  to  a 
lower  frequency  and  the  intensity  of  the  peak  decreases. 
This  can  be  understood  qualitatively  in  terms  of  a  one- 
panicle  picture. 

(ii)  Satellites  begin  to  appear  around  wq,  which  can 
only  be  understood  in  a  many-particle  picture  and  anse 
because  the  electric  field  of  the  incident  light  can  now,  m 
the  presence  of  the  superlatuce  potential,  couple  to  the 
internal  motion  of  the  electrons  as  well  as  to  the  motion 
of  the  center  of  mass.  This  suggests  that  a  superimposed 
superlatuce  potential  in  a  wide  parabolic  quantum  well 
could  be  used  to  investigate  the  internal  excitations  of  a 
quasi-three-dtmensional  electron  gas. 

We  now  consider  the  effects  mentioned  in  (ij  in  more 
detail.  As  discussed  in  connection  with  Fig.  2,  the  pres¬ 
ence  of  a  short-period  supe  --lattice  in  a  parabolic  quan¬ 
tum  well  can  be  described  by  a  renormalization  of  the 
electron  effective  mass  in  the  grow.h  direction.  Since  this 
mass  increases  with  increasing  period  d,  the  absorption 
peak  will  occur  at  lower  frequencies.  Since  optical  ab¬ 
sorption  involves  the  absorption  of  photons  by  electrons 
below  the  Fermi  energy  tF ,  we  expect  the  optical  absorp¬ 
tion  of  a  combined  superlatuce  and  parabolic  potential  to 
deviate  from  that  of  an  ideal  parabolic  well  when  tF  is  of 
the  order  of  the  superlatticc  bandwidth.  From  Fig.  2  this 
situation  occurs  for  d  >  350  A,  which  is  consistent  with 
the  rapid  decrease  in  the  magnitude  of  the  absorption 
peak  in  Fig.  4  as  d  -*400  A.  From  the  position  of  the  ab¬ 
sorption  peak  Wo,  we  can  use  the  expression  for  the  bare- 
parabolic-well  frequency  to  define  an  effective  mass  mp, 
i.e.,  w0  =  (8 b\/Wlmp)'n.  In  Fig.  5  we  have  plotted  mp 
versus  the  superlattice  band-edge  mass17  m  j  correspond¬ 
ing  to  different  superlattice  periods.  For  small  d.  where 
m,  is  essentially  the  GaAs  bulk  mass,  the  SL  bandwidth 
is  large  and  mp  *  m  x.  Since  m  j  increases  with  increasing 
d,  the  fundamental  absorption  peak  occurs  at  lower  fre¬ 
quencies  with  increasing  d.  For  large  periods  d,  the 
effective  mass  mp  becomes  larger  than  the  band-edge 
mass  m ,  due  to  nonparabolicity  of  the  lowest  SL  conduc¬ 
tion  miniband  and  the  eventual  breakdown  of  the 
effective-mass  approximation. 

Additional  analysis  is  possible  using  the  sun.  rule  (9). 
This  essentially  states  that  individual  electrons  contribute 
to  absorption  with  an  average  osci’lator  strength  m  /m  *. 
and  comes  from  ignoring  interband  transitions  in  the  host 
semiconductors  (i.e.,  only  processes  involving  states  in 
the  host  conduction  band  are  considered).  If  we  have  a 
superlatuce  with  no  parabolic  quantum  well,  then  this  to¬ 
tal  oscillator  strength  is  divided  among  (a)  all  possible 
transitions  between  superlattice  conduction  mintbands,r 
and  (b)  free-electron  absorption  (peaked  at  w  =  0)  within  a 
superlattice  miniband,  with  oscillator  strength  m/m 
Now  consider  the  presence  of  a  PQW  such  that  band- 
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FIG.  5.  Solid  line  shows  a  comparison  between  the  effective 
mass  mp  obtained  from  the  position  of  the  fundamental  absorp¬ 
tion  peak,  and  the  superlati  ve  band-edge  mass  m ,  correspond¬ 
ing  to  different  superlat  ice  periods.  The  dashed  line  corre¬ 
sponding  to  mp  —  m ,  is  also  shown  for  comparison. 


and  the  total  oscillator  strength  at  oP  must  decrease. 
Eventually,  as  m  .  goes  to  infinity  the  SL  bandwidth  goes 
to  zero  and  the  up  peak  will  disappear  (see  Fig.  4j.  leav¬ 
ing  transitions  between  the  isolated  quantum-well  levels 
of  the  superlattice.  All  the  oscillator  strength  now  lies  in 
the  intersubband  transitions  of  the  isolated  quantum 
wells  of  the  superlattice.  We  can  define  an  optical  mass 
mop  from  the  area  under  the  fundamental  absorption 
peak  as  follows: 


J  "'op 

It  is  interesting  to  ask  how  well  agrees  with  the 
effective  mass  at  the  bottom  of  the  superlattice  mimband 
m  j.  Figure  6  compares  these  two  masses.  For  small  d, 
where  m ,  is  essentially  the  GaAs  bulk  mass,  the  SL  band¬ 
width  is  large  and  mop  *  m  t .  As  the  SL  period  increases, 
both  masses  increase.  However,  the  optical  mass  mop 
eventually  exceeds  the  band-edge  SL  mass  m ,  because  of 
nonparabolicity  of  the  lowest  superlatttce  miniband,  and 
eventual  breakdown  of  the  effective-mass  approximation. 


width  of  the  SL  is  much  larger  than  the  spacing  betwe; 
PQW  levels,  i.e„  d  is  small.  The  free-electron  absorption 
at  «i»=0  will  now  shift  to  a>p  due  to  quantum  confinement 
by  the  parabolic  potential.  Assuming  all  the  electrons  are 
in  the  lowest  SL  conduction  miniband  before  adding  the 
PQW,  the  integrated  absorption  under  the  fundamental 
peak  at  ap  should  be  reasonably  well  described  by 

J ifa{a>)do}~'^—ns  .  (11) 

"  ftl  l 

As  the  SL  period  d  increases,  the  SL  mass  m ,  decreases 


m^/  m* 

FIG.  6.  Solid  line  shows  a  companion  between  the  effective 
mass  m„v  obtained  from  the  area  under  the  fundamental  ab¬ 
sorption  peak,  and  the  superlattice  band-edge  mass  m,  corre¬ 
sponding  to  different  superlatttce  penods.  The  dashed  line  cor¬ 
responding  to  m0„  =  m ,  is  also  shown  for  companson. 


IV.  SUMMARY 

We  have  studied  the  changes  that  a  superlattice  pertur¬ 
bation  induces  on  the  electronic  and  optical  properties  of 
wide  parabolic  quantum  wells.  When  the  penod  of  the 
superlattice  is  small,  such  that  the  bandwidth  of  the 
lowest  superlatttce  mmiband  is  much  larger  than  the 
spacing  of  the  ideal  parabolic-quantum-well  levels,  the 
properties  of  the  combined  superlattice  and  parabolic  po¬ 
tential  are  well  described  by  those  of  an  ideal  parabolic 
quantum  well  with  a  renormalized  electron  mass  equal  to 
the  lowest  superlattice  mmiband  mass.  In  particular,  the 
combined  supcrlattice  and  parabolic-quantum-well  poten¬ 
tial  only  absorbs  light  at  one  frequency. 

When  the  period  of  the  superlatttce  increases,  the 
bandwidth  of  the  superlattice  becomes  comparable  to  the 
spacing  of  the  ideal-parabolic-quantum-well  levels,  and 
the  properties  are  no  longer  well  described  by  the 
“effective-mass  approximation.''  In  this  case,  additional 
peaks  appear  around  the  fundamental  peak  in  the 
optical-absorption  spectra. 
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Additional  evidence  concerning  the  valence-band  offset  in  HgTe/CdTe 
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The  consistency  of  large  values  of  the  valence-band  offset,  A.  in  HgTe/CdTe  superlattices  with 
magneto-optical  experiments  is  examined  in  light  of  data  on  a  90-A  HgTe/40-A  CdTe  superiattice. 
The  data  are  shown  to  be  consistent  with  values  A=400±40  meV  rather  than  the  much  smaller  cit¬ 
ed  values.  This  analysis,  when  considered  with  photocmission  experiments,  leaves  intact  the  con¬ 
clusion  that  HgTe/CdTe  superlattices  are  best  explained  by  a  large  offset. 


The  controversy  concerning  the  value  of  the  valence- 
band  offset,  A,  in  HgTe/CdTe  superlattices  (SL’s)  arose 
from  the  different  values  obtained  by  photoemission1 
(A  =  350±60  meV)  and  magneto-optical  experiments 
(A  =40  meV).2  In  a  previous  paper,  Johnson  et  al? 
resolved  this  controversy  by  showing  that  the  magneto¬ 
optical  data  obtained  by  Berroir  et  al.1  from  an  experi¬ 
ment  on  a  100-A  HgTe/36-A  CdTe  SL  were  consistent 
with  a  350-meV  offset  due  to  the  existence  of  a  second 
semiconducting  regime  at  larger  A.  Recently,  Choi 
et  al*  presented  results  of  a  similar  experiment  on  a  90-A 
HgTe/40-A  CdTe  SL  sample,  which  were  claimed  to  be 
consistent  with  A  =40  meV,  but  not  A  =  350  meV.  The 
present  work  shows  that  the  data  are  in  fact  consistent 
with  A=400±40  meV,  in  agreement  with  the  photoemis¬ 
sion  values. 

Since  the  appearance  of  Ref.  3,  in  which  the  ofTset  con¬ 
troversy  was  initially  resolved,  several  articles  confirming 
a  large  offset,  A  1 350  meV,  have  appeared  in  the  litera¬ 
ture.  A  few  of  the  most  pertinent  references  are  summa¬ 
rized  here.  In  addition  to  the  58-A  HgTe/42-A 
Hga.jCdo.  8jTe  SL  absorption  coefficient  calculations  of 
Ref.  5,  analyses  of  other  HgCdTe  SL’s  performed  by  Ce¬ 
sar  et  al.6  have  concluded  A  =  400  meV.  HofTman  and 
co-workers7  have  confirmed  the  large  offset  and  the  ex¬ 
istence  of  a  second  semiconducting  regime  as  predicted 
by  Refs.  3  and  8,  using  the  results  of  magnetotransport 
measurements  for  a  set  of  three  HgTe/Hg0  15Cd0  g5Te 
SL’s  with  varying  well  and  barrier  widths.  Berroir 
et  al.9  performed  cyclotron-resonance  experiments  on 
Hgo  95Zn005Te/Hg0  15Cdo  g5Te  SL’s  and  found  electron 
mass  anisotropy  corresponding  to  A  =  350  meV  for 
HgTe/CdTe  systems. 

The  sample  examined  by  Choi  et  al.4  consists  of  twelve 
double  layers  of  90-A  HgTe/40-A  CdTe.  The  cyclotron 
effective  mass  is  found  to  be  m*=0.011m,  close  to  the 
value  m  *  =  0.015±0.003m  of  the  100-A  HgTe/36-A 
CdTe  sample  (in  the  limit  of  vanishing  magnetic  field).10 

As  in  previous  work,5,1112  the  present  theoretical  re¬ 
sults  are  obtained  within  the  envelope  function  approxi¬ 
mation.  Although  this  approach  relies  on  k-p  perturba¬ 
tion  theory  applied  to  a  bulk  k  =0  basis  set  limited  to 
that  of  the  Kane  model,  its  validity  was  verified  by  com¬ 
parison  with  extended  basis  models  employing  ~  50  bulk 
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wave  functions.13  Quantitative  results  for  effective  masses 
and  optical  absorption  coefficients  for  a  variety  of  3-5 
and  2-6  SL’s  have  been  obtained,  which  are  in  excellent 
agreement  with  experiment.5, 11  The  analysis  of  the  90-A 
HgTe/40-A  CdTe  sample  in  this  paper  uses  the  same 
bulk  parameters  as  those  of  Ref.  3,  and  neglects  the 
effects  of  strain. 

Figure  1  shows  the  behavior  of  the  band  ga p  for 
HgTe/CdTe  SL’s  with  CdTe  barrier  width  of  40  A  and 
HgTe  well  widths  ranging  from  70  to  130  A.  (Similar  re¬ 
sults  for  36-^A  barrier  width  appear  in  Ref.  8.)  We  find 
that  the  90-A  HgTe/40-A  CdTe  SL  becomes  semimetallic 
at  A  =  300  meV,  in  agreement  with  Choi  et  al.*  but  that 
semiconducting  behavior  reappears  at  A  =  350  meV,  a 
value  lower  than  that  implied  by  the  inset  of  Fig.  3  of 
Choi  et  al* 

The  appearance  of  the  semimetallic  region  is  explained 
by  the  offset-dependent  behavior  of  the  SL  bands  at  SL 
wave  vector  K=0.  The  qualitative  behavior  of  the  bands 


FIG.  1.  Variation  of  band  gap  £„  between  C!  and  HH\  as  a 
function  of  band  offset  A  and  HgTe  layer  width  for  fixed  CdTe 
width  of  40  A.  The  shaded  region  represents  the  regime  in 
which  the  superiattice  is  semimetallic. 
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FIG.  2.  Band  structure  for  90-A  HgTe/40-A  CdTe  superlat¬ 
tice  along  K l  as  a  function  of  band  offset  A.  As  A  increases  the 
superlattice  changes  from  semiconducting  to  semimetallic  and 
back  to  semiconducting  as  Cl  crosses  and  then  passes  though 
HH\. 


is  given  in  Fig.  2  of  Ref.  3  and  Fig.  3_  of  Choi  et  al.*  The 
main  feature,  common  to  the  100-A  HgTe/36-A  CdTe 
and  90-A  HgTe/40-A  CdTe  SL’s,  is  that  C 1  falls  roughly 
20  meV  as  A  increases  by  100  meV,  while  HHI  is 
unaffected  for  A  >  100  meV.  In  the  analysis  of  Choi 
et  al*  Cl  lies  at  an  energy  —20  meV  lower  than  the 
present  analysis,  and  HHI  falls  to  a  lower  energy  (—29 
meV  versus  —5  meV)  before  flattening  out,  due  to 
differences  in  parametrization  and  the  inclusion  of  strain. 
In  both  analyses  Cl  and  HH 1  cross  at  A  =  300  meV.  The 
SL  becomes  semiconducting  again  for  larger  A  when  C 1 
passes  entirely  through  HHI. 

Figure  2  illustrates  the  three  regimes,  semiconducting, 
semimetallic,  and  semiconducting,  corresponding  to 
A  =  40,  325,  and  375  meV,  respectively,  for  the  90-A 
HgTe/40-A  CdTe  SL.  Note  that  for  the  second  semicon¬ 
ducting  region  the  SL  gap  is  at  the  Brillouin  zone  face. 
Figure  2  indicates  the  width  of  the  semimetallic  region  to 
be  proportional  to  the  Kt  dispersion  of  Cl.  IHHl  is 
nearly  dispersionless.)  As  A  increases  the  decay  length  of 
the  Cl  envelope  function  in  the  CdTe  barrier  decreases 
since  the  effective  barrier  height  due  to  the  CdTe  layer 
becomes  larger.  Specifically,  the  T 8  band  edge  in  the 
CdTe  falls  approximately  five  times  as  fast  as  the  energy 
of  C 1  relative  to  the  rg  edge  in  the  HgTe  with  increasing 
A,  so  that  Cl  moves  deeper  into  the  CdTe  gap.  Thus 
with  increasing  A  the  dispersion  of  Cl  decreases  to  =  10 
meV  when  A  =  350  meV.  This  value  is  sensitive  to  the  in¬ 
put  parameters,  increasing  by  =10  meV  as  the  bulk 
HgTe  electron  mass  varies  from  0.031m,  the  present  in¬ 
put  value,  to  0.025m,  the  value  implied  by  the  parameters 
of  Choi  et  al.*  if  just  the  k-p  interaction  between  Tg  and 
r6  is  considered. 

Figure  3  shows  the  in-plane  effective  mass  m,,  at  K  —0 
for  the  90-A  HgTe/40-A  CdTe  SL  as  a  function  of  A. 
Also  plotted  are  theoretical  values  of  the  cyclotron  mass 
in  the  limit  of  zero  field  for  carrier  densities  n  =  10“  and 
6X10“  cm'3  for  A  =  40  and  350  meV  and  the  experi¬ 


F1G.  3.  In-plane  electron  effective  mass  at  K=0  as  a  func¬ 
tion  of  band  offset  A  for  the  90-A  HgTe/40-A  CdTe  superlattice 
at  the  band  edge.  The  experimental  value  (crosses)  of  the  cyclo¬ 
tron  mass  m*  /m  in  the  limit  of  zero  magnetic  field  is  shown  to¬ 
gether  with  theoretical  values  (solid  dots)  for  doping  concentra¬ 
tions  between  10“  and  6X  10“  cm'3  for  A =40 and  375  meV. 


mental  value,  m*  =0.01  lm.  For  A  =40  meV  the  theoret¬ 
ical  cyclotron  mass  is  0.02m,  too  large  to  match  experi¬ 
ment.  The  discrepancy  with  Choi  et  al.*  is  presumably 
due  in  part  to  the  different  parametrization  of  the  bulk 
HgTe  as  discussed  above.  As  illustrated  the  experimental 
value  m*  =0.01  lm  agrees  with  A  =  375  for  doping  of 
n  =3X  1016  cm-3.  If  the  reported  surface  carrier  density 
of  order  1012  cm"2  is _ assumed  uniformly  distributed 
throughout  the  » 1600-A-wide  SL,  a  density  on  the  order 
of  5X10“  cm"3  is  obtained.  Agreement  of  theoretical 
and  experimental  values  of  the  cyclotron  mass  with  dop¬ 
ing  levels  of  1-6X10“  cm"3  is  found  for  A=400±40 
meV,  with  the  lower  values  of  offset  corresponding  to 
higher  doping  levels. 

The  present  value  of  A=400±40  meV  is  consistent 
both  with  the  previous  value,  A  £  350  jneV,  resulting 
from  the  analysis  of  the  100-A  HgTe/36-A  CdTe  SL,  and 
with  the  photoemission  data  of  Shih  and  Spicer,' 
A  =  350±60  meV.  We  conclude  that  the  magneto-optical 
results  for  this  90-A  HgTe/40-A  CdTe  SL  sample  are 
consistent  with  a  valence-band  offset  of  A  =400  meV  and 
not  small  values  such  as  A  =40  meV. 

Tersoff1*  has  found  that  the  average  of  several  theoreti¬ 
cal  predictions  for  the  offset  is  A=400±90  meV,  and  ar¬ 
gued  by  analogy  with  theory  and  experiment  in  the 
AlAs/GaAs  system  that  a  value  of  A  =  480  meV  would 
be  appropriate  for  the  HgTe/CdTe  system.  Although  the 
value  of  A  =  480  meV  is  too  large  according  to  the  evi¬ 
dence  cited  here,  the  original  analysis  of  Choi  et  al*  may 
be  consistent  with  that  value. 

We  are  grateful  to  K.  C.  Hass  for  bringing  Ref.  4  to 
our  attention.  We  have  benefited  from  helpful  discus¬ 
sions  with  N.  F.  Johnson  and  P.  M.  Hui.  This  work  was 
supported  by  the  U.S.  Joint  Service  Electronic  Program 
(JSEP)  through  U.S.  Office  of  Naval  Research  (ONR) 
Contract  No.  N00014-89-J-1023  and  by  the  U.S.  Defense 
Advanced  Research  Projects  Agency  (DARPA)  through 
ONR  Contract  No.  N0OOI4-86-K-OO33.  One  of  us 
(P.M.Y.)  acknowledges  the  financial  support  of  the  Fan¬ 
nie  and  John  Hertz  Foundation. 
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The  fundamental  optical  absorption  of  In,-,Ga, As/Ini_jAl,As  and  GaAs/Ga,-, Al.As  superlat¬ 
tices  is  calculated  quantitatively  using  superlattice  K-p  theory.  Electron-hole  Coulomb  interactions 
yielding  excitons  and  interband-transition  Sommerfeld  enhancement  are  incorporated.  These  fast,  non- 
variational  calculations  yield  optical  structure  within  2-3  meV  and  absolute  absorption  coefficients 
within  10%  of  experimental  results  for  all  but  one  of  the  twelve  samples  analyzed.  Constituent  bulk  pa¬ 
rameters  and  band  offsets  constitute  the  only  input.  Computer  requirements  are  very  modest.  Calcula¬ 
tions  for  different  band  offsets  and  other  interface  parameters  using  this  versatile  approach  permit  esti¬ 
mates  of  physically  important  quantities  of  relatively  unexplored  heterostructure  systems,  for  example, 
II-VI  superlattices. 


I.  INTRODUCTION 

This  theoretical  study  treats  the  effects  of  the  electron- 
hole  Coulomb  attraction  on  the  electronic  and  optical 
properties  of  III-V  semiconductor  superlattices  (SL’s) 
with  emphasis  on  the  remarkable  quantitative  agreement 
with  the  experimentally  measured  absolute  optical- 
absorption  spectra  of  several  SL’s.  The  present  approach 
is  an  extension  of  previous  work1-3  which  developed  the 
K-p  formalism  to  exploit  the  perfect  periodicity  of  the  SL 
heterostructure  for  determination  of  the  electronic  struc¬ 
ture.  Johnson4  has  briefly  reported  the  transformation  of 
the  resulting  SL  crystal  momentum  representation 
(CMR)  into  a  SL  crystal  coordinate  representation  (CCR) 
in  connection  with  a  calculation  of  the 
lowest  bound  exciton  binding  energies  of  the 
Ga As/Ga ,  _ *  Al,  As  SL  system.  In  the  present  work,  ail 
Coulomb  effects,  including  those  on  the  continuum  states, 
are  treated  to  understand  the  excitation  energies  and  the 
optical  absorption  in  absolute  terms. 

The  optical  absorption  has  been  generally  calculated 
for  the  isolated-quantum-well  (QW)  regime. 5-8  Of  not¬ 
able  exception  is  the  work  of  Chu  and  Chang,910  who 
have  employed  computationally  intensive  k-space  sam¬ 
pling  techniques  to  study  the  SL  absorption.  Because  of 
very  significant  computational  simplification,  the  present 
work  permits  highly  detailed  quantitative  comparison 
with  experiment  over  broad  energy  ranges  and  for  a 
variety  of  systems.  In  addition,  it  leads  to  verification  (or 
prediction)  of  band  offsets  in  systems  like  the  II-VI  SL's, 
where  values  are  uncertain.  For  the  III-V  systems  illus¬ 
trated  here,  exciton  peaks  are  shown  to  lie  within  2-3 
meV  of  their  experimental  locations  and  the  overall  ab¬ 
sorption  coefficient  agrees  within  10%. 

As  in  previous  work,2  the  SL  band  structure  is  ob¬ 
tained  from  the  envelope  function  approach  applied  to  a 
modified  Kane  model  for  the  band  structure  of  the  con¬ 
stituent  bulk  materials.  The  only  required  input  to  the 
calculations  consists  of  those  parameters  required  to 
specify  the  Kane  model  in  the  constituents  (gaps,  heavy- 
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hole  masses,  and  a  momentum  matrix  element),  a 
valence-band  offset  which  determines  the  lineup  of  the  T8 
edges,  and  the  index  of  refraction  in  the  vicinity  of  the 
energy  gap. 

As  described  in  Sec.  II,  which  summarizes  the  formal¬ 
ism,  the  electron-hole  Coulomb  interaction  is  treated 
within  an  independent  subband  approximation  that  asso¬ 
ciates  each  exciton  with  a  single  conduction  and  a  single 
valence  band.  This  approach,  together  with  a  simple 
model  for  the  SL  Wannier  functions,  leads  to  an  analytic 
form  for  the  electron-hole  interaction  which  permits  solu¬ 
tion  for  the  exciton  wave  function  without  resorting  to  a 
variational  approach.  This  nonvariational  approach  al¬ 
lows  accurate  determination  of  the  exciton  oscillator 
strength,  and  is  not  limited  to  bound  states.  Corrections 
involving  the  SL  Sommerfeld  factor  also  follow  from  the 
same  formalism.  A  comparison  with  variationally  ob¬ 
tained  exciton  binding  energies  is  presented  to  verify  the 
accuracy  of  the  present  approach. 

In  Sec.  Ill  the  formalism  is  implemented  and  compared 
to  experimental  data  published  by  several  different 
groups.  As  already  pointed  out,  agreement  between  ex¬ 
periment  and  theory  is  excellent.  All  of  the  major 
features  displayed  in  the  experiments  are  positively 
identified  within  the  present  theory.  The  final  section 
discusses  some  implications  of  the  present  work  with 
respect  to  band  offsets  and  possible  growth  imperfections. 

II.  FORMALISM 

This  section  summarizes  the  formalism  for  calculating 
the  excitonic  spectra  and  fundamental  optical  absorption 
of  a  SL.  The  one-electron  band  structure  is  described 
within  the  crystal  momentum  representation  using  the 
envelope  function  approach.2  The  SL  wave  function,  de¬ 
pending  on  the  SL  band  index  L  and  wave  vector  K,  is 
expressed  in  terms  of  the  bulk-basis  Bloch  functions 
(r|n,0)  corresponding  to  bulk  band  n  at  k  =  0,  and  the 
envelope  functions  Fn(L,K;r)  by 

<r|L,K>=  2F„(L,K;r)<rl/i,0)  .  (I) 
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F(L,K;r),  having  components  F„{L, K;i),  is  obtained 
from 

HkMkxtky,kz^-id/dz)F{L,K;i) 

=  £L(K)F(L,K;r)  .  (2) 

is  a  k-p  Hamiltonian  modeling  the  band  structure 
utilizing  a  modified  Kane  model  including  the  uppermost 
six  valence  bands  with  finite  heavy-hole  mass  and  the 
lowest  pair  of  conduction  bands  at  k=0  in  the  bulk  ma¬ 
terials  A  and  B.  ( A  denotes  the  well  and  B  the  barrier 
material.)  Equation  (2)  is  solved  for  K=0  yielding  SL 
zone-center  energies,  EL{ 0),  and  SL  cell  periodic  envelope 
functions.  These  zone-center  envelope  functions  deter¬ 
mine  the  SL  K-p  matrix  elements  which  are  used  to  set 
up  a  secular  equation  whose  solution  at  finite  K  yields  the 
full  band  structure  and  momentum  matrix  elements 
U,K|p|£\K>. 

The  optical  absorption  from  the  ground  state  |G )  to 
excited  states  \E )  associated  with  a  photon  of  energy  Bat 
is 

2 

a(E)^~~~fEcP(E)  ,  (3) 

n{E)mc 

where  m  is  the  free-electron  mass,  p(E)  is  the  density  of 
excited  continuum  states  [( 1/F)6(£  —  Bco)  for  discrete 
states],  n(E)  is  the  index  of  refraction,  and 
fEG—2\(E\p\G)\1/(mE)  is  the  oscillator  strength  con¬ 
taining  the  momentum  matrix  element.  The  index  will  be 
approximated  by  an  average  n  of  the  values  for  the  con¬ 
stituent  bulk  semiconductors  at  the  band  gap. 

In  the  absence  of  electron-hole  interactions11 
<£|p|G>  =  U,K|p|L',K>  and 

2trV*  y  -  2  |(L,K|plL',K>l2 
VnmC  UL  K  m  EL.{K)-EL{K) 

x6(£-£t(K)+£<,.(K»  ,  (4) 


where  V  is  the  sample  volume. 

The  electron-hole  correlation  due  to  the  Coulomb  in¬ 
teraction  changes  the  absorption  both  qualitatively 
(discrete  exciton  peaks  appear)  and  quantitatively  (the 
continuum  absorption  is  enhanced  by  the  Sommerfeld 
factor).  Because  of  the  additional  term  in  the  Hamiltoni¬ 
an, 

Ht.h  =  -e1/e\rt-rh\  ,  (5) 

where  e  is  the  dielectric  constant,  and  rt  and  rh  are  elec¬ 
tron  and  hole  coordinates,  respectively,  it  will  be  most 
convenient  to  work  in  the  SL-CCR.4  A  basis  of  SL  Wan- 
nier  functions  is  defined  by 

<rjL,R(J)=Ar-|^2^",K'R"<r|L,K>  ,  (6) 

K 

where  Rp  is  a  lattice  site.  The  Coulomb  interaction  cou¬ 
ples  all  bands,  but  by  imposing  an  independent  subband 
approximation  the  coupling  is  restricted  to  single  pairs  of 
conduction  and  valence  bands.  All  singlet  excitonic 
states  can  then  be  expressed  in  a  basis  of  two-particle 
Wannier  states  IL.R^L'.R^)  corresponding  to  a  hole  in 
band  L  at  Rv  and  an  electron  in  band  L '  at  Rp. 

The  optical  matrix  elements  are  calculated  for  excitons 
having  vanishing  center-of-mass  total  momentum.  The 
appropriate  basis  states 

|Rp;L,L'>=Ar-,^2|L,R#J-Rp;Z.\R(J>  ,  (7) 

depend  only  on  the  electron-hole  relative  coordinate  Rp. 
The  exciton  state  is 

!£«'>  =  2  t/u:-(Rp)lRp;£,L'>  ,  (8) 

p 

where  ULV  is  the  exciton  wave  function  which  obeys  the 
CCR  equation4 


V[£r<K)-£t<K)] 


vuA Kp.)-V( Rp)ULL.[K„)=E^Uu.l R  )  . 


(9) 


Here  K(Rp)  is  the  direct  Coulomb  term 

F(Rp)=  fdrtfdrbl  { rjL \Rp  >|J— - 

p  e|r,-rj 

x|<rh|L,0>|2  .  (10) 

The  absorption  in  the  presence  of  the  Coulomb  interac¬ 
tion  will  be  modified  with  respect  to  Eq.  (4)  by  the  pres¬ 
ence  of  the  SL  Sommerfeld  factor  and  energetically 
discrete  exciton  peaks.  Evaluation  of  the  Sommerfeld 
factor  and  exciton  spectra  requires  the  solution  of  Eq.  (9) 
for  ULL.{  Rp).  It  can  be  determined  both  simply  and  ac¬ 
curately  by  approximating  the  Coulomb  integral  F(Rp) 
so  as  to  be  expressible  in  closed  form.  This  calculation  is 
facilitated  by  using  a  SL  model  band  structure  which  is 


separable,  parabolic  in-plane,  and  tight-binding-like  along 
the  growth  axis: 

... 

£r(K)— £t(K)=E/x  H - —t 

—  2  2WLL\n)[cos[nKld)—  1  ]  . 

n  ~  I 

(in 

The  directions  ||  and  i  are  defined  with  respect  to  the 
growth  planes  and  are  identified  with  the  x-y  and  z  direc¬ 
tions,  respectively.  E^L  is  the  interband  gap  given  by 
Et-(0)  —  E/  iO),  pfL  is  the  reduced  mass  for  the  pair  of 
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bands,  and  d  is  the  SL  period  along  the  growth  direction. 
The  WLV(n)  are  the  hopping  matrix  elements  involving 
nth  nearest  neighbors  in  the  tight-binding  model.  For  all 
but  the  thinnest  barrier  SL’s  (Lfi  £ 20  A),  a  nearest- 
neighbor  model  suffices.  The  parabolic  in-plane  approxi¬ 
mation,  which  may  be  questionable  for  the  valence-band 
structure  in  view  of  anticrossing  effects  in  the  closely 
spaced  bands,  is  nevertheless  adequate  since  only  the  re¬ 
duced  mass,  which  is  dominated  by  the  conduction 
bands,  is  required. 

The  Coulomb  interaction  between  electron  and  hole 
cannot  be  treated  within  the  normal  effective-mass  ap- 

_  i 


proximation  in  the  growth  direction  since  the  SL  unit  cell 
in  that  direction  is  comparable  to  the  bulk  exciton  Bohr 
radius.  However,  along  the  in-plane  directions  the 
effective-mass  approximation  for  Wannier  excitons,  as 
used  in  the  bulk  problem,  is  appropriate. 

The  model  employed  is  that  introduced  by  Johnson,4 
who  calculated  very  satisfactory  binding  energies  for  the 
lowest  bound  excitons  of  the  GaAs/Ga^Af,  As  system 
within  a  SL-CCR  framework.  The  electron  and  hole 
Wannier  functions  are  modeled  by  one-dimensional  rods 
of  lengths  Lt  and  Lh  along  the  z  axis.  Within  this  model 
the  Coulomb  integral  can  be  expressed  in  closed  form:12 


e2  rL»n  rP*+L'/2  1 


+  Pxy] 


2  il/2 


(12) 


Here  p2  and  pxy  are  the  growth  direction  and  in-plane 
components  of  the  electron-hole  relative  coordinate  Rp, 
respectively  (measured  with  respect  to  the  hole  position). 
For  the  present  calculations  the  rod  lengths,  Le  and  Lh, 
have  been  taken  to  be  equal  to  the  width  of  the  well  lay¬ 
er.13  Figure  1  schematically  illustrates  the  present  model 
where  electron  and  hole  rods  are  localized  in  wells 
separated  by  pz  along  the  growth  direction. 

This  model  interaction  reduces  properly  to  the  ap¬ 
propriate  limiting  cases,  for  example  the  two-dimensional 
hydrogenic  limit  in  narrow  quantum  wells.  The  indepen¬ 
dent  subband  approximation  is  seen  to  fail  when  the 
quantum-well  size  is  much  larger  than  the  exciton  Bohr 
radius,  a  case  that  falls  outside  the  parameter  range  of  in¬ 
terest  here. 

The  wave  functions  obtained  as  solutions  of  Eq,  (9)  cor¬ 
respond  to  bound  excitons  and  resonant  states  having  a 
continuum  density  of  states.  The  momentum  matrix  ele- 
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FIG.  1.  Schematic  illustration  of  relative  band  alignments 
and  the  representation  of  electron  and  hole  Wannier  functions 
by  rods  localized  in  the  wells.  A  is  the  well  material,  B  is  the 
barrier  material,  and  the  f ,  valence-band  edges  are  offset  by  A. 


ment  for  singlet  states  with  energy  Eei  is  given  by 

<£ex|p|G>=Ar->/22^i'(Rp)2<^RM-Rptplz-‘>RM> 

P  M 

«*r1*2tfu.(Rp>2e,X'*'U,K|p|£\K> 

P  K. 

(13) 


[cf.  Eqs.  (7)  and  (8)]. 

In  the  Wannier  exciton  limit  the  Fourier  transform, 
g(K)=JV-1/2X<?''K'Rpytt-(Rp)  (14) 

p 

of  UllA Rp),  is  strongly  peaked  about  a  particular  in¬ 
plane  K  value,  K  =  Kr  For  bound  excitons  K  *0. 
For  the  continuum  states  it  is  approximately 
£„ « fi2K 2  /2p\L  .  For  the  range  of  parameters  of  in¬ 
terest  the  electron  and  hole  are  located  in  the  same  or 
nearly  adjacent  wells.  The  momentum  matrix  elements 
can  therefore  be  averaged  over  the  Brillouin  zone  alo«? 
the  Kj  direction.  Equation  (13)  can  thus  be  expressed  in 
terms  of  the  SL  momentum  matrix  element: 

<£„|p|G>=  2g(K)U,K|p|L',K> 

K 

«A',/2Ull.(0XL,K!|IpIL',K!|)  .  (15) 

The  Sommerfeld  factor  is  defined  as 

S(E)  =  N\  ULL  (0)\2  .  (16) 

In  the  absence  of  electron-hole  interactions  ULL( 0) 
—  N~xn  and  S(E)—  1. 

Figure  2  illustrates  the  effects  of  the  electron-hole 
interaction  on  the  absorption  of  an  (80-A 
In,_xGa, As)/(1 14-A  In^A^As)  SL.  The  absorption 
in  the  absence  of  electron-hole  interactions,  the  contribu¬ 
tions  due  to  the  bound  exciton  peaks,  and  the  enhance- 
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FIG.  2.  The  effect  of  the  electron-hole  interaction  on  SL 
absorption.  Theory  for  the  absorption  of  an  (80-A 
I  no.  53Ga<,  47As)/(  1 14- A  In0  S2  Alo  48As)  superlattice  is  plotted 
with  (solid  line!  and  without  (dashed  line*  electron-hole 
Coulomb  interaction.  Contributions  due  to  Sommerfeld  factor 
enhancement  of  continuum  transitions  (dotted  region)  and  due 
to  bound  exciton  peaks  (crosshatched  region)  are  separately 
identified. 


ment  due  to  the  SL  Sommerfeld  factor  for  the  continuum 
states  are  separately  identified.  The  Coulomb  interaction 
strengthens  the  overall  absorption  by  about  20%  and  em¬ 
phasizes  the  quasi-two-dimensional  density  of  states  steps 
with  bound  exciton  peaks. 

The  behavior  of  the  Sommerfeld  factor  is  examined  in 
more  detail  in  Fig.  3  for  the  QW  limit.  The  Sommerfeld 
factor  is  plotted  as  a  function  of  energy  above  the  band 


FIG.  3.  Quantum-well  Sommerfeld  factor  as  a  function  of  en¬ 
ergy  above  the  band  edge  (in  exciton  rydbergs)  for  several  values 
of  reduced  well  width,  w=L4  /a*\  including  the  ideal  2D  case 
w~  0. 


gap  in  exciton  rydbergs  (E~E£l  )/R'h,  where 
Rjj/e2,  for  several  values  of  the  reduced  well 
width,  w  —La  /aj\  For  the  systems  examined  in  this  pa¬ 
per  w  is  between  0.2  and  1.0.  The  2D  limit,  u>  =  0,  corre¬ 
sponds  to  the  case  examined  by  Shinada  and  Sugano, 14 
who  found  <£(£■)  =  e  ™ /cosh  (mz),  where  a~2  =  {£ 
—  Ec)/Rf f.  The  3D  limit,  <£(£)  =  ?rae'’a7sinh(ira),  is 
not  obtained  within  the  present  formalism  since  it  re¬ 
quires  explicit  consideration  of  the  interaction  of  the  sub¬ 
bands  as  they  merge  into  a  3D  density  of  states.  The  re¬ 
sult  obtained  here  is  seen  to  differ  from  the  ideal  2D  limit 
even  for  monolayer  confinements,  w  =0.03,  which 
motivated  the  work  discussed  in  Ref.  14. 

Figure  4  compares  the  results  for  QW  exciton  binding 
energies  obtained  from  variational  calculations  with  the 
results  of  the  present  formalism.  Binding  energies  are  in 
units  of  exciton  rydbergs  and  well  widths  are  normalized 
by  the  exciton  radius  aj\  The  variational  approach  uti¬ 
lizes  the  effective-mass  approximation  along  all  axes;  bar¬ 
rier  layers  are  treated  as  step  potential  terms  in  the  Ham¬ 
iltonian.  Separable  solutions  in  Ref.  15  are  obtained  with 
trial  wave  functions  that  are  products  of  profiles  resem¬ 
bling  envelope  functions  associated  with  particular  con¬ 
duction  and  valence  subbands  of  the  quantum  well  and 
trial  in-plane  profiles,  e.g.,  decay  ?  exponentials,  that 
contain  a  variational  parameter.  The  nonseparable  trial 
wave  function  is  a  product  of  envelope  functions  and  a 
decaying  exponential  in  all  directions  in  the  well,  includ¬ 
ing  the  growth  axis.  The  resulting  growth  axis  profile  is 
no  longer  just  a  product  of  QW  envelope  functions,  and 
thus  cannot  be  uniquely  associated  with  a  single  valence 
and  single  conduction  band.  Binding  energies  for  the  Is 
exciton  in  exciton  rydbergs,  as  obtained  in  Ref.  15  using 
separable  and  nonseparable  variational  models,  are  plot¬ 
ted  together  with  results  from  the  present  formalism  as  a 
function  of  the  reduced  well  width,  u>.  The  separable 
variational  model  yields  results  substantially  identical  to 


FIG.  4.  Comparison  of  the  present  theory  for  exciton  binding 
energies  with  variational  calculations.  The  Is  exciton  binding 
energy  (in  exciton  rydbergs)  is  plotted  as  a  function  of  the  re¬ 
duced  well  width  (see  text)  for  the  present  nonvariational  theory 
(solid  line),  and  for  variational  calculations  based  on  separable 
and  nonseparable  trial  wave  functions. 
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the  present  formalism,  which  also  agrees  with  the  nonse- 
parable  model  for  reduced  well  widths,  u><1.0,  the 
values  of  interest  in  the  experimental  results  to  be  con¬ 
sidered  here.  For  wells  of  width  significantly  greater  than 
the  bulk  exciton  radius,  the  expected  3D  bulk  limit  is  ob¬ 
tained  for  the  nonseparable  model,  but  the  separable  and 
nonvariational  binding  energies  slowly  vanish  because  the 
separability  approximation  is  not  valid  for  very  wide 
wells. 

The  above  theory  yields  perfectly  sharp  exciton 
linewidths.  We  introduce  a  simple  model  based  on  mono¬ 
layer  well-width  fluctuations  to  obtain  a  finite  linewidth 
at  low  temperatures,  ( T  «  5  K ). 16  This  model  is  based  on 
the  notion  that  a  SL  interface  plane  consists  of  islands 
containing  materials  of  the  adjacent  layers.  Excitonic 
transition  energies  are  calculated  for  a  SL  of  nominal  lay¬ 
ers  width,  and  also  for  SL’s  whose  layer  widths  vary  by 
±  1  monolayer  while  preserving  the  period,  d.  This  gen¬ 
erates  a  set  of  lines  which  are  convoluted  to  produce  a 
linewidth  which  is  then  multiplied  by  a  single  constant  (of 
order  unity  and  the  same  for  all  excitons  calculated) 
chosen  to  best  represent  the  experimental  results. 17  This 
assumption  concerning  widths  introduces  the  only  arbi¬ 
trary  element  into  the  present  calculations.  The  model  is 
supported  by  the  fact  that  in  the  samples  examined  here, 
Gaussian  line  shapes  match  experiments  more  closely 
than  Lorentzians,  which  would  be  expected  if  lifetime 
effects  were  responsible  for  the  width  at  low  tempera- 


III.  IMPLEMENTATION  OF  FORMALISM 

This  section  centers  on  comparison  of  the  present 
theory  with  a  broad  selection  of  absolute  optical- 
absorption  spectra  for  the  GaAs/Ga,_x  Alx  As  and 
In, _xGax  As/In , _ ^  Aly  As  systems.  We  have  analyzed  12 
sets  of  experiments  by  different  groups  and  have  obtained 
detailed  agreement  with  11.  (The  number  of  absolute 
measurements  is  actually  quite  limited.)  In  the 
In|_JtGaxAs/In1_>Al),As  system  the  spectral  range  ex¬ 
tends  between  0.8  and  1.4  eV.  Nonparabolic  band  effects 


must  therefore  be  included.  These  are  contained  within 
the  Kane  model  used  to  calculate  the  underlying  band 
structures.  Table  I  provides  a  summary  of  t^e  parame¬ 
ters  used  to  describe  the  relevant  bulk  semiconductors. 

Experiment  and  theory  are  compared  for  the 
In053Ga<)47As/In0  j2Al{)48As  system  in  Fig.  5. 74  The 
samples  considered  experimentally21  have  respective  well 
and  barrier  widths  of  (34  A )/( 114  A),  (80  A)/(114  A), 

o  o 

and  (138  A )/( 115  A),  and  are  lattice  matched.  Strain 
effects,  therefore,  play  no  role.  The  present  calculations 
include  the  contributions  of  all  s  symmetry  bound  exci¬ 
tons  associated  with  each  pair  of  bands.  The  Is  transition 
accounts  for  roughly  90%  of  the  total  oscillator  strength 
of  each  family,  and  has  the  largest  binding  energy  by  a 
factor  of  about  6  for  the  present  case.  As  a  result  none  of 
the  higher  excitons  is  clearly  resolved  in  the  presence  of 
the  line  broadening. 

The  major  structure  in  the  spectra  is  due  to  pairs  con¬ 
sisting  of  transitions  HHn— *Cn,  and  at  slightly  higher 
energy  LHn— ►Cn  for  n=  1,  2,  3,  and  4.  As  n  increases, 
the  spacing  between  the  pairs  increases  due  to  the 
different  masses  of  the  HH  and  LH  bulk  bands  and  the 
fact  that  the  confinement  energy  goes  roughly  as  n2.  All 
of  the  major  features  in  the  experiments,  i.e.,  the  absorp¬ 
tion  steps  and  excitons  associated  with  the  “allowed” 
transitions  HHn— »Cn  and  LHn— -Cn  and  the  associated 
absorption  coefficients,  are  accurately  predicted  by  the 
theory.  In  the  case  of  the  138-A  well  no  fewer  than  eight 
such  strong  transitions  exist  in  the  photon  energy  range 
of  0.6  eV  under  examination. 

Above  1.2  eV  the  theory  is  no  longer  quantitative.  Re¬ 
sults  fall  below  experiment  for  all  samples.  This  behavior 
is  possibly  associated  with  an  Urbach  tailing  effect  due  to 
the  InP  substrate  on  which  the  samples  are  grown,  and 
whose  band  gap,  at  1.42  eV,  limits  the  energy  range 
which  can  be  examined  experimentally. 

Optical-absorption  experiments  for  the  GaAs/ 
Ga,_xAlxAs  system  require  etching  off  the  GaAs  sub¬ 
strate  on  which  the  sample  is  grown,  since  GaAs  has 
strong  absorption  in  the  relevant  energy  range.  As  a  re¬ 
sult  there  are  relatively  few  measurements  of  absolute  op- 


TABLE  I.  Summary  of  the  bulk  semiconductor  k  p  parameters  and  the  valence-band  offsets.  A,  used 
in  the  present  calculations.  Et  is  the  fundamental  gap,  A  is  the  spin-orbit  splitting,  and  mHH  is  the 
heavy-hole  mass  along  the  [100]  axis. _ 


Parameter 

lno  47  As 

32^0. 48  As 

Gai_x  Al,  As 

E,  (eV)  (4  K) 

Eg  (eV)  (300  K) 

0.813* 

1.508* 

1.519+1.247* 
1.424+1. 247* b 

A  (eV)' 

0.36 

0.33 

0.34  -  0.06* 

tn  hh  /m 

0.5 

0.5 

0.45 

n 

< 

CL 

22.0 

22.0 

24.0 

A  (eV) 

0.200* 

0.374*' 

"Reference  21. 

bLinear  variation  (Ref.  22)  valid  only  for  0.0  <  x  <  0.45  due  to  band-gap  bowing. 

‘Linear  interpolation  of  values  in  Ref.  23. 

’sEr  is  defined  as  (2/m)|(Sip,|Z>|2;  its  value  is  deduced  from  the  k  p  model  using  electron  masses 
from  Ref.  21  for  the  InAs  alloys  and  m,  —  0.067m  for  GaAs. 

'Corresponding  to  a  70% -30%  conduction-  to  valence-edge  offset  distribution  between  pure  GaAs  and 
the  alloy. 
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FIG.  3.  Comparison  of  theory  (solid  lines)  and  experiment 
(dashed  lines)  for  absorption  in  three  samples  in  the 
Ino3]Gao47As/Ino.)2Alo4|As  system  with  well  and  barrier 
widths  as  given.  For  clarity  the  curves  for  the  80-A  well  were 
displaced  upward  by  0.5 X  104  cm"1,  and  those  for  the  138-A 
well  by  1 .0  X  I04  cm  " 1 .  Experimental  data  are  from  Ref.  2 1 . 


tical  absorption  for  this  system  despite  its  importance. 
The  lattice  mismatch  between  GaAs  and  Ga|_xAlxAs  is 
0.13*%  and  the  biaxial  deformation  potential  is  of  order 
1  eV.  The  effects  of  strain,  which  are  at  most  one  or  two 
meV,  may  therefore  be  neglected. 

Figure  6  compares  theory  to  experiment23  for  a  (1 16- A 
GaAs)/(100-A  Ga, _x  AlxAs)  SL.  While  the  agreement 
between  theory  and  experiment  is  still  excellent,  it  is  not 
quite  as  satisfactory  as  that  in  the  In-based  system.  The 
exciton  peaks  are  also  sharper  in  this  system,  which  may 
be  due  in  part  to  the  absence  of  alloy  compositional  fluc¬ 
tuations  in  the  well.21  Note  that  the  total-energy  range 


FIG.  7.  Comparison  of  theory  (solid  line)  and  experiment 
(dashed  line)  for  absorption  in  a  (100- A  GaAs)/(100-A 
Gao  lAlfl  jAs)  superlattice.  Experimental  data  are  from  Ref.  26. 


here  is  only  0.2  eV  as  opposed  to  the  data  in  Fig.  5  which 
spanned  a  0.6-eV  range.  The  major  optical  structure  is 
satisfactorily  explained  except  for  one  feature,  often 
called  a  “forbidden”  transition.  This  feature,  consisting 
of  a  step  between  the  LH1— >-Cl  and  HH2  — C2  peaks, 
will  be  discussed  in  Sec.  IV. 

A  more  recent  spectrum26  for  a  (100-A  GaAs)/(100-A 
Ga,_xAl,As)  SL  is  shown  in  Fig.  1.  The  agreement  with 
theory  is  better  than  that  of  Fig.  6,  despite  similarities  in 
the  layer  widths.  The  forbidden  transition  is  compara¬ 
tively  small.  The  experimental  HH2— *C2  peak  is  seen  to 
be  split.  This  feature,  which  is  not  reproduced  by  the 
theory,  arises  because  some  oscillator  strength  is  passed 
to  the  nominally  forbidden  LH1— >C2  transition  via  the 
k-p  interaction  of  the  nearly  degenerate  LH1  and  HH2 
bands.  This  occurs  because  of  the  K  mixing  in  the  exci- 


FIG.  6.  Comparison  of  theory  (solid  line)  and  experiment 
(dashed  line)  for  absorption  in  a  (116-A  GaAs)/(100-A 
Gao^Alo^As)  superlattice.  Experimental  data  are  from  Ref. 
25. 


FIG.  8.  Comparison  of  theory  (solid  line)  and  experiment 
(dashed  line)  for  absorption  in  a  U20-A  GaAs)/!58-A 
Gao  nAlo  2<>As)  superlattice.  Experimental  data  are  from  Ref. 

27. 
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ton  state  which  has  been  neglected  here.  The  observed 
structure  could  be  obtained  theoretically  using  an  im¬ 
proved  optical  matrix  element  in  this  spectral  range. 

Another  sample,27  (120-A  GaAs)/(58-A  Ga^Al^As), 
is  examined  in  Fig.  8.  Here,  satisfactory  agreement  is 
once  again  obtained.  Note  that  this  sample  contains 
somewhat  wider  wells  and  narrower  barriers  than  most 
others,  yet  agreement  is  still  good. 

IV.  IMPLICATIONS 

The  above  discussion  has  focused  on  two  well-known 
III-V  systems  because  of  their  intrinsic  importance  and 
because  much  of  the  most  reliable  data  on  SL  and  QW 
heterostructures  exists  for  these  materials.  The  quality  of 
the  agreement  between  experiment  and  theory  suggests 
that  absolute  optical-absorption  measurements  may  be 
useful  as  an  aid  in  SL  characterization.  Here,  we  shall 
briefly  describe  two  specific  examples  relevant  to  (1) 
determination  of  valence-band  offsets,  particularly  for 
wide-band-gap  II-VI  systems  where  the  offsets  are  largely 
unknown;  and  (2)  characterization  of  effects  resulting 
from  possible  growth  defects. 

To  illustrate  the  dependence  of  absorption  on  the 
valence-band  offset  A  we  consider  the  80-A  well  In  sys¬ 
tem  SL  described  above.  Absorption  curves  for  offsets  of 
A  =  30,  100,  200,  and  300  meV  are  shown  in  Fig.  9.  (Fig¬ 
ure  5  shows  the  results  corresponding  to  the  solid  line.) 
For  A  =  30  meV,  the  HH1— >C1  and  LH1-*C1  exciton 
peaks  are  not  resolved  from  one  another.  This  is  to  be 
expected  for  common-anion-rule  (near  zero)  values  of  the 
offset  (given  that  the  system  is  strain  free).  As  A  in- 


FIG.  9.  Calculated  fundamental  optical  absorption  for 
several  values  of  valence-band  offset  in  an  (80-A 
Ino  JjGa0  47Asl/(114-A  In0  5JAlo  **As)  superlattice  (see  Fig.  5). 
the  inset  details  the  region  of  the  spectrum  around  the 
HH1  — -C1-LH1  -»C1  doublet. 


creases  from  30  to  100  meV  the  LH-HH  degeneracy  at 
K=0  is  split  and  the  lowest  peaks  separate.  (The  inset 
provides  a  magnification  of  this  region.)  For  A  =150 
meV  this  separation  saturates  at  a  value  characteristic  of 
perfect  confinement.  Between  A  =  30  and  100  the 
HH2— *C2  and  LH2— >C2  peaks  appear  and  become 
resolved.  For  A>  150  meV  HH2  and  LH2  become  in¬ 
creasingly  confined  and  stronger.  This  is  particularly  no¬ 
ticeable  for  the  LH2— »C2  exciton  peak.  For  A  >200 
meV  the  HH2— >C2  exciton  peak  slowly  falls  in  energy  as 
HH2  is  now  fully  confined  and  C2  begins  to  relax  due  to 
the  decreasing  value  of  the  conduction-band  offset. 

The  above  analysis  supports  the  accepted  value  of  A  in 
the  In  system  of  200  meV  within  an  uncertainty  of 
perhaps  ±30  meV.  Thus  it  is  expected  that  such  calcula¬ 
tions  will  be  useful  in  characterizing  less  well  understood 
systems.  Work  is  presently  under  way  to  exploit  this  sort 
of  analysis  for  the  Zn ,  _  x  Cdj  Se/ZnSe  SL  system,  which 
is  being  examined  as  a  candidate  for  an  emitter  in  the 
blue-green  region  of  the  spectrum.28 

Optical  absorption  may  also  be  useful  in  characterizing 
SL  growth  defects.  The  so-called  “forbidden”  transition 
observed  in  the  GaAs/Gai^ Al*As  sample  is  not  ex¬ 
plained  by  the  present  theory.  Other  calculations  of  SL 
absorption,  such  as  those  of  Chu  and  Chang, 10  have  also 
failed  to  explain  the  strength  of  this  transition.  This 
feature  has  been  associated  with  the  HH3  —  C1  transition 
and  used  to  infer  properties  of  the  bulk  heavy-hole 
mass.29  The  size  and  shape  of  the  optical  absorption  in 
this  energy  range  is  inconsistent  with  this  interpretation. 
Furthermore,  the  magnitude  of  the  structure  is  sample 
dependent.  Work  currently  under  way  on  the  absorption 
of  quantum  wells  in  the  presence  of  electric  fields  suggests 
that  such  a  feature  could  be  associated  with  intrinsic 
internal  electric  fields  which  could  be  introduced  during 
the  growth  process.  If  correct,  this  interpretation  would 
suggest  that  the  effect  of  miscuts  be  examined  more  care¬ 
fully.  30 

Not  considered  in  this  paper,  but  also  relevant  to  the 
present  theory,  are  superlattices  having  lattice- 
mismatched  barriers  and  wells.  These  systems  are  com¬ 
plicated  by  effects  such  as  the  lifting  of  the  T g  degeneracy 
of  the  constituent  bulk  materials  at  the  valence-band 
edge.  Deformation  potentials,  which  are  less  well  deter¬ 
mined  in  the  II-VI’s  than  in  the  III-V's,  come  into  play, 
as  does  the  question  of  the  effect  of  strain  on  the  valence- 
band  offset.  Mismatch  effects  have  already  been  incor¬ 
porated  into  the  present  calculations. 

We  emphasize  that  exploration  of  such  effects  is  possi¬ 
ble  only  because  of  the  modest  computer  requirements 
for  this  type  of  systematic  analysis.  While  the  present 
theory  does  not  necessarily  improve  upon  the  quality  of 
the  best  calculations  already  published  in  the  literature 
(although  to  our  knowledge  none  of  them  compares  with 
experimental  absolute  absorption  coefficients),  the  ap¬ 
proach  is  sufficiently  versatile  and  accurate  that  a  de¬ 
tailed  survey  of  the  dependence  of  properties  of  band 
offset  and  strain  effects  of  potentially  important  systems 
on  parameters  such  as  alloy  concentration  is  entirely 
feasible.  This  fact  is  of  importance  in  candidate  materials 
like  Zn^jCd^Se/ZnSe,  mentioned  above,  and  related 
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systems  such  as  CdTe/MnTe  which  are  of  interest  as 
blue-green  emitters  and  for  which  reliable  experimental 
data  are  only  now  becoming  available. 
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The  response  of  a  biased  double-barrier  quantum  well  to  a  small  ac  voltage  with  characteristic  time 
rrclp  and  the  transit  or  dwell  time  r,r,„4  are  calculated  using  nonequihbnum  Green ’s-function  techniques. 
The  tunneling  process  is  shown  to  be  predominantly  sequential  for  an  ln.Ga, . ,  As/ln,  Ai,  - ,  As  struc¬ 
ture  due  to  only  well  alloy  scattering  treated  in  the  coherent-potential  approximation.  The  magnitudes 
of  rmp  and  tu,„  are  in  close  agreement  and  about  the  same  for  either  sequential  or  coherent  tunneling 


This  paper  introduces  a  technically  significant  time  for 
tunneling  in  a  double-barrier  quantum  well  (DBQW), 
viewed  as  a  response  time  rmp  to  a  weak  oscillatory  field 
applied  to  a  biased  structure  along  any  point  of  its 
current-voltage  (1-V)  characteristic.  Its  magnitude  is  cal¬ 
culated  using  nonequilibri  im  Green’s-function  tech¬ 
niques.  It  is  shown  to  be  nearly  the  same  as  the  transit 
time  Ttrans  defined  and  measured  by  Chemla  and  co¬ 
workers.1'2  Furthermore,  the  paper  demonstrates  that 
sequential  tunneling  strongly  dominates  resonant  tunnel- 
ingJ'4  as  a  result  only  of  weak  III- V  alloy  scattering, 
for  example,  in  the  well  of  a  lattice-matched 
In,Ga,_, As/InvAl,_y As  structure  described  within  the 
coherent-potential  approximation  (CPA).5  *1  The  magni¬ 
tude  of  rmp  or  r(ram,  however,  is  only  weakly  dependent 
on  the  details  of  the  tunneling  process. 

Aside  from  their  intrinsic  physical  interest,  these  re¬ 
sults  are  important  since  negative-differential-resistance 
diodes  or  r'oQW  are  prototypical  circuit  components  in 
cellular  aw"'r.iata  in  which  each  cell  is  required  to  have 
high-frequency  response  and  to  be  “locally  interacting,” 
i.e.,  decoupled  from  all  but  its  nearest  neighbors.  Decou¬ 
pling  can  be  achieved  if  wave-function  coherence  between 
adjacent  cells  is  eliminated.  The  dominance  of  sequential 
tunneling  processes,  which  eliminate  coherence,  is  there¬ 
fore  important. 

Specifically,  r~Jp  is  defined  as  the  frequency,  <uresp,  for 
which  the  imaginary  part  of  the  conductivity  a(a>)  is 
maximum.  This  response  time,  which  is  appropriate  for 
high-frequency  applications,  is  physically  different  from 
the  transit  time  rlrins  defined  as  the  ratio  of  the  charge 
density  in  the  well  to  the  current  density,  Pw/j<sc<  at  arbi- 
trary  bias. 

The  model  of  a  biased  symmetric  DBQW  to  be  used  in 
this  analysis  is  shown  in  Fig.  1.  The  well  having  width 
dw  is  surrounded  by  two  barriers  having  height  As  and 
width  ds  where  S  —L  (left)  or  R  (right).  The  Fermi  levels 
pL  and  fif)  in  the  leads  represent  the  effect  of  charge  ac¬ 
cumulation  in  L  and  depletion  in  R.  The  semiconductor 
alloys  (In,Ga|_aAs  )  in  the  L,R  and  well  (W)  regions  are 
assumed  to  be  the  same,  as  are  those  of  the  barriers 
(InyAl,_,,As).  The  potential  drop  across  the  structure  is 
modeled  by  a  stepwise  constant  potential  energy  having 
values  <t>L  =  eVic,  where  Fdc  is  the  voltage  drop, 
<tV  =  for  a  symmetric  DBQW,  and  <J>*  =0.  The 


tunneling  matrix  element  through  the  barrier.  hsw,  is 
given  within  the  WKB  approximation.  The  well  is  as¬ 
sumed  to  contain  only  one  resonant  level  £0  in  the  ab¬ 
sence  of  alloying  effects.  EQ  renresents  the  edge  of  a  two- 
dimensional  conduction  oand  (CB)  with  energy 
<IV  +  £0  +  e(  ,  where  k,  are  associated  with  the  two- 

dimensional  continuum  perpendicular  to  the  growth  axis 
and  e*  =  ft1k1  /2m  *. 

The  Hamiltonian  is  given  as  a  sum  of  terms  unper¬ 
turbed  by  barrier  tunneling  and  well  scattering  and  oth¬ 
ers,  //$“ J)  and  describing  the  remaining  effects.  Ex¬ 

plicitly,  in  terms  of  appropriately  labeled  creation  and  an¬ 
nihilation  operators, 

^(Ejj-f  <t>5  )C5kC£k  ,  S—L.R 

k 

S  +  *1* w )c w*  c m .  >  S  =  iV  , 

s  -  " 

where  k  =  (k„,k.)  refers  to  the  L  and  R  regions  and 


*  Ax®i-x^c 

S  \ 


00(10 

o«o«o 


Well  :  n  =  5 

molecular 

chains 


k  -  (k||, 


FIG.  1  Model  of  biased  DBQW  structure.  Barrier  and  well 
dimensions  defined  in  text;  alloy  well  resonance  level  t;  Fermi 
level  ;  tunneling  amplitudes  hwt,hflt  Inset  Arrange¬ 

ment  of  random  molecular  chains  having  it  —  5  AC  (open)  or 
BC  (closed)  molecules  for  I  A,  B,  ,  )C  well  alloy 
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Ek=«V/2mV  Further 

^ws  =  2  ^wSCwk  csk"*"H.c.  (  (2) 

k.,k,t 

and 

•#»£*’ =  2^e*~'^> ^CWK  CWR.  <3) 

R  "  ' 

in  a  representation  using  two-dimensional  Wannier 
creation  operators  cWR  .  As  indicated  in  the  inset  of  Fig. 

1,  a  row  of  atoms  along  the  growth  direction  is  visualized 
as  an  n-membered  molecular  chain  consisting  of  random¬ 
ly  disordered  AC  and  SC  molecules  constituting  the 
( AXB{-X  )C  alloy.  The  position  of  each  chain  is  defined 
by  a  value  of  R„  as  indicated  in  Fig.  1.  The  resulting 
two-dimensional  alloy  scattering  associated  with  each  of 
the  randomly  distributed  chains  is  the  only  scattering 
effect  to  be  considered  here.  Even  though  scattering  is 
weak  for  III-V  alloys,  it  causes  tunneling  to  be  largely 
sequential.  The  scattering  potential  due  to  the 
configuration-dependent  energy 

Efl||  =e-f-2i<A(z1  )|2(e,  —  e)  (4) 

I 

for  each  chain,  where  i  — 1,2,. .  .,n  labels  the  sequence  of 
AC  and  BC  molecules  with  on-site  electronic  energies 
tA,EB,  respectively,  is  much  weaker  than  the  confinement 
kinetic  energy  E0.  Here  e=xea  +  ( 1—  x)efi  denotes  the 
virtual  crystal  CB  edge;  e  replaces  E0  in  the  alloy  case; 
e  A  Eg  is  the  CB  offset  between  the  AC  and  BC  crystals. 

Equation  <4)  gives  the  chain  energies  to  first  order 
in  the  scattering.  #(z,)  is  the  normalized  envelope 
function  along  the  growth  axis.  The  er  are  assumed 
to  have  a  Gaussian  distribution  with  probability 
(Av^ir)-1  exp[  —  (eR|  —  e)2/2A2]  and  a  variance 

A2=x  ( 1  —x)(ea  —  £a  )2  ^(dw/n)  f  ^dz\Hz)\*  , 

where  the  integral  extends  over  the  well  width  dw  and 
has  the  value  3/(2 dw)  for  deep  wells.  The  CPA  descrip¬ 
tion  of  Gaussian  disorder  has  been  considered  previous¬ 
ly.7 

A  nonequilibrium  Green’s-function  formalism  must  be 
used  to  calculate  the  current  since  inelastic-scattering 
processes  are  neglected  here,  and  are  insufficient  to 
achieve  equilibrium  in  the  well  region  at  low  T  in  any 
case.  The  advanced  and  retarded  Green’s  functions  Ga, 
G\  and  also  G  r  are  related  by  Dyson’s  equations.8  q  The 
quantities  of  particular  physical  interest  obtained  from  a 
solution  of  these  equations  are  the  matrix  elements  of  the 
configuration  averaged  well  Green’s  functions 

G't  Wk  .WV;E!  =  bt  (E  — (c  +  e,  +<Dh.) 

-IL(k  -,E)-lR(k  ;£) 
~W£>]  ’  (5) 


GUWk  ,Wk  ;£)=  ~6wtE)[G’l  Wk  ,  Wk  ;£) 

-G°{Wk  ,Wk  ;£)] 

=  2jri<6(f.|£M  Ik  ,E)  .  '6) 

In  Eq.  (5),  and  are  the  self-energies  associated 
with  tunneling  processes  out  of  the  well  W  to  L  and  R, 
respectively,  and  1CPA  is  associated  with  disorder  scatter¬ 
ing  in  the  well.  We  shall  assume  the  self-energy  shift  to 
be  absorbed  in  e.  The  remaining  part, 

i  Im[2s  =  tJi  ]=  -iirlhwsl^&E  ~ek  — 

-  ~t'Fs  (7) 

and  i  Im[2CPA]  =  —  yiT^,  describes  the  broadening  due 
to  tunneling  and  scattering,  respectively.  Ts  is  the  reso¬ 
nant  level  width  associated  with  the  escape  time  through 
the  barrier  at  side  S  =L,E.  rCPA  (not  defined  explicitly 
here)  is  the  energy-dependent  level  width  associated  with 
scattering.  It  is  obtained  from  a  numerical  solution  of 
the  CPA  equations.  The  tunneling  process  through  the 
DBQW  is  seen  to  be  largely  coherent  if  FCPA«r£,r/f 
and  sequential  in  the  opposite  limit. 

Equation  (6)  contains  <£#.(£),  the  nonequilibrium  dis¬ 
tribution  of  electrons  in  the  well.  This  form9  is  analogous 
to  Gq  (Sk,Sk;£),  the  unperturbed  function  in  the  L  and 
R  regions,  in  which  6 wiE)  is  replaced  by  the  equilibrium 
Fermi  distributions  /t(£— <t>/  )  and  /*(£). 10  A(k,,E) 
is  the  spectral  density  associated  with  the  state  k  .. 

The  dc  current  density  ( per  unit  area)  ydc  is  obtained  by 
calculating  the  S— >W  current  density  js  —  w 
=  2eO/3 t)fts  where  $s  =  2kckscks  and  expressing  the 
result  in  terms  of  the  Green’s  functions.  The  well 
distribution  is  obtained  from  current  conservation 
ii  —  w~)w^R  '■ 

<l>iyiE)= [  r  i_fL(E  —  <P/_)+rR/*(£)]/(rL-f-rR).  (8) 

The  remarkably  simple  formal  result  is 

;<*= Tf-*dE?irr';8*iE)ifL{E  —  >— f*{E)} , 

(9) 

where  gn,(£)=  f  A(k  .,E)d2k  /(2rr)2  is  the  two- 
dimensional  well  density  of  states.  We  note  that  the  form 
of  Eqs.  (8)  and  19)  is  that  expected  when  the  tunneling  is 
purely  sequential.  The  same  formal  result  is  obtained  by 
considering  the  purely  coherent  tunneling  limit  obtained 
by  setting  2CPA=0.  The  bias  dependence  of  this  non¬ 
linear  I-V  dependence  is  indicated  explicitly.  Except  for 
its  dependence  on  ■'dc.  the  rs  may  be  assumed  constant 
since  the  resonance  width  is  <  1  meV,  except  when  Vdc  is 
such  that  the  well  CB  edge  coincides  energetically  with 
that  of  the  CB  on  the  left  (in  the  negative-resistance  re¬ 
gion). 

The  level  broadening  associated  with  tunneling  and 
scattering  is  contained  entirely  in  g„(£).  The  spectral 
densities  with  and  without  scattering,  Aik  =0 ,£),  are 
compared  in  Fig.  2  for  the  state  at  the  well  CB  edge  when 


and 


45 


RESPONSE  AND  TRANSIT  TIMES  IN  QUANTUM-WELL  STRUCTURES 


9147 


it  lies  just  above  (0.2  meV)  the  left  CB  edge  in  the 
absence  of  scattering  for  a  lattice  matched 
In0  ^As/IiIq  j;AIq  As  DBQW  with  d^^  45  A 
and  dL=dR  =  56  A.  This  illustrative  example  corre¬ 
sponds  to  sample  A  of  Ref.  1  which  was  measured  at 
10  K.  We  set  pL=50  meV.  Scattering  effects  shift  the 
CB  edge  by  Re[2CPA]  as  indicated.  To  permit  compar¬ 
ison,  the  Lorentzian  resonant  peak  associated  with  tun¬ 
neling  has  been  shifted  by  Re(2CPA].  The  shape  of 
/4(0,£)  including  scattering  is  strongly  asymmetric. 
This  behavior  results  from  the  Gaussian  distribution  of 
states  that  blur  the  CB  edge:  The  high-energy  tail  results 
from  the  increasing  density  of  state  available  for  scatter¬ 
ing;  the  sharp  cutoff  at  low  energies  is  primarily  associat¬ 
ed  with  the  energy  dependence  of  Re[2CPA],  Both 
widths  are  small  compared  to  Since  the  fs  and  F s 
in  Eq.  (9)  are  weakly  dependent  on  energy  when  eFdc  lies 
well  within  the  Ohmic  (positive-differential-resistance)  re¬ 
gion,  the  energy  integral  reduces  to  fdEg^(E  +4*^) 
and  is  the  same  for  all  reasonable  alloy  scattering 
strengths.  As  a  result  jic  in  these  regions  is  unaffected  by 
scattering,"  and  will  be  the  same  regardless  of  whether 
the  transport  is  coherent  or  sequential.  Thus,  neither  rlnp 
nor  TIrans  will  be  appreciably  affected  by  the  tunneling 


FIG.  2.  Spectral  density  A  I  k  =0. E)  for  biased  DBQW  at  far 
end  of  negative-differential-resistance  regime  with  (solid  curve) 
and  without  (dashed  curve)  alloy  scattering.  Resonance  is 
sharper  and  located  in  posirive-differemial-resistance  region  for 
the  case  of  well  lifetime  broadening  aione  (upper  dashed  curve; 
multiplied  by  0.1).  Shift  by  Re(2CPAj  and  scale  change  permits 
comparison  between  line  shapes.  DBQW  is  indicated  schemati¬ 
cally.  Dashed  region  on  left  occupied  by  electrons. 


mechanisms.  Note  also  that  l-V measurements  cannot  be 
used  to  distinguish  between  coherent  and  sequential  tun¬ 
neling. 

For  a  given  Vdc,  the  factor  T,  rR  /<  rL  T*  )  may  be 
removed  from  the  integral  in  Eq.  (9).  Similarly,  the 
contribution  to  the  current  from  unscattered  electrons 
can  be  shown  to  be  ;a<.  a  T,  Tp  /{ Tt  +  T  R  +  rwaI).  The 
fraction  of  coherent  tunneling  is  thus 
(  Ti  +  T s  )/( +  T*  +  r^j.  Its  value  is  about  \<?e  for 
sample  A  of  Ref.  1. 

The  transit  time,  rlrans  =  p / j oC,  where 

Pw~  f  dE  <bw(E)gw(E)  (10) 

is  the  charge  density  in  the  well,  was  measured  by  Chem- 
la  and  co-workers1  using  differential  absorption  spectros¬ 
copy.  Figure  3  compares  the  measured  and  calculated 
rIrans  in  the  Ohmic  region  as  a  function  of  current  density 
for  sample  A  of  Ref.  1.  The  range  of  current  densities  for 
the  experimental  points  is  larger  than  that  for  the  calcu¬ 
lations  because  the  experimental  maximum  current  densi¬ 
ty  exceeds  the  calculated  value.  The  factor  of  3-4 
difference  is  reasonable  in  view  of  the  approximations  in¬ 
herent  in  the  model,  the  neglect  of  other  scattering 
effects,13  and  the  exponential  dependence  of  hws  on  input 
parameters. 

Tlram  may  be  estimated  simply  when  e  is  aligned  with 
filled  states  on  the  left  and  empty  states  on  the  right. 
Equations  (8M10)  yield  flrans  — fi/T*  =75  ps  in  the 
present  case  when  ydc  =  100  A/cm3,  in  agreement  with 
the  physical  expectation  that  the  transit  time  is  con¬ 
trolled  by  the  effective  height  of  the  right  barrier. 

The  importance  of  the  frequency  response  of  a  DBQW 
operating  as  a  negative-differential-resistance  diode 
characterized  by  the  response  time  rrcsp  has  already  been 
noted.  Operationally,  the  appropriately  biased  DBQW, 


current  density  (Acm'2! 


FIG.  3.  Theoretical  response  and  transit  times  vs  current 
density  compared  with  experiment,  sample  .4.  Ref  I.  in 
positive-differenlial-resistance  region. 
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acted  upon  by  an  additional  small  ac  field  having  frequen¬ 
cy  a)  with  Hamiltonian 

responds  linearly  to  that  field.  For  frequencies  a  >  cornp, 
as  defined  above,  the  current  is  no  longer  able  to  follow 
//ac  without  phase  lag.  The  upper  frequency  limit  of  de¬ 


vice  operation  is  thus  given  by  fcjr„p  =  Tr„‘p.  <The  frequen¬ 
cy  limit  is  depressed  due  to  circuit  capacitance  effects  and 
other  scattering  mechanisms.) 

The  derivation  of  aieo)  is  lengthy,  since  a  Bethe- 
Salpeter  equation  must  be  solved  to  include  vertex 
corrections  properly.13  The  result,  valid  for  the  Ohmic 
region  in  which  the  energy  dependence  of  the  Ts  can  be 
neglected,  is 


tr(<D)=— r-  f  *  dE gw(E\a)) 
2  ft  a  ~ 


(fea  +  2jTg )rL(EfL)  +  {*a>  +  2irL)rR(bfR ) 

fw+nr  L  +  r  R) 


ai) 


where 

g^(£;tu>=(-27n)"'EF{-pA(£+^a>)-F^PA(£)]  , 
Fcpa  =  (0!G£pa.(F)10>  . 

the  single-chain  diagonal  matrix  element  of  the  CPA 
retarded  (advanced)  Green’s  function,  and  A fs 
=/s(£+ffM-<J>s)-/s<£-<f>s)  (S=L,R).  Note  that 
giy(E;0)=gu,(E),  the  well  density  of  states  in  Eq.  (9), 
and  that  a(0)=djdl./dVdc  at  a  given  Fdc  in  the  present 
case.  The  applied  dc  voltage  remains  even  when  Vlc, 
which  is  much  smaller  than  f'dc.  has  vanishing  frequency. 

The  results  for  r„sp  are  also  shown  in  Fig.  3.  Even 
though  the  physical  ingredients  in  the  definitions  of  r,rans 
and  rrc5p  are  quite  different,  the  numerical  values  are  seen 


I  — — — — - - 

to  be  in  remarkably  close  agreement.  Calculations  for  a 
typical  current  of  =  100  A/cm2  in  the  negative- 
differential-resistance  region  (not  indicated  in  Fig.  3) 
show  that  -rtrani  and  rreip  have  values  about  60  ps  and 
differ  by  only  7  ps,  as  in  the  Ohmic  region.  This  result 
confirms  that  the  experimentally  accessible  time  defined 
and  measured  in  Ref.  1  is,  in  fact,  useful  in  device  appli¬ 
cations  of  current  interest. 
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Some  previously  unexplained  features  of  the  experimentally  determined  optical  spectra  of 
GaAs/Gat_JIAl.rAs  heterostructures  are  theoretically  explained  in  terms  of  unintentionally 
introduced  asymmetries  in  the  shape  of  semiconductor  quantum  wells  which  break  the  usual 
optical  selection  rules.  Various  mechanisms  that  may  be  responsible  for  well  asymmetries  are 
suggested.  Their  measurement  may  be  a  useful  characterization  tool  in  quantum  well 
fabrication. 


Several  absolute  optical  absorption  and  photolumines¬ 
cence  excitation  (PLE)  experiments  have  been  performed 
on  GaAs/Gal_xAl.(As  superiattices  (SLs)  and  quantum 
wells  (QWs). 1-4  Some  unexpected  features  in  the  otherwise 
well-understood  spectra  of  these  heterostructures  have 
been  seen. 5-7  Recent  calculations7  of  optical  absorption  for 
both  the  Ini_,Ga,As/In,_>AlrAs  and  the  GaAs/ 
Ga,  .^AljAs  systems  showed  better  agreement  with  exper¬ 
iment  for  the  former  due,  in  part,  to  the  absence  of  these 
features.  We  propose  that  the  unexpected  features,  which 
are  more  pronounced  in  the  Ga  than  in  the  In,  ^Ga*  based 
system,  arise  from  asymmetries  in  the  heterostructures  and 
the  associated  breaking  of  the  usual  optical  selection  rules 
for  such  structures. 

Most  QWs  are  designed  to  have  conduction  and  va¬ 
lence  band  edges  with  flat,  symmetric  energy  profiles  as  in 
Fig.  1(a).  QW  asymmetry  arises  from  imperfections  intro¬ 
duced  during  the  growth  of  the  heterostructure.  Figures 
1  (b)-l  (d)  illustrate  three  simple  models  for  this  asymme¬ 
try. 

The  first  model,  illustrated  in  Fig.  1(b),  includes  the 
effects  of  a  built-in  electric  field  extending  over  the  QW.  A 
field  of  this  kind  could  be  created,  for  example,  by  a  doping 
imbalance  between  the  buffer  and  capping  layers  of  the 
QW  sample.  In  the  extreme  case  of  an  n-  to  p-type  transi¬ 
tion,  this  would  impose  a  field  over  the  sample  of  strength 
1.5  X  104  V/cm  for  a  104  A  sample.  The  second  possibility, 
illustrated  in  Fig.  1  (c),  is  a  field  spanning  only  the  well 
region.  Such  a  field  could  occur  if  an  intentional  miscut  in 
one  of  the  high  symmetry  growth  planes  resulted  in  dan¬ 
gling  bonds  at  the  two  interfaces8  having  opposite  charge. 
The  third  possibility,  illustrated  in  Fig.  1(d),  involves 
compositional  gradients  which  may  exist  in  the  barriers,  in 
the  wells,  or  in  both.  Such  compositional  gradients  could 
result  during  the  molecular  beam  epitaxy  (MBE)  growth 
process  in  which  the  flux  of  the  A1  in  the  Ga,  _*Al,As 
system  deviates  briefly  from  its  nominal  value  when  shut¬ 
ters  are  opened  or  closed.  Upon  switching  from  barrier 
growth  to  well  growth  the  A1  flux  may  persist  briefly  after 
the  A1  source  has  been  closed.  Upon  initiation  of  barrier 
growth,  the  A1  flux  may  overshoot  its  nominal  value  when 
the  shutter  is  first  opened  due  to  built  up  pressure  in  the  At 
chamber.9  The  dotted  profile  in  Fig.  1(d)  illustrates  the 
situation  qualitatively;  the  solid  line  corresponds  to  a  sim¬ 
plified  model.  Variation  in  the  A1  concentration  of  1%  over 


100  A  mimics  the  effects  of  an  electric  field  of  about  104 
V/cm. 

To  investigate  the  effects  of  asymmetry,  we  have  per¬ 
formed  absorption  calculations  based  on  the  uniform  field 
model  of  Fig.  1(b).  Investigations  of  the  other  models  lead 
to  results  that  differ  by  less  than  the  experimental  differ¬ 
ences  between  nominally  identical  samples.  The  key  point 
is  that  the  selection  rules  of  a  symmetric  QW  are  broken  in 
asymmetric  wells  since  the  electronic  states  no  longer  have 
even  and  odd  parity.  Calculations  for  a  field  of  3xl04 
V/cm  are  presented  below,  which  according  to  the  third 
possibility  discussed  above,  correspond  to  a  variation  in  the 
A1  concentration  of  about  3%  over  the  well.  The  size  of  the 
field  was  selected  to  he  within  bounds  consistent  with  the 
uncertainty  in  field  strengths  of  about  104  V/cm  associated 
with  experiments  investigating  the  quantum-confined  stark 
effect.10 

The  optical  absorption  spectra  of  SLs  and  QWs  are 
dominated  by  the  discrete  exciton  peaks  and  the  staircase- 
like  continuum  absorption  due  to  transitions  from  the  va¬ 
lence  subband  states  n  associated  with  the  light  holes 
(LHn)  and  heavy  holes  (HHn)  to  the  conduction  sub¬ 
bands  (Cn).  Allowed  transitions  consist  of  the  HHn, 
LHn— Cn  pairs,  which  obey  the  selection  rule  An  =  0. 
These  features  are  clearly  seen  in  Fig.  2,  which  compares 


FIG.  I.  The  usual  QW  model,  (a),  and  three  simple  models  for  QW 
asymmetry,  resulting  from  <b)  an  electric  field  over  the  entire  structure, 
(c)  a  field  extending  only  over  the  well,  and  (d)  a  gradient  in  the  Al 
concenlration.  The  band  gaps,  and  £*  arc  indicated,  as  is  the  valence 
band  offset  Gradients  in  Al  concentration  can  arise  from  MBE  growth, 
illustrated  qualitatively  with  the  dashed  profile  in  (d) 
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FIG.  2.  Comparison  of  theoretical  (solid)  and  experimental  (dashed! 
absorption  of  SLs  of  (x)  100  AGaAs/100AGao1Alo]As;and  (b)  II6A 
GaAs/Gaa7,AI<,  2SAs.  (See  footnotes  2  and  3  for  experimental  informa¬ 
tion.)  Major  allowed  transitions  and  a  “forbidden"  transition  are  identi¬ 
fied.  The  disagreement  between  experiment  and  theory  in  (b)  is  indicated 
by  five  characteristic  features  discussed  in  the  text. 

theoretical  absorption  for  symmetric  wells711  to  two  exper¬ 
iments  on  100  A  GaAs/100  A  Ga^Al^As  and  116  A 
GaAs/100  A  Gao7jAlo2;As  SLs.  The  major  allowed  exci- 
tonic  transitions  and  a  forbidden  transition  are  identified  in 
Fig.  2(a).  In  Fig.  2(b)  five  points  of  disagreement  between 
experiment  and  theory  are  identified-  These  same  points  of 
disagreement  are  also  present,  albeit  to  a  lesser  extent,  in 
Fig.  2(a),  and  are  characteristic  of  all  but  one  of  the 
twenty  absorption  and  PLE  measurements  on  GaAs  sam¬ 
ples  that  we  have  encountered  in  the  published  literature. 
Chu  and  Chang12  have  also  calculated  SL  absorption  but 
compared  to  PLE  experiments.  Their  results  exhibit  the 
same  points  of  disagreement.  We  conclude  that  these  fea¬ 
tures  are  not  a  shortcoming  of  the  absorption  theory  of 
Ref.  7,  nor  are  they  a  peculiarity  of  any  particular  sample. 

The  first  two  features  to  note,  1  and  2  in  Fig.  2(a),  are 
that  theory  predicts  a  stronger  HH1  —Cl  transition  than  is 
observed  in  experiment,  while  it  predicts  a  weaker 
LH1— Cl  peak  than  is  actually  seen.  Thus,  the  approxi¬ 
mately  two  to  one  ratio  of  oscillator  strengths  predicted  by 
theory  is  experimentally  significantly  smaller.  Feature  3  is 
the  distinct  “ ‘forbidden  transition ”*  in  the  absorption  spec¬ 
trum  between  the  «  =  l  and  n  —  2  HHn,  LHn— Cn  dou¬ 
blets.  Various  authors  have  associated  this  feature  with  the 
HH3-C1  transition, l'4,6'12, 13  which  is  forbidden  by  the  se¬ 
lection  rule  An=0,  but  not  strictly  forbidden  in  real  GaAs 
QWs  since  the  Ga^^JjfAs  barriers  are  only  of  finite 
height.  However,  absorption  calculations6,7  have  found  the 
HH3  —  Cl  transition  to  be  too  weak  to  explain  the  exper¬ 
imentally  observed  feature.  It  is  also  interesting  that  this 
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transition  appears  as  a  “step”  without  a  distinct  associated 
peak.  Feature  4  is  the  low  energy  shoulder  observed  just 
below  the  HH2  — C2  peak,  which  makes  the  transition 
seem  broader  than  expected.  Feature  3  is  that  the 
LH2  — C2  peak  is  only  poorly  resolved,  and  sometimes 
barely  visible  at  all. 

The  present  calculations  for  asymmetric  wells  are  per¬ 
formed  using  an  eight-band  Kane  model  modified  to  in¬ 
clude  finite  HH  mass,  which  determines  envelope  functions 
for  the  QW  structure.14,15  The  calculations  include  an 
asymmetric  potential,  t/„ym  =  —  efz,  linear  in  the  growth 
axis  coordinate  of  the  structure,  z.  Here  W  is  the  built-in 
electric  field.  The  QW  states,  |£,K),  are  defined  in  terms  of 
the  envelope  functions,  Fn ,  and  the  eight  A  =  0  states  of  the 
Kane  model,  (r|/»0>,  by  <r|£,K>=X„F,,(.L,K;r)<r|nO>. 
These  states  include  the  effects  of  the  electric  field  as  does 
the  equation  determining  the  envelope  functions  at  K=0, 

rfl'f[kIssQ,ky=Q,kt—  -i(d/dz)]F(L,0,z) 

-e«f2F(£,(hz)=£t(K=0)F(L,0^).  (1) 

Here  Hk'*  is  the  k-p  Hamiltonian  appropriate  to  the  con¬ 
stituent  bulk  semiconductors  of  the  heterostructure.  Be¬ 
cause  the  asymmetric  term  diverges  at  large  distances, 
hard-wall  boundary  conditions  are  imposed  on  both  sides 
of  the  QW  at  points  100  A  outside  the  well.  The  states  and 
optical  matrix  elements  for  finite  heterostructure  wave  vec¬ 
tor  K,  which  lies  in  the  x-y,  or  QW,  plane,  are  determined 
from  a  SL  K-p  theory15  applied  to  the  zone  center  K=0 
states. 

The  optical  absorption  at  zero  temperature  between 
valence  band  L  and  conduction  band  L'  in  the  absence  of 
electron-hole  interactions  is  given  by 

2irVfi  y  2  |<£,K|pi£',K>|2 

aLL.(E)-Vnmc  l  m  £t,(K)_£t(K) 

x6[£-£t-(K)+£t(K)j,  (2) 

where  n  is  the  refractive  index  and  V  is  the  volume  of  the 
well.  The  effect  of  the  electron-hole  Coulomb  interaction  is 
incorporated  using  the  heterostructure  crystal  coordinate 
representation  (OCR)  and  a  simple  model  for  the  electron- 
hole  interaction.7,16  The  results  are  expressed  in  terms  of  a 
Sommerfeld  enhancement  factor  y(E)  for  the  continuum 
interband  absorption,  bound  exciton  energies,  £„  and  os¬ 
cillator  strengths,  /,=  (2/m) |  <£,0|p|£',0>  |2|  1/(0) |2/ 
[Et>(0)  —  El(0)],  where  (/( R)  is  the  CCR  exciton  wave 
function.  The  absorption  is  then17 

2_2  JJjr 

a(£)= -  !/#£-£,)+  I  /(f)ou,(£). 

nmc  ,  w 

(3) 

The  results  for  a  100  A  GaAs/GaojAlo  }As  QW  are 
illustrated  in  Fig.  3  for  the  theory  with  and  without  an 
asymmetric  potential  term  of  eW  =  30  meV/100  A.  The 
asymmetry  is  seen  to  provide  exactly  those  features  whose 
absence  caused  disagreement  between  experiment  and  the 
theory  for  symmetric  QWs. 
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FIG.  1.  Comparison  of  theoretical  calculations  of  absorption  in  a  100  A 
GaAs  QW  with  GbotAIo  jAs  barriers  with  (dashed)  and  without  (solid) 
an  electric  field  of  3  x  10*  V/cm.  The  effects  of  the  asymmetric  potential 
furnish  those  features  whose  absence  caused  disagreement  between  exper¬ 
iment  and  theory  in  Fig.  2. 


When  inversion  symmetry  is  broken,  the  optical  selec¬ 
tion  rule  An=0  is  no  longer  applicable,  and  the  oscillator 
strengths  of  the  various  transitions  change.  Miller,  Weiner, 
and  Chemla18  have  discussed  approximate  absorption  sum 
rules  which  require  that  the  total  integrated  absorption 
from  the  heavy-  and  the  light-hole  subbands  to  a  single 
conduction  subband  should  be  independently  preserved 
when  a  field  is  introduced.  These  sum  rules  suggest  that  the 
field  induced  changes  result  from  a  transfer  of  oscillator 
strength  between  the  various  LHn— Cn  and  the  various 
HHn— Cn  transitions. 

More  specifically,  introduction  of  the  field  results  in 
oscillator  strength  being  lost  from  the  HH1  —  Cl  transition 
to  the  formerly  forbidden  HH2— Cl  and  HH3— Cl  tran¬ 
sitions.  The  HH2— Cl  transition  occurs  at  nearly  the  same 
energy  as  the  LH1  —  Cl  transition,  explaining  why  exper¬ 
imental  measurements  show  a  weaker  HH1  —Cl  and 
stronger  LH1—  Cl,  [cf.  Figs.  2(a)and  2(b)].  Oscillator 
strength  is  shifted  from  LH1— Cl  to  LH2  — Cl,  so  that 
this  transition  and  the  HH3— Cl  contribute  to  the  exper¬ 
imentally  observed  forbidden  transition  of  Fig.  2(a).  The 
transfer  of  oscillator  strength  from  allowed  to  forbidden 
transitions  is  more  important  for  states  away  from  the  zone 
center  than  for  those  at  K=0,  so  violation  of  the  selection 
rules  is  more  important  for  the  continuum  than  for  the 
exciton  peaks.  Thus,  the  experimentally  observed  step,  fea¬ 
ture  3  of  Fig.  2(b),  results  because  the  forbidden  transition 
corresponds  to  a  \0%-20%  increase  in  continuum  absorp¬ 
tion  rather  than  an  exciton  peak.  The  previously  forbidden 
HH1—  C2  transition  acquires  oscillator  strength  and  ap¬ 
pears  as  the  low  energy  shoulder,  feature  4,  on  the 
HH2  — C2  peak.  Other  forbidden  transitions  around  the 
LH2  —  C2  peak  also  acquire  oscillator  strength,  obscuring 
the  allowed  peak  associated  with  feature  5. 

While  the  effects  of  QW  asymmetry  on  optical  absorp¬ 
tion  are  significant,  asymmetry  has  so  far  received  little 
attention  in  comparisons  of  band  structure  theories  to  ex¬ 
periment.  This  is  because  the  effects  of  the  asymmetry  on 
the  transition  energies  are  rather  small,  as  can  be  seen  in 
Fig.  3,  and  are  comparable  to  the  uncertainty  introduced 
by  monolayer  fluctuations  in  the  nominal  well  width.  The 


fact  that  asymmetry  has  a  large  effect  on  the  absorption, 
yet  a  small  effect  on  the  transition  energies,  is  best  under¬ 
stood  by  considering  F„ym=  —  e€z  as  a  perturbation. 
Since  the  unperturbed  well  is  symmetric,  the  energies  of  all 
interband  transitions  are  affected  only  in  second  order  of 
the  antisymmetric  perturbing  potential.  However,  the  os¬ 
cillator  strengths  of  forbidden  transitions  involving  states 
of  opposite  parity  (which  is  a  good  quantum  number  for 
the  symmetric  well)  are  affected  in  first  order.  Therefore, 
calculations  which  compare  only  interband  transitions  en¬ 
ergies  but  not  absorption  coefficients  are  unable  to  account 
for  the  five  effects  of  QW  asymmetry  which  are  here  ex¬ 
plained. 

In  view  of  the  relatively  small  conduction  and  valence 
band  barrier  heights  in  the  GaAs/Ga,_,Al*As  system 
(200  and  100  meV,  respectively)  compared  to  those  of 
In | _ jGa*As/In,  .jAljAs  ( 500  and  200  meV),  effects  asso¬ 
ciated  with  electric  field  asymmetry  of  the  well  ( ~  30 
meV)  are  expected  to  be  small  in  the  latter  system,  as 
observed.  For  systems  with  sufficiently  small  band  offsets 
optical  absorption  measurements  can  therefore  serve  as  a 
characterization  tool  for  testing  growth  perfection. 
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The  transit  and  dynamic  response  times  for  ?  semiconductor  alloy-based  double  barrier 
quantum  well  structure  are  calculated  within  the  coherent  potential  approximation.  The 
formalism  is  based  on  a  non-equilibrium  Green's  function  formulation  of  the  transport  process 
including  vertex  corrections.  The  tunneling  current  is  expressed  as  a  sum  of  coherent  and 
sequential  distributions  respectively  corresponding  to  tunneling  with  and  without  multiple 
alloy  scattering  in  the  well  region.  This  distinction  is  significant  in  nanostructures  exhibiting 
quantum  interference  effects.  The  calculated  characteristic  times  are  of  practical  importance 
because  they  determine  the  achievable  high  frequency  performance  of  device  structures. 
©  1992  Academic  Pres*,  Inc. 


I.  Introduction 

Resonant  tunneling  structures  that  exhibit  negative  differential  resistance  are 
promising  candidates  for  various  applications  such  as  ultrahigh-frequency 
ac-generators  or  very  fast  switching  elements  [1-3].  Furthermore,  they  are  useful 
for  the  investigation  of  fundamental  transport  processes  in  nanostructures.  Double 
barrier  quantum  well  systems  (DBQW)  are  prototypical  tunneling  structures.  This 
pap**'  "  .amines  the  influence  of  scattering  in  the  well  region  on  the  DBQW  steady- 
state  dc-current  and  the  dynamic  response  to  an  ac-field.  We  concentrate  on 
disorder  scattering  due  to  alloying  or  impurities.  This  is  the  dominant  scattering 
mechanism  at  low  temperatures  in  many  Group  III-V  A^Bj.^C  compounds  such 
as  In047Ga053As  [4].  The  calculations  presented  here  apply  to  elastic  scattering 
mechanisms,  but  not  to  inelastic  phonon  scattering,  giving  rise  to  phonon  sidepeaks 
in  the  current-voltage  characteristic. 

A  biased  DBQW  as  a  whole  is  a  system  far  from  equilibrium ,  even  though  the 
electron  systems  on  both  sides  of  the  barriers  will  be  assumed  to  be  in  thermal 
equilibrium  with  distinct  reservoirs  on  either  side  (see  Section  II).  Furthermore,  the 
dc-current  represents  a  highly  nonlinear  response  to  the  applied  bias.  The  for¬ 
malism  therefore  uses  non-equilibrium  Green’s  function  techniques  (see  Sections  III 
and  V).  These  techniques  have  been  previously  applied  to  a  one-dimensional 
DBQW  structure  [5].  We  treat  here  a  three-dimensional  model  that  includes  elastic 
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alloy  scattering  of  practical  interest  in  III— V  alloy  structures,  within  the  coherent 
potential  approximation  (CPA).  Elastic  scattering  has  been  previously  considered 
in  low  order  perturbation  theory  [6].  The  CPA  provides  a  simple  yet  quite 
accurate  description  of  alloy  scattering  beyond  either  the  weak  scattering  limit  or 
the  dilute  impurity  limit  [7], 

Coherent  and  sequential  tunneling  processes  have  been  widely  discussed  [8].  In 
the  former,  resonant  tunneling  is  visualized  in  analogy  to  the  optical  Fabry-Perot 
spectrometer  as  coherent  transmission  through  the  entire  structure.  In  the  latter 
case  the  particle  first  tunnels  into  the  well  and  then  to  the  other  side  in  a  separate 
step.  Section  IV  derives  the  total  current  as  a  sum  of  a  coherent  contribution  of 
electrons  that  remain  in  their  momentum  eigenstate  and  of  a  sequential  contribu¬ 
tion  of  electrons  that  are  scattered  in  the  well.  The  ratio  of  the  coherent  and  the 
sequential  contributions  depends  very  sensitively  on  parameters  like  the  barrier 
thickness.  Coherent  electron  transport  is  shown  to  be  dominant  only  in  DBQWs 
that  are  smaller  than  those  currently  in  use. 

One  of  the  driving  forces  for  the  investigation  of  DBQWs  is  to  develop  devices 
that  can  be  operated  at  very  high  frequencies.  This  application  requires  under¬ 
standing  of  the  dynamic  behavior  of  DBQWs  and,  in  particular,  of  their  linear  current 
response  to  an  applied  ac-field.  The  current  response  is  calculated  in  Section  V.  The 
results  significantly  generalize  earlier  model  calculations  that  neglected  scattering 
[5,9,  10].  Other  aspects  of  the  time-dependent  response  have  been  investigated 
theoretically  in  Refs.  [11-14]  and  numerically  in  Refs.  [15-19], 

Two  characteristic  time  scales  for  tunneling  are  of  concern  here  [20,21],  The 
steady  state  dc-current  density,  jdc,  and  the  charge  density  pw  stored  in  the  well 
define  a  characteristic  time,  the  dwell  or  transit  time :  Tuins  =  p  w,/ydc  [20].  This  time 
has  been  measured  experimentally  [22,  23].  The  transit  time  is  an  intrinsically 
static  quantity.  The  response  time ,  rresp ,  which  is  introduced  here,  is  directly 
relevant  for  high  frequency  response.  It  is  defined  as  the  inverse  frequency 
ojresp  =  TreJ'p  at  which  the  systems  fails  to  follow  the  external  ac-field,  or  more 
precisely  as  the  frequency  for  which  Im  a(coresp)  is  maximum.  These  characteristic 
times  differ  both  conceptually  and  quantitatively.  The  calculations  of  Section  V 
show  that  the  inverse  response  time  is  dominated  by  the  escape  rate  out  of  the  well 
to  either  side.  By  contrast,  the  dwell  time  is  determined  by  the  escape  rate  to  the 
collector  side  only. 

The  present  authors  have  recently  published  a  brief  physical  discussion  of  the 
principal  results  [21].  Here  we  focus  on  the  underlying  theory  and,  in  addition, 
present  some  new  results. 


II.  Model  and  Assumptions 

A  biased  DBQW  structure  is  depicted  schematically  in  Fig.  1.  We  consider 
electron  tunneling  involving  a  single  conduction  band  which  is  described  within  the 
effective  mass  approximation.  The  semiconductor  materials  on  both  sides  of  the 
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structure  are  assumed  the  same.  An  external  dc-bias  shifts  the  conduction  band 
edges  <PL  and  #R  of  the  left  (emitter)  and  the  right  (collector)  side  relative  to  each 
other;  and  #R  =  0.  Resonant  tunneling  and  a  resulting  current  maximum 

occurs  for  dc-bias  when  well  states  are  lined  up  with  occupied  states  in  the  emitter 
and  empty  states  in  the  collector.  The  I-V-characteristic,  i.e.,  the  current  as  a 
function  of  the  applied  dc-bias,  typically  shows  a  slow  increase,  a  sudden  drop,  a 
broad  valley,  and  finally  an  approximately  exponential  increase. 

The  Hamiltonian  for  the  sides  S—L,  R  is 

H\=  Y.  I  (£„  +  *>s) c\;tcsk  (1) 

S*=L,R  k 

with  crystal  momentum  k  =  (&n,A:.),  kinetic  energy  tk-h2V.2i2m*  and  appro¬ 
priately  labelled  creation  operators  c$k.  Both  leads  are  assumed  to  be  in  separate 
thermal  equilibrium  at  temperature  T  and  characterized  by  chemical  potentials  /j.r 
and  pL  relative  to  d>L  and  <PR, 


1 

f s{E~  ^s)  ~  g{E-  4>s- PSlMgT)  J  • 


(2) 


The  chemical  potential  juL  is  typically  of  the  order  50  meV  reflecting  the  increased 
electron  density  in  the  accumulation  layer.  For  simplicity,  we  use  =  Note 
that  Vic  differs  from  the  external  bias  because  of  the  voltage  drops  across  the 
accumulation  and  depletion  layers. 

We  restrict  attention  to  only  one  subband  within  the  well  region  (IF),  which 
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Fig.  1.  Schematic  representation  of  a  biased  double  barrier  quantum  well  system.  Symbols  are 
introduced  in  the  text.  The  inset  shows  three  random  chains  of  n  =  5  AC  or  BC  units  (from  Ref.  [21  ]). 
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gives  rise  to  one  resonance  peak  in  the  I-V-characteristic.  The  Hamiltonian  for  the 
well  region  in  the  absence  of  tunneling  and  scattering  is 

H  X  £*<i  "b  c wk,,c (3) 

*n 

describing  the  two-dimensional  band  starting  at  energy  e  above  the  the  bottom  of 
the  well  <PW.  The  effective  mass  is  assumed  the  same  in  the  well  region  and  the 
leads.  For  simplicity,  flat  potentials  are  assumed  in  each  spatial  region.  The  well 
potential  <PW  results  from  a  linear  interpolation  between  <f>L  and  <£R;  in  particular, 
dV  =  eVdc/2  for  symmetric  structures. 

The  barriers  regions  are  described  by  transfer  Hamiltonians 

//,un=  £  I  I  (WU^sk  +  h-c.).  (4) 

S~L.fi  S~L.fi  k.kn 

The  tunneling  matrix  elements  hws  are  closely  related  to  the  Golden  rule  rates  for 
the  escape  of  an  electron  out  of  the  well  to  side  S 

rs  =  2nY,\hivs\2&{E-tk[rEk-<t>s)-  (5) 

If  hws  only  depends  on  k.,  rs  is  a  function  of  the  “perpendicular”  energy  E  —  ekn. 
The  matrix  elements  hws  need  not  be  specified  explicitly,  since  they  are  always 
subsumed  in  rs.  The  tunneling  rates  rs  are  given  by  the  WKB  expression  for 
tunneling  through  rectangular  barriers  with  heights  shown  in  Fig.  1 : 


Here  AL  —  A  R  is  the  conduction  band  offset  between  the  barriers  and  the  well.  The 
first  factor  J2{E-  efe||  -  <t>  w)jm*  !{2dw\  describes  the  classical  collision  frequency 
of  a  well  electron  with  the  wall  separating  the  well  from  side  S.  The  exponential 
describes  the  tunneling  probability-amplitude  through  the  barrier  region  of  width 
ds  and  effective  electron  mass  m%.  The  theta  function  cuts  off  the  escape  probability 
at  the  conduction  band  edge.  We  frequently  assume  rs  to  be  slowly  varying  on  the 
energy  scale  given  by  the  width  of  the  tunneling  resonance  (typically  a  fraction  of 
a  meV).  Since  the  spectral  density  of  well  states  is  sharply  peaked  around 
<PW  +  e  +  eki],  this  amounts  to  replacing  E-ekii  —  <Pw  by  i  everywhere  in  (6). 

Equation  (6)  is  not  appropriate  for  energies  close  to  the  top  or  above  the 
barriers,  since  the  assumption  of  a  single  subband  in  the  well  region  breaks  down. 
The  current  contributions  in  this  energy  range  are  accounted  for  here  by  adding  a 
classical  Richardson  current  for  all  states  with  energies  higher  than  the  emitter 
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barrier.  Other  mechanisms  that  contribute  to  the  current  (e.g.,  leakage  currents  due 
to  deep  donor  levels),  particularly  in  the  valley  region,  are  neglected. 

The  full  Hamilton  operator 

H  =  H°S  +  H0iy+Hxun  +  Hic*'  (7) 

also  involves  a  term  H scat  describing  the  alloy  scattering  in  the  well.  The  specifica¬ 
tion  of  //**“  requires  more  detailed  discussion.  At  low  temperatures  the  dominant 
scattering  process  in  an  semiconductor  alloy  like  (In^Ga,.*)  As  is 

scattering  associated  with  the  different  on-site  energies  eA  and  eB  on  the  cations 
[24].  For  the  difference  eA—egwe  take  the  conduction  band  offset  between  the  AC 
and  the  BC  bulk  material. 

For  typical  well  parameters  the  kinetic  energy  due  to  the  confinement  in  the 
growth  ( z )  direction  is  large  compared  with  the  effects  of  alloy  scattering.  Therefore 
the  c-dependence  of  the  wavefunction  is  determined  by  the  confinement  to  a  good 
approximation  and  can  be  expressed  by  a  normalized  disorder-independent  factor 
For  high  barriers,  <j>(z)  ~  cos(nz/d^)  for  z  within  the  well  with  the  origin  at  the 
well  center. 

Electrons  freely  moving  in  the  parallel  directions  experience  the  randomly 
varying  potential.  The  alloy  disorder  is  best  described  in  terms  of  chains  of  atoms 
centered  at  Ru  and  extending  along  the  z  direction.  The  inset  of  Fig.  1  shows  those 
chains  schematically.  The  electron  energy  of  a  chain  at  /?,,  is 

fi*i!  =  X  \<!>{Z,)\2 E{R^ztl  (8) 

where  the  sum  runs  over  all  the  cations  in  the  chain  since  the  conduction  band  edge 
states  are  predominately  of  cation  character.  The  factor  c(Rn,  z()  is  either  eA  or  eg, 
depending  on  the  type  of  cation  at  (/?M,Zi).  The  energies  eRl]  are  approximately 
Gaussian  distributed  with  the  average  energy 

e=<eA„>av  =  (9) 

and  variance 


<(**„- £)2>av“*0  -x){eA-eB)2a  1  |  \<t>{z)\*dz,  (10) 

■'well 


where  aJ  is  the  spatial  extent  of  the  anion  cation  unit.  For  high  barriers  the  integral 
is  approximately  3/2 n,  where  n  is  the  number  of  atomic  layers  in  the  well. 
Formally,  the  chain  at  Ru  corresponds  to  the  Wannier  state 


C  WRn  ~  q2 


d2k  i 


BZ  (2 Tt)2 


(ID 
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Thus  the  scattering  term  of  the  Hamiltonian  is 

H***1  —  tRtcWR.cWR^,  (12) 

«u 

where  the  e*  are  Gaussian  distributed  random  variables  with  average  and  variance 
given  by  (9)  and  (10). 


III.  Electron  Propagation  in  the  Well 

Since  a  biased  DBQW  is  far  from  thermal  equilibrium,  it  is  necessary  to  use  non¬ 
equilibrium  quantum  transport  theory  [25]  for  the  description  of  the  electron 
propagation  in  the  well.  The  retarded  and  advanced  Green’s  functions  for  any  two 
fermion  operators  c[  and  cp  (e.g.,  a  =  £k,  /?=  Wk^)  are  the  expectation  values: 

G'(Pt2,*ti)  =  -iO^-'iKcpi^cXt^  +  clit^Cpih)}  (13) 

G“(0/2,  «/,)  =  £'(<*/,, /?/2)*  (14) 

An  additional  distribution  Green’s  function 

G<(Ph,at1)~  +Kcl(tl)cp(t2)}  (15) 

describes  the  occupation  of  the  individual  states.  For  t}  -  t2  the  distribution  Green’s 
function  is  the  actual  density  matrix  of  the  system. 

For  a  steady  state,  the  distribution  Green’s  function  depends  only  on  the 
difference  of  its  time  arguments.  For  non-interacting  fermion  systems  in  thermal 
equilibrium  G<  is  not  an  independent  quantity,  but  its  Fourier  transform 

G<{P,a  |  £)  =  P  dte+iE(,2~,')/f,G<{pt2y<xtl )  (16) 

^  —  OO 

is  given  by 

G<(P,  a  j  £)  =  -f(E)lGr(p,  a  |  E)-Ga(P,  a  |  £)],  (17) 

where  /  is  the  appropriate  Fermi  function. 

The  results  of  this  paper  can  be  derived  using  Dyson’s  equation  with  a 
perturbation  of  the  simple  form  Vy6c\cb.  The  relevant  Dyson's  equations  are 

Gr(Pt2,xtl)  =  G'0(Ph,xtl)+  f*  dt2G'Q(Pt2,yt3)  VybGr(St3,  a/,)  (18) 

*  —  oo 

dt3\_Gr0(ptz,yt3)VydG*(dt2,OLt1) 

CO 

+  GZ(Pt2,yt3)VySG°(dt2,<xtl)l 


G<(pt2,  a/i)  =  G0<(^/2,  ati)  +  J 


(19) 
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The  presence  of  two  terms  in  the  integral  of  (19)  reflects  that  the  perturbation 
influences  G4  by  modifying  the  propagation  and  the  occupation  of  states.  Used 
iteratively,  these  equations  lead  to  a  systematic  perturbation  expansion  for  Gr  and 
G<  in  terms  of  Gr0  and  G For  steady  states,  the  Fourier  transforms  of  (18)  and 
(19)  have  the  simple  form 

G'{P*  |  £}  =  Gr0((hx  |  E)  +  Gr0(Py  |  E)  VySGr(6«  I  E)  (20) 

G<((la  |  E)  =  G<(P*  |  E)  +  Gr0(Py  \  E)  VySG<(Sa  |  E)  +  Gf(Py  \  E)  VySGa(3a  |  E). 

(21) 


In  the  case  of  interest,  we  neglect  any  influence  of  the  well  on  the  leads  S  =  L,  R. 
The  leads  are  described  by  the  unperturbed  Green’s  functions  and  Fermi  distribu¬ 
tions  (2): 


Gr(Sk.ku  |  E) 


_ 1 _ 

E  +  l0+  —  £k;  —  £k[i  —  <t>s 


(22) 


G<(Sk:ku\E)  =  2nifs(E-<Ps)6(E-ek:-ekl-<t>s).  (23) 


(We  write  GiSk.k^  |  E)  instead  of  G(Sk:kl{,  Sk.kn  \  E),  since  these  Green’s 
functions  are  diagonal  in  all  their  quantum  numbers.  For  the  well  Green’s 
functions,  only  the  average  (G(Wk n,  Wk’n  |  £)>  is  diagonal  in  the  momentum 
variable. ) 

Particles  in  the  well  have  a  finite  lifetime  expressed  by  the  finite  imaginary  part 
of  the  self-energy 


Eq  —  +  (24) 

even  in  the  absence  of  scattering,  since  they  can  escape  to  either  side  [26], 
Specifically,  Zs  describes  tunneling  out  of  the  well,  propagation  in  S,  and  tunneling 
back  into  the  well.  Its  form  (see  Fig.  2a) 

Zrs(ku  I  £)^I  hwsG'(Sk.kn  |  E)  h%rS,  (25) 

and  correspondingly  for  and  Eas,  follows  from  the  once-iterated  Dyson’s 
equation  (20)  with  H"tn  as  perturbation.  We  assume  that  the  real  part  of  the  tun¬ 
neling  self-energy  has  been  incorporated  into  the  energy  £  denoting  the  resonance 
level.  Its  effect  is  to  lower  £  relative  to  that  in  an  isolated  quantum  well  having  the 
same  width  and  depth.  The  remaining  imaginary  parts  have  the  familiar  form 
expected  from  perturbation  theory, 

Z*(k,  |  £)  =  2 Tci  I  fs(E-<Ps)  [hvsl2  8(E-ek:  -  £*„  -  <PS) 
=/s(E-0s)irs 

rs(ku  |  £)  =  £"(£„  |  £)*=  -iT5/2. 


(26) 

(27) 


62 


1  i  N 

RUNGE  AND  EHRENREICH 


Q)  Is(kn!E)  »  (g)  =  X*§-X 


c) 

d) 

e) 


I™lk||iE*f«u.E).  <g>  -  X.£f*--§-X 


.E-t-Tuu  E+fioi  E  w 

'  w  s  s 

-€>4= 

E+tuu  E+fuu  E  E 

E  E+ficu  E+ticu 

'  w  s'  s'  x  W 

"  s  "  s  w 

E+fiw 


X*- 


S‘ 


JE_ 


E 

( — 

S' 


Fig.  2.  (a)  Diagrammatic  representation  of  the  tunneling  self-energv  Zs(k  |  E):  (b)  dc-current; 

(c) first-order  correction  X 3 ( fc , ,  |  £  +  hoj,  E)  to  the  tunneling  self-energy;  (d)  and  (e):  the  two  classes  of 
first-order  corrections  to  the  current.  Single  arrows  represent  lead  Green's  functions,  double  arrows  are 
well  Green's  functions.  Crosses  stand  for  the  tunneling  through  the  individual  barriers.  Dots  indicate 
bare  ac- vertices  (m).  Diagrams  are  read  from  the  right  to  the  left. 


In  order  to  calculate  the  self-energy  contributions  due  to  scattering,  we  invoke  the 
coherent  potential  approximation. 

The  CPA  replaces  the  propagation  in  the  disordered  medium  by  the  propagation 
in  an  effective  homogeneous  medium  described  by  an  energy-dependen*. 
momentum-independent  complex  self-energy  2TCPA  [27] 


G(Wk]U  Wk\.  |  E) 


CPA 


^k,,k  ^CPa(^!|  i  E)  ~ &k.  k  Wk\{  |  E~ 


•CPA 


(£)),  (28) 


where  G0  is  the  Green’s  function  in  the  absence  of  scattering,  but  including  the 
tunneling  self-energies: 


Gq°(  Wkn  1  £)  = 


_ 1 _ 

£~ e - Ek  -  ±  nrL  +  rR )/2 ' 


(29) 


The  arguments  W  for  CCPA  are  omitted,  since  the  subscript  “CPA”  will  be  used 
only  for  well  Green's  functions  (for  the  component  r^PA  see  Appendix  A). 

The  CPA  self-energy  is  defined  by  the  condition  that  the  average  of  the  effective 
/-matrix  iR  for  a  single  scattering  site  embedded  in  the  effective  CPA  medium 
vanishes: 


1  ft  )  av 


1-r  2TCPA  \ 

I  ~  {f-R  .  ~  CPA  )  PA  i  i 


0. 


(30) 
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Here  <  >av  denotes  the  average  over  all  scatterer  configurations.  The  on-site  CPA- 
Green’s  function 

F^a(£)  =  GcPa(*io*I1  I  E)  =  G'0(RU.R„  i  £-r'CPA(£))  (31) 


depends  on  £CPA,  but  is  independent  of  Ru.  A  constant  average  value  of  /\  and 
£r  is  used  to  calculate  £c PA.  Equation  (30)  is  then  readily  solved  numerically. 

If  the  occupation  function  (pw  is  momentum-independent  in  the  absence  of  alloy 
scattering,  this  will  also  be  the  case  within  the  CPA  with  scattering  included.  Since 
</r(i> av  vanishes  within  the  CPA  (cf.,  Appendix  A), 


gcpa(^ii  I  £)=  -27 ii(pw(E)  Im 


(32) 


where  the  total  self-energy  of  well  electrons  is  denoted  by 

£  H-- =  £cpa  +  £o-  (33) 

The  CPA,  as  described  here,  permits  calculation  of  all  properties  that  are  related 
to  averages  of  the  single-particle  Green’s  function.  The  evaluation  of  quantities,  like 
dynamic  response  functions,  containing  averages  of  the  two-particle  Green’s 
function  or  averages  of  products  of  single-particle  Green’s  functions,  must  include 
vertex  corrections. 


IV.  Steady  State  and  dc-CuRRENT 

-  The  current  from  side  £  =  £,/?  into  well  W  for  electrons  of  both  spins  is  given 
by 


where  Ns  =  ZkcfSkcsk(S=L,  R).  Since 

h  ^  Ns  =  —  —l  ^  L^1H'SCSk;k  C  I  Vkr  (35) 

*;*H 

the  current  at  time  t  is,  according  to  the  definition  (15),  given  by 
Is~w- -Y  I  [<C<(W!t/.5LI-|!i)>a>/IS,s-h.c.] 

n  k,.  k 

2  Ip 

=  I  [<G<(  Wkn,  Sk.k^  |  £)>av  h*s~  h.c.]. 

n  J  171  k:,k, 


(36) 
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With  the  help  of  (20)  and  (21)  the  propagator  G(  iVku,  Sk.kn  |  £)  can  be  expressed 
as  an  unperturbed  propagator  in  S,  a  tunneling  matrix  element,  and  a  full 
propagator  in  the  well  (see  Fig.  2b).  Two  tunneling  matrix  dements  and  the 
propagator  in  the  lead  combine  into  a  tunneling  self-energy.  Thus, 


ZG<(WkHtSk:kn\E)htrS 

k; 

=  Gr(Wk „,  lVkn  |  E)£*(kn  I  E)  +  G<(Wkn,  Wku  |  E >£*(*„  j  £),  (37) 

and  correspondingly  for  the  same  quantity  involving  G<(Sk.kl,,  Wkis  |  £). 

Writing  the  weli  distribution  Green's  function, 

G<{Wk^  Wk „  |  £)=  -<pw{Gr(Wk^  Wkn  I  E)-Ga(Wku,  Wk^  \  £)],  (38) 

in  a  form  analogous  to  (17)  yields  the  current 


X I  <  -  irs  lfs(E-  *s)  -«>»-]  [C'(  wtr  ,Wk„\E )  -  h.c.J  >., .  (39 ) 
*11 

Clearly,  plays  the  role  of  a  well  occupation  function.  It  is  determined  by  the 
steady  state  condition 


^r(/r  —  <Pw')  +  Cl(/l  —  (p^)  —  0  (40) 

which  balances  the  net  influx  from  the  left  into  each  of  the  well  states  and  the  net 
outflux  to  the  right.  The  result 


<Pw  = 


rL/L  +  rR/R 

A.  +  £R 


(41) 


represents  a  weighted  average  of  the  occupation  functions  of  the  left  and  the  right 
sides.  Substituting  into  (39)  yields  the  current  per  unit  area. 


Jdc  «  lA-  J  =  2  e-\dE  f  fs(E- 0S)  -  <p  W(E)\  rs  gw(E) 
=  2^Jc/£[/L(£-eVdc)-/R(£)]7A^rgw,(£), 


(42) 

(43) 


where 


Sn'(E) 


1  r  d2k , 


jJ 


2ni  J  (27:)' 


[<C'CPA(^!(,  ^!!i£)>ai-h.c] 


(44) 


is  the  average  well  density  of  states  per  spin  direction. 
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The  fact  that  the  dc-conductance  (43)  can  be  calculated  using  only  the  single 
particle  Green’s  function  appears  surprising.  The  reason  for  the  difference  is  that 
in  the  resonant  tunneling  case  the  relevant  distribution  functions  are  known  (2)  or 
easy  to  calculate  (41),  whereas  in  the  usual  case  they  have  to  be  determined  by 
solving  a  transport  equation. 

Equation  (43)  reduces  correctly  to  the  two  limiting  cases  representing  sequential 
and  coherent  scattering,  respectively.  In  the  limit  of  strong  scattering,  tunneling  is 
sequential;  the  tunneling  processes  through  the  individual  barriers  are  effectively 
decoupled  by  the  scattering  processes.  In  that  case,  Eq.  (42)  can  be  written  directly, 
and  the  steady  state  condition  immediately  yields  the  total  current  (43). 

In  the  absence  of  scattering  the  electrons  traverse  the  well  coherently.  The 
parallel  momentum  ku  is  conserved,  and  resonant  tunneling  is  best  understood  in 
analogy  with  the  optical  Fabry-Perot  interferometer.  The  /-matrix  for  the  transfer 
of  an  electron  through  the  entire  structure  is 


Tl_ ,(*„ ,  )  =  h%K G(  Wk\} ,  Wku  |  E)  hWL. 


(45) 


According  to  Fermi’s  Golden  rule,  the  coherent  tunneling  current,  i.e.,  the 
contribution  due  to  scattering-free  tunneling  events  with  Ar,|  =  ,  is 


/coh  _ 

J  dc 


4 rtc  r  dEd2k, 


I  [/t(£-eV*)-/,(£)] 


k:.  k[ 


h  J  (2n)2 

x  (S(E-E^-eA.-)  \Tl_ R(ku,kn)\2  d(E -£*,-£*;  -eVdc)>, 
p  r  dF  d2k 

=  zi  f  -7^  rLr.  I G'CP^ktl  \  E)\ 2  [A(£-eVdc)-A(£i] 

A  r» 


nh  J  (2n)2 
dE 


=  —  f 
h  J 


gr(E)[fL(E-eVdc)-fR(E)l  (46) 


rL  +  rR  +  2  flm  ErCPA 

Equation  (46)  is  obtained  from  definition  (5)  and  by  noting  that 

|Gcpa(*ii  I  E)\2=  ~Im  GrCPA(ku  1  £)/(A  rL  +  A  r„  -  Im  27CPA ).  (47) 

In  the  absence  of  scattering,  Im  rcPA  =  0,  the  coherent  contribution  (47)  is  the 
total  current.  Figure  3  represents  the  partition  of  the  total  current  as  calculated 
within  the  CPA  into  coherent  and  sequential  contributions  diagrammatically.  The 


knx  kii 


Fig.  3.  Graphical  representation  of  the  partition  of  <|G(  Wk  ,  Wk,<  |  £)|2>JV  into  a  coherent 
tunneling  contribution  (first  term)  and  a  sequential  tunneling  contribution  (ladder  sum).  Bold  arrows 
are  CPA  Green's  functions.  Crosses  stand  for  scattering  events  (on-site  /-matrices).  The  crosses  arc 
connected  by  dashed  lines  if  they  belong  to  the  same  effective  site. 
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first  term  corresponds  to  the  coherent  contribution  and  the  remainder,  involving 
scattering  events,  contribute  to  sequential  tunneling.  A  comparison  of  (46)  with 
(43)  shews  that  the  coherent  current  is  unimportant  if  the  scattering  time  is  much 
smaller  than  the  lifetime  due  to  tunneling,  i.e.,  if 

?scatter  =  */|Im  r'cpA|  ^/(^L  +  ^r)-  (48) 


This  criterion  is  analogous  to  one  first  discussed  by  Price  [28],  In  the  case  of  a 
45A  In047Ga0  53As/56A  In0.48Al052As  DBQW  which  is  discussed  in  Ref.  [21],  the 
tunneling  current  is  almost  completely  sequentH.  Another  example  is  given  in 
Fig.  4  for  an  asymmetric  DBQW  (50A  and  70A  Al0.3oGa07oAs  barriers  and  a 
45A  GaAs  well)  at  room  temperature.  The  dashed  curve  shows  the  relatively  small 
coherent  contribution.  The  inset  exhibits  the  peak  to  valley  ratio  as  a  function  of 
the  A1  concentration.  The  contribution  to  the  current  in  the  valley  and  beyond  is 
approximated  by  a  Richardson  term. 

Equation  (43)  shows  the  dc-current  to  be  rather  insensitive  to  scattering,  since  rs 
and  /s  are  slowly  varying  functions  of  energy  (except  near  the  band  edges)  and  the 
main  effect  of  the  scattering  is  to  smear  out  the  density  of  states  [29,  30].  The 
decrease  of  the  peak  to  valley  ratio  (inset  of  Fig.  4)  with  decreasing  scattering 
strength  is  primarily  due  to  larger  valley  currents.  If  both  the  tunneling  width  and 
the  scattering  width  are  small,  gw(E)  is  the  st-p-like  two-dimensional  density  of 
states.  At  T=0  (43)  then  yields  the  well-known  triangular  shaped  I-V-characteristic 
[31].  The  sudden  drop  of  the  current  from  its  maximum-value  to  almost  zero,  in 
this  case  results  from  the  use  of  the  same  effective  masses  in  (1)  and  (3),  a  fact  often 
overlooked  when  modelling  DBQW. 


Fig.  4.  I-V-charactenstic  for  an  asymmetric  DBQW  (dL  =  50A  and  =  70A  Al0,0Ga070As  barriers 
and  a  dw  =  45A  GaAs  well)  with  T-  300  K.  /iL  =  =  50  meV.  A  small  amount  of  Al.  .v=l%,  is 

assumed  to  be  present  in  the  well  region.  The  dashed  line  indicates  the  coherent  tunneling  contribution 
to  the  current.  Inset:  Peak  to  valley  ratio  for  different  Al  concentrations  in  the  well. 
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For  later  reference,  we  note  the  charge  density  pw  in  the  well.  It  is  derived  from 
the  expectation  value 

»..  =  (-  '■  f  Wk„  |  £)^ 

and  takes  the  form 

piv=2e  f  dE  <pw(E)  gw{E)  =  2e  f  dE  g„(E).  (49) 

j  j  l  L-t  i  R 


V.  Dynamical  Response 

The  ac-response  function  cr(io)  is  defined  as  the  current  response  to  a  small  ac 
field  Vace~'“"  superimposed  on  the  dc-bias.  The  additional  term  in  the  Hamiltonian, 
Hac,  shifts  the  energy  levels  on  the  left  and  the  right  side  up  and  down  periodically. 
For  symmetric  DBQW, 


tfac  =  eVace'‘-(^L  — |iVR)  =  ieVace-'“'  £  r,s.Ns..  (50) 

S-l.A 

Here,  Ns.  is  the  number  operator  for  the  side  S'  =  L,  R,  and  tjL  =  1,  fjR  =  -1. 

We  next  calculate  the  linear  current  response  to  Hac.  The  incoming  and  outgoing 
currents  do  not  balance  at  each  instant.  According  to  the  Ramo-Shockley  theorem, 
the  measured  current  is  given  by  the  average 

£  ns,^w{ly  (SI) 

2  2  S-L.R 

The  ac-current  in  linear  response  (cf.,  (36))  is 


4cM  =  r  X 

2  S-L.R 


ns 


—  2e  r20  dt 


J 


2rt 


X  X  [<G<C!](^,|/,5M|,0>av4'5 


(52) 


Here  and  in  the  following  the  superscript  “[1]”  denotes  the  first-order  corrections 
due  to  Hac.  The  unperturbed  Green’s  functions  G  now  include  both  the  self-energy 
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due  to  tunneling  and  the  self-energy  due  to  scattering.  The  current  (52)  is  most 
easily  evaluated  using  a  Fourier  representation.  For  the  retarded  Green’s  function 

j|  dtldt2eiiE  +  hu,),-f,e-iE,'/',Grin(Wkut2,  Wfc,,/,) 

=  2 n  £  Gr(Wktl,  Wkn  |  E+hw) 

S  =L,R 

\  E  +  hco,  E)  Gr(Wkn,  Wkn\E).  (53) 


Three  terms  of  the  form  (G'Xr[1-1G<  +  GrE<^{^Ga  -f  G^  Ea^^Ga)  contribute  to  the 
distribution  Green’s  function  G<CI].  The  first-order  correction  to  the  self¬ 
energies  I S’  (see  Fig.  2c  for  a  diagrammatic  representation)  is,  according  to 
Eqs.  (18H20)  and  (22)-(23), 


Z$lHktt\E  +  h<o,  E)  =  t1s.^ 


£  hws.Gr{S'k.kn  |  E  +  ha))Gr(S'k;kn  |  E)  h*,s 

k; 


-eV 


ac 


2ft(l) 


ris  lZsiku  I  E  +  ftco)-rs.(k„  I  £)] 


i£V ac 

4hw 


*ls‘  AT s' 


(54) 


and 

_,eV  _  _ 

Z*PHkl}  |  E+tia),  1  Afs-  *rs.  +  rs  Afs\  (55) 


where  Afs  =  fs{E  +  ha}-d>s)-/s{E~0s\fs={/s{E  +  fuo-d>s)  +  fs(E-<Ps))l 2 
and  similarly  for  ATS.  The  relationship 

Gr{S'k.k\{  \E  +  hw)  Gr{S'k:kn  \  E) 

=  (Gr(S'k.kn  |  E  +  ftw)-Gr(S’k.kn  |  £))  (56) 

hw 

has  been  used.  Only  the  imaginary  part  of  the  tunneling  self-energies  has  been 
retained  explicitly. 

The  perturbation  acts  directly  only  on  the  L-  and  R- states.  The  well-Green's 
functions  are  affected  only  indirectly  via  their  tunneling  self-energies.  When  (52)  is 
rewritten  in  analogy  to  (37),  the  first-order  self-energy  is  seen  to  enter  in  two 
different  ways  corresponding  to  Figs.  2d  and  e.  These  are  the  contributions  from  the 
Es  explicitly  shown  in  Fig.  2b  and  from  corrections  to  the  self-energy  implicitly 
contained  in  the  well  Green’s  function,  respectively. 
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Equations  (52)  and  (53)  yield  the  frequency-dependent  conductivity 

?2  r  dE  r  d2ktl  1 


s=£  R  h  J  2n  j  (27r)2  eVac 


<Gr(Wku,  Wku  j  E+hw)Z*v\kn  |  E  +  hcj ,  E)±  •  ••>, 
+  X  <G'(Wfcn,  Wfe„  i  £  +  M^i3(*ii  I  E  +  ho},E) 

S'  =  L.R 

xGr(Wku,  Wktt  |  £)X^(A:„  |  £)±  ••.)«], 


(57) 


where  the  dots  represent  more  terms  of  the  same  structure  which  arise  from  the 
repeated  application  of  (19).  The  resulting  expression  is  lengthy  but  straightforward 
to  evaluate  in  the  absence  of  scattering.  The  one-dimensional  case  is  discussed  in 
Ref.  [5]  (see  also  Refs.  [9,  10]). 

The  expression  (57)  for  the  dynamic  response  contains  averages  of  products  of 
Green’s  functions  of  the  form  <(T(/?,  p  |  E+ftto)  mltvGa(v,  a  |  £)>av.  Such  expres¬ 
sions  are  represented  graphically  in  Fig.  5a.  The  average  of  the  two-particle  Green’s 


Fig.  5.  Vertex  corrections  for  CPA:  (a)  m  is  the  bare  vertex  of  interest;  M  includes  the  bare  vertex 
and  the  vertex  corrections  represented  in  the  CPA  by  ladder  diagrams  shown,  (b)  Bethe-Salpeter-Iike 
equation  for  CPA  corrections  to  a  vertex  that  is  diagonal  in  R  .-representation.  Light  double  arrows 
represent  unaveraged  Green’s  functions,  bold  arrows  are  CPA  Green's  functions.  Crosses  stand  for 
on-site  /-matrices.  They  are  connected  by  dashed  lines  if  they  belong  to  the  same  effective  site.  Dots  are 
bare  vertices  (m),  shaded  triangles  include  vertex  corrections  (M). 
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function  and  a  bare  vertex  m can  be  expressed  in  terms  of  averaged  single-particle 
Green’s  functions  and  a  dressed  vertex  M „v> 

<(Fr(/?,  fi  |  E+fuo)  m^G^v,  a  |  £)>av 

*  <Gr(p,  n  !  E  +  fuo)>iv  M^Ga(v,  a  |  £)>av.  (58) 


In  the  present  case,  m MV  stands  for  the  time-dependent  quantity  Velicky  et  al. 
[32]  showed  that  the  vertex  corrections  appropriate  for  the  single-particle  CPA  is 
the  sum  of  the  ladder  diagrams  of  Fig.  5.  Each  pair  of  the  effective  on-site  /-matrices 
constituting  a  rung  of  the  ladder  is  averaged  independently  of  the  others. 
Subsequent  pairs  belong  to  different  sites.  The  propagation  between  rungs  is 
described  by  the  effective  medium  propagation  GCPA.  This  yields  a  Bethe-Salpeter 
equation  (Fig.  5b)  for  the  diagonal  elements  of  the  real-space  representation  of  the 
full  retarded  vertex  MR  in  terms  of  the  diagonal  terms  of  mRt 

=  <'«„(£+*<“)  /'„,,(£)>„  G'cpa(J<ii,  R„  E  +  ha |  G'crAiR.„  R„  \  E)m'„ 

+  I  <»'„„(£  +  ha)  »'*,(£)>„ 

R\\  #  RV 

xGrCPA(Ru,  /?;,  |  E+fuo)  CcPA(/?j(,  /?„  |  E)MrR;.  (59) 

In  the  case  of  interest,  where  the  bare  vertex  is  &n-independent,  (59)  reduces 
to 


Mr  = 


"V  +  F'CPA(E  +  fico)F'CPA(E)<rR<£  +  fico)  C*,(£)>av) 


1 


£*;,**,,  Gcpa(*i 
x  ^CPa(^II’  -^ii 


,|i  |  E+fuo) 


EKtrR„(E  +  hco)rR,,(E)>a 


(60) 


The  quantity  < -h  fuo) /«M(£)>av  takes  a  particularly  simple  form  in  the  CPA. 
Purely  algebraic  manipulation  of  Eq.  (30)  leads  to 

_ 1 _  F'CPA{E+fuo)-F'CPA{E) 

<*'*,,(£  +  fuo)  /«,,(£) >av  27rCPA(£  +  fuo) -  £cPA(£) 

-F'CPA(£  +  to)£'CPA(£),  (61) 

and  correspondingly  for  expectation  values  of  the  form  </'7“>av  or  </"C>av.  Thus 
the  retarded  (or  advanced)  vertex  corrections  take  the  form 

M',a  ^(o  —  {£rw(E+  fuo)  —  Zrw(E)) 

mr,a  tuo-(£^a(E+hco)-Er^(E))'  K 
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The  result  for  the  “<”  component,  derived  in  Appendix  A,  is  most  simply  written 
in  the  form 

M<  +  <piV(E)Mr-<pw(E  +  ho)Ma  flea  —  (Erw{E  +  ho)  —  Law{E)) 
m<  +  <p w(E)  mr  —  <p wiE  +  tuo)  ma  ho  -  {£r0(E  +  ho)  -  £°(E))  '  (  ' 


Equations  (62)  and  (63)  show  that  Velicky’s  vertex  corrections  satisly  the  Ward 
identities  even  when  generalized  to  non-equilibrium  situations. 

The  conductivity  (52)  can  be  calculated  with  the  help  of  (62)  and  (63).  This  is 
done  for  biases:  (a)  well  below  the  negative  resistance  region  and  (b)  in  the 
negative  resistance  region.  In  the  first  case  the  left  conduction  band  edge  lies  below 
the  resonance.  For  constant  rL  and  FR,  the  square  bracket  in  (57)  contains  only 
four  nonvanishing  terms 


<Gr 


(  —  i  eV 

<»*,,.  wkn\  E  +  ho)-Gamn,  Wktt\  £)>av  {~-J£qsrsAfs 


+  2U~rs)Gr(Wku ,  Wktt\E  +  hat) 


lr,srs^fs)Ga(lVkn,mu\E) 


The  averages  are  evaluated  using  (58),  (62),  and  (63)  with  mr  =  ma  =  0  and 
w<  —  —iris  es’  Afs.  (see  (54)— (55 ) )  and  using  the  CPA  Green’s  functions.  With 
identities  like  (47)  the  frequency  dependent  conductivity  can  be  written  as 


-\j  -k\  ^eAE-.hm) 


[to + liTy  ]  rL  JA  +  [to  +  2  Ifj  ]  r,  fa 

ho  -(-  irL  +  ifR 


gw{E\  ho) 


FrCPA(E+ho)-FaCPA{E) 
—  2itia2 


Scattering  effects  enter  this  expression  only  via  the  real-space  matrix  elements  of  the 
CPA  Green’s  function  (31) 


dE)  =  a2  J 


,2  ^CPa(^||  I  FI). 
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In  the  low  frequency  limit 


<j(a)  -*0)  —  e 


dx 


[?f 


dEUdE-  eVdc  -  x/2)-fR(E  +  x/ 2)] 


rL  +  rF 


g^(£) 


(68) 


and  the  adiabatic  response  djdc/dVdc  of  Eq.  (43)  subject  to  a  slow  change  of  the 
dc-voltage  is  recovered.  For  comparison,  the  ac- response  in  a  classical  rate- 
equation  picture  is  derived  in  Appendix  B. 

In  the  second  case  involving  the  negative  differential  resistance  region,  the 
occupation  functions  can  be  taken  as  /L  =  1  and  /R  =  0,  but  the  energy  dependence 
of  the  tunneling  rate  rL  must  be  taken  into  account.  It  drops  abruptly  from  some 
finite  value  r£  to  zero  at  the  energy  of  the  left  conduction  band  edge.  The 
non-vanishing  first-order  tunneling  self-energies  (54  >-(55)  are 


Z-<m=  -2r,lci]  =  2r“[1]=  -(/eVacrL±)/(2M.  (69) 


The  resulting  conductivity  can  be  calculated  from  (57)  analogously  to  (65)-(67): 


v  '  2  Aoj  Jj 

x(gw(E-,hw) 


dE 


/Y(/ko  +  2/rR) 


2  h  fl(i)  E  +  hw  +^R 

r*  +  ni2 


hw  +  ifR  +  iT l  /2 


+  \_gAE\tia))-gw(E  +  h<x>)~\ 


m  2 


ha)  —  if  i  [1 


(70) 


The  results  for  the  real  and  imaginary  parts  of  the  conductivity  ratio  ai(o)/a0 
based  on  Eqs.  (65)— (67 )  are  shown  in  Figs.  6a  and  b,  respectively,  as  a  function  of 
frequency  for  various  ratios  r with  rK  fixed  .  The  parameters  including  the  dc 
conductivity  <r0  characterize  sample  A  of  Ref.  [22]  (see  Fig.  6  caption).  The  results 
of  the  dashed  line  have  been  previously  discussed  in  some  detail  [21]  by  the 
present  authors.  The  imaginary  part  of  the  conductance,  |Im[o-(cy)]|,  exhibits  a 
maximum  at  a  finite  frequency  <yresp.  For  frequencies  larger  than  corC5p  the 
ac-current  cannot  follow  the  applied  voltage  without  a  phase  lag.  This  frequency 
therefore  defines  a  characteristic  time  scale  defined  by  the  response  time 
tresp  =  l/curesp.  For  frequencies  a>Tresp  <  1  the  current  is  able  to  follow  the  ac  voltage; 
eoresp  therefore  defines  the  upper  frequency  limit  for  DBQW.  The  inverse  response 
time  a)resp  is  indicated  by  the  dashed  line  in  Fig.  6b.  For  the  present  sample  its 
magnitude  is  60  ps.  For  fixed  TR  the  response  time  increases  with  decreasing  r L  for 
rL>rR  and  is  approximately  constant  for  fL  <  rR. 
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Fig.  6.  Real  (a)  and  imaginary  (b)  parts  of  the  dynamic  conductivity  ratio  <j(a>)/o0  in  the  positive 
resistance  region  (Vdc  =  240meV)  vs  a>  for  different  ratios  rL/rn .  The  other  parameters  of  the  DBQW 
structure  dL  =  dR  =  56k,  dw  =  A5k,  nL  =  50  meV)  are  chosen  to  represent  the  lattice  matched 
lno»  Ga0  47As/In0.52  Al048As  sample  A  of  Ref.  [22]  (dotted  line).  a0  is  the  zero  frequency  conductivity 
corresponding  to  sample  A.  The  dashed  line  in  (b)  indicates  Im  o-(co)  for  u>  =  l/tmp . 


For  applied  voltages  high  enough  that  fL  !>  /R  for  the  energies  of  interest  and 
with  gw(E\  fuo)  as  g ^(E), 


Im[cr(eo)]  ~  1m  [  dE  gw{E) 


(6o>  +  2iTr)  rLAfL 
fuo(fia>  +  ifL  +  ifK ) 


=  |  dEgw(E) 


(rR-rL)rLAfL 
(fao)2  +  (rL  +  rR)2' 


This  expression  estimates  the  response  time  as 


(71) 


Tresp  =  i/wrcsp * fi/{r l  +  rR).  (72) 

Both  barriers  (f L ,  rR)  enter  (72)  symmetrically,  as  one  would  expect  for  a  quantity 
characteristic  for  the  response  of  the  whole  structure. 

In  Ref.  [21]  we  compare  the  response  time  with  the  experimentally  measurable 
transit  or  dwell  time  [22], 


Tirans  Pw/jdc-  (73) 

By  its  definition,  the  transit  time  is  a  static  quantity.  In  the  same  limit.  fL  fR  for 
the  energies  of  interest,  (43)  and  (49)  indicate  that 

Tuans  *  .  (74) 


The  transit  time  t,rans  does  not  show  the  same  R-L  symmetry,  since  the  time 
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duration  for  remaining  in  the  well  is  determined  by  the  opacity  of  the  right  barrier. 
For  most  experimentally  considered  DBQW  structures  rL<fK  near  the  peak  tun¬ 
neling  current  and  the  numerical  values  of  rtrans  and  tresp  differ  by  about  10%.  As 
a  consequence,  the  experimentally  accessible  quantity  tlrans  yields  information  about 
the  fundamental  quantity  tresp  determining  the  high  frequency  behavior  directiy. 

APPENDIX  A:  Some  Useful  Identities  within  the  CPA 

The  retarded  CPA  self-energy  and  the  CPA  Green’s  function  are  defined  by  the 
condition  that  the  disorder  average  of  the  retarded  i-matrix  t'R  (£)  of  a  single 
impurity  in  the  CPA  effective  medium  vanishes.  The  natural  generalization  of  the 
CPA  condition  (30)  is 

</<>.v  =  0.  (A.l ) 

Equation  (19)  is  used  to  generate  a  perturbation  series  for  tR.  Distinguishing 
between  contributions,  where  the  “< ’’-factor  refers  to  a  scattering  event  or  where 
it  refers  to  a  propagation,  the  perturbation  series  can  be  rearranged  with  the  result 
that 

^,-Vo^-d  +^,^)^c<pa(1  +rao'°xJ-  (A-2) 

For  the  case  of  a  momentum  independent  unperturbed  occupation  function,  i.e., 
Gf  =  -q>,r(E)lGr0-GZl  Eqs.  (A.i),  (A .2),  and  (61)  yield 

^cpa  =  ( -  PA  ]  (A. 3) 

and,  finally, 

(A.4) 

We  next  write  down  explicitly  the  vertex  equation  of  Fig.  5b  for  the 
<-component  with  a  £|| -independent  vertex  m.  Application  of  rule  (19)  and  writing 
G  +  and  for  GCPAk{Rn,  |  E+ftco)  and  GCPfii(R\ ,,  /?„  |  E)  and,  similarly,  £+, 
F_ ,  t  + ,  and  t  _ ,  yields 

M<  —m<  +  Or+ta-  >av  {Fr+mrF<  +Fr+m<Fa_  +F*maFa_) 

+  </  +  /_>  av  F\mrF\  +  OZtl  >av 

+  X  <*  +  *->.  v(Gr+MrGt  +  Gr+M<Ga_+GtM“G“_) 

/?j!  ^  /?|| 

Ru  #  Rn 

+  I  Ott°->avGa+M°Ga_. 


(A. 5) 
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Using  the  corresponding  simpler  equations  for  the  retarded  and  advanced 
component  (see  (62)),  this  can  be  rewritten  as  an  equation  for  the  combination 
M<  +  <pw{E)  Mr  —  (pw{E  +  ho))  Ma.  With  (A.4),  (61),  and  (62),  one  obtains 

A/<  +  cpyv{E)Mr-q>w{E  +  ha>)Ma  _h(o-{rw{E+h<D)-Zaw{E)) 
m<  +  <pw{E)  mr  —  cplv(E  +  fico)  ma  h(o  —  {Er0(E+h(o)  —  Ea0{E)) 

This  is  the  desired  result,  Eq.  (63).  If  the  vertex  consists  only  of  a  “<  ’’-component, 
the  left-hand  side  of  (A.6)  is  just 


APPENDIX  B.  “Classical”  ac-RESPONSE 


In  this  appendix,  the  ac-response  is  derived  in  a  “classical”  rate  equation  picture 
and  compared  with  the  quantum  mechanical  result  (65 )— (67 ).  In  the  current 
context,  the  concept  of  rate  equations  implies  the  notion  of  completely  sequential 
tunneling. 

A  group  of  well  states  2 gwAE  at  energy  E  with  time-dependent  occupation 
function  cp  w  is  considered.  The  left  and  right  sides  are  moved  relatively  to  the  well 
periodically  up  and  down  by  rjs  (eVac/2)  cos  cot.  With  single  barrier  tunneling  rates 
rs/h,  the  current  from  side  S  is 


4/s  —  w  —  ~e 


flseV* 


cos  a )t~<Ps  j  -cpw{t) 


2gwAE.  (B.l ) 


The  time  derivative  of  the  charge  density  is 


(-2  egwAE) 


d<Pw  A. 

—  ^Jl  -»  w  +  AJr  _  yy. 


(B.2) 


Assuming  fh  and  CR  to  be  constant,  expansion  of  fs  to  first  order  in  Vac  and 
Fourier  transformation  yields 

lisrsj^jj(-ih<o+rL  +  rK).  (B.3) 


The  result  (B.3)  for  the  time-dependent  occupation  functions  leads  to  the  current 


4/(<w)  ~  2  (4/a_  AjL_w(co)) 

e2  is(dfs/dE)(ficors  +  2irKrh) 


2  ft 


ho)  +  ifL  +  iE R 


g  w  AEVa 


(B.4) 


Equation  (B.4)  differs  from  the  quantum  mechanical  result  (65H67)  only  insofar 
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as  Afs/im  is  replaced  by  the  derivative  cficE  and  ,?„  (£;Aw)  is  replaced  by  the 
density  of  states  (£T  The  first  difference  is  a  trivial  consequence  of  the  Taylor 
expansion.  The  other  difference  is  associated  with  the  fact  that  classically  the  well 
states  have  no  intrinsic  dynamics  and  are  completely  described  by  the  intrinsically 
static  density  of  states. 
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Minority  carrier  lifetimes  in  ideal  InGaSb/lnAs  superlattices 
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Calculations  of  band-to-band  Auger  and  radiative  recombination  lifetimes  of  the  recently 
proposed  In,Ga, _,Sb/lnAs  superlattices  (SL)  show  them  to  be  promising  infrared  detectors. 
Several  superlattices  with  energy  gaps  in  the  5-11  pm  range  exhibit  suppressed  p-type  Auger 
recombination  rates  due  to  a  large  light  hole-heavy  hole  splitting.  The  p-type  Auger  lifetime  at 
77  K  of  an  11  pm  In,Ga|_,Sb/InAs  SL  is  found  to  be,  respectively,  three  and  five  orders  of 
magnitude  longer  than  those  of  bulk  and  superlattice  HgCdTe  with  the  same  energy  gap.  The 
n- type  lifetimes  are  comparable. 


The  thin-layered  type  II  staggered  In^Ga,  _  ^Sb/InAs 
superlattice  (SL)  has  been  proposed  as  an  infrared  (IR) 
detector  candidate.'  It  has  been  suggested2  that  p- type  Au¬ 
ger  recombination  rates  are  suppressed  in  some  of  these 
SLs  due  to  a  large  strain-induced  light  hole-heavy  hole 
splitting.  In  this  letter  we  calculate  both  band-to-band  Au¬ 
ger  and  radiative  recombination  lifetimes  usine  accurate 
band  structure  and  numerical  techniques,  and  compare  the 
results  with  similar  calculations  for  SL  and  bulk  HgCdTe. 
We  show  that  the  p-type  Auger  lifetime  rA  of  a  11  pm 
InGaSb/lnAs  SL  is  somewhat  larger  than  that  of  bulk 
HgCdTe  and  very  significantly  better  (by  five  orders  of 
magnitude  for  unintentionally  p-type  doped  material)  than 
that  of  SL  HgCdTe  at  T~ll  K  having  the  same  energy 
gap.  Between  77  and  90  K  the  temperature  dependence  of 
t4  is  seen  to  be  weak  for  n-type  InGaSb/lnAs,  but  mod¬ 
erately  strong  for  p-type  material.  The  above  properties, 
combined  with  their  compatibility  with  IH-V  device  tech¬ 
nology,  suggest  that  well-fabricated  III-V  SLs  are  excellent 
candidates  as  a  new  class  of  IR  detectors. 

In  an  IR  detector,  a  nonequilibrium  distribution  of 
minority  carriers  is  created  by  means  of  optical  absorption. 
Since  phonon  scattering  times  are  of  the  order  of  picosec¬ 
onds,3  several  orders  of  magnitude  shorter  than  the  Auger 
and  radiative  lifetimes,  the  minority  carrier  distribution 
function  employed  in  recombination  calculations  may  be 
taken  to  be  an  equilibrium  Fermi  distribution.  We  calcu¬ 
late  the  lifetimes  of  a  single  excess  carrier  in  the  region  of 
highest  occupation,  that  is,  an  electron  at  the  bottom  of  the 
conduction  band  (Cl  in  Fig.  1)  in  a  p- type  material,  and 
hole  at  the  top  of  the  heavy  hold  band  (HH1  in  Fig.  1 )  in 
an  n-type  material.  In  the  tatter  case,  the  lifetime  is  aver¬ 
aged  over  hole  positions  in  HH1  in  the  growth  direction 
(i)  due  to  the  flatness  of  this  portion  of  the  band,  implying 
equal  occupation  probabilities  along  its  length. 

The  methods  for  calculating  band-to-band  Auger  re¬ 
combination4-6  are  here  extended  to  superlattices.  Since  the 
proposed  III-V  IR  detectors  employ  thin  layered  ( ~  25  A ) 
SLs,  electrons  in  the  Cl  band  have  significant  dispersion  in 
the  i  direction  requiring  a  three-dimensional  calculation, 
in  contrast  with  earlier  two-dimensional  calculations  of 
Auger  lifetimes  of  electrons  confined  in  quantum  wells.1 
An  envelope  function  formalism8  is  used  to  describe  the  SL 
states,  and  SL  K*p  theory9  is  used  to  obtain  the  energy 
bands  and  the  wave  ruuciions  (rji,K>  for  band  L  and 


wave  vector  K.  The  overlap  integrals  required  to  evaluate 
the  screened  Coulomb  potential  matrix  elements  were  ob¬ 
tained  to  first  order  in  j  K,-K|  j 2  in  a  manner  similar  to  that 
described  in  Refs.  4,  10,  and  11.  Due  to  the  highly  nonpa¬ 
rabolic  nature  of  the  band  structure  (see  Fig.  1 ).  parabolic 
approximations  are  not  applicable.  The  p-type  Auger  life¬ 
time  (i.e.,  the  lifetime  of  the  photoexcited  minority  elec¬ 
tron  1’ )  is  given  by 

1  r  r 

^CI.HHl(K|-Ki)^LHI.HH|(K2,K2) 

x  |a2+|k,-k;i5|2 

xS[£a(K;>+£LH,(K;> -£„„,{![,) 

-£„„,<*,)  l^K,*3  (1) 

in  the  absence  of  exchange  interactions.12  The  K,  refer  to 
the superlatticc  states  defined  in  Fig.  1,  £t(K)  are  the  band 
energies,  and  e,  m,  fr  and  A-’  are  the  dc  dielectric  con¬ 
stant  of  the  barrier  layers,  the  free  electron  mass,  the  hole 
Fermi  function,  and  the  Debye  screening  length,  respec¬ 
tively.  The  quantity 

0l1.(K,K')=|(L,K'|(K-K') 

•p|£\K'>|2/[£t(K')-£t.(K')]2 

involves  the  superlattice  momentum  matrix  elements.  Kj 
denotes  the  minority  carrier  I',  and  crystal  momentum 
conservation  determines  KJ=K|  +K2— KJ.  A  similar  ex¬ 
pression  applies  to  n-type  Auger  recombination.  The  cal¬ 
culation  of  radiative  lifetimes  follows  Ref.  13. 

These  expressions  were  evaluated  numerically  for  real¬ 
istic  SL  band  structures.  Figure  1  shows  the  calculated 
band  structure  of  25  A  lnojjGaoTsSb/41  A  InAs  for  the 
in-plane  (j|  )  and  growth  (i  )  directions.  This  superlattice 
has  been  studied  experimentally  at  77  K  as  a  candidate 
materia]  for  1 1  pm  IR  detectors.’  Auger  transitions  involve 
limited  regions  of  K  space  due  both  to  restrictions  imposed 
by  energy  and  crystal  momentum  conservation  and  occu¬ 
pation  probabilities.  Typical  transitions  which  satisfy  the 
constraints  are  shown.  In  the  n-type  material,  electrons  1 
and  2  arc  in  tegions  of  high  occupation,  implying  a  fast 
recombination  rate.  In  the  p- type  material,  hole  1  is  in  a 
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n-type 


p-type 


KrfA') 


FIG.  1.  The  calculated  band  structure  of  a  2J  A  Infl,!G*0T^b/4l  A  !nAi 
superiattkx  in  the  growth  (X)  and  in-plane  (||)  directions.  Cl,  HH1, 
HH2.  and  LH1  refer  to  conduction,  heavy,  and  light  hole  hands.  BZ 
indicates  the  Brillouin  zone  boundary  in  the  1  direction.  Wavy  lines  in¬ 
dicate  possible  IR  photon  absorptions;  diagonal  dashed  lines  show  typical 
Auger  recombination  transitions.  Ec  is  the  energy  gap,  and  fHL  is  the 
zone-center  light  hole-heavy  hole  splitting.  The  perpendicular  width  of 
the  a  band  is  0.149  eV. 

region  of  low  occupation,  thus  suppressing  Auger  transi¬ 
tions.  This  suppression,  a  consequence  of  the  large  strain- 
induced  LH1-HH1  splitting,  accounts  in  part  for  the 
promise  of  Ino2jGao7jSb/InAs  for  IR  detectors.1 

Figure  2  shows  the  regions  of  K  space  important  for 


Hole  I  Hole  2 


p-type 


FIG.  2.  The  P-type  Auger  rate  for  holes  I  and  2  (cf.  Fig.  1 )  m  arbitrary 
unitsfor2S  Alno],Gag7jSb/4l  A  lnAsSLwithp««lOl*cm",and  Tm 77 
K  in  K  space. 
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FIG.  3.  CikuUciri  Auftr  recombination  bfetimes  w  77  K  of  25  > 
InguGao rjSb/41  A  InAs  (A).  23  A  In^ ,,Ga, „Sb/37  A  InAs  (B).  aiu 
23  A  In^uGaortSb^J  A  InAs  (C)  supcriaUtoes  as  a  function  of  entry 
gap  for  the  tndscaied  doping  levels.  Solid  circles  are  the  calculated  points 
Insets  on  rtght  show  band  structures  of  the  B  and  C  tuperlatuces;  A  t 
shown  m  Fig.  I.  The  perpendicular  widths  of  the  Cl  band  of  the  £  and  ( 
supertatuccs  are  0.161  and  0.231  eV,  respectively. 

p-type  Auger  recombination  in  25  A  In^Ga*,  7JSb/4\  k 
InAs  for  p— 1016  cm-3  at  77  K.  The  structures  market 
“Hole  1“  and  “Hole  2"  indicate  the  positions  tn  K  space  o 
holes  I  and  2  (defined  in  Fig.  1 )  taking  part  in  the  sami 
transition,  which  provide  the  largest  contributions  to  th< 
recombination  rate.  The  Auger  rate  is  approximately  inde 
pendent  of  Kj  due  to  the  flatness  of  the  HH1  and  LH 
bands  in  the  i  direction.  The  K  space  volumes  associates 
with  “Hole  1"  and  “Hole  2"  are  equal.  The  “Hole  1* 
structure  is  broader  because  the  HH1  hand  is  flatter  nea 
hole  1  (see  Fig.  1).  Transitions  for  which  the  positions  o 
holes  1  and  2  are  reversed  are  suppressed  by  a  smalle 
overlap  of  the  electron  and  hole  wave  functions.  For  n-typ< 
recombination,  the  important  region  of  K  spaoe  for  hot  I 
electrons  1  and  2  (defined  in  Fig.  1)  is  a  sharp  peak  cen 
tered  at  the  rone  center  of  width  0.012  A-1  for  n~  101 
cm"3. 

Fijurt  3,  exhibiting  the  Auger  lifetimes  of  thns 
In0.uGa0.7jSb/InAs  superlattices  of  different  layer  thick 
nesses,  illustrate  the  IR  multispectra]  characteristics.  Th< 
energy  gaps  of  the  three  superlatticcs  A,  B.  and  C  are  10.9 
9.0,  and  5  2  pm,  respectively.  The  experimentally  studiet 
SL1  A  has  background  doping  levels  n  =  5x  1015  cm-3  ant 
p=  3  X 10'*  cm- 1  and  corresponds  to  the  band  structure  o 
Fig.  1.  SLs  B  and  C  refer  to  the  insets.  The  lifetimes  ar< 
plotted  for  the  fixed  carrier  concentrations  shown  to  illus 
trate  phase  space  effects  on  Auger  lifetimes.  The  dashet 
line  permits  comparison  of  ta  for  equal  n  and  p  dopini 
levels.  The  n-type  lifetimes  increase  with  increasing  energ; 
gap  because  the  J.  bandwidth  of  the  Cl  band  becomes  les 
than  the  energy  gap  Ec.  The  n-type  transition  of  Fig.  1  i 
no  longer  possible  since  2'  cannot  he  accommodated  in  th< 
Cl  hrnd  Py  contrast,  ihe  p- type  lifetimes  decrease  witl 
increasing  gap  because  the  zone  center  HH1-LH1  splittin) 
E„t  becomes  less  than  E&  A  greater  volume  of  phas< 
space  is  thus  available  for  2'  in  the  LH1  band.  The  flatnes 
of  the  HH1  and  LH1  bands  gives  rise  to  a  maximal  p-typ. 
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FIG.  4.  Calculated  n-type  and  p-lype  Auger  end  radiative  recombination 
lifetimes  of  •  25  A  Inoj.Gso^Sb/Al  A  InAs  superlattice  as  a  function  of 
doping  at  F= 77  K  and  T= 90  K. 

Auger  rate  when  EG^EHL  because  energy  and  crystal  mo¬ 
mentum  conservation  conditions  can  be  easily  satisfied  by 
carriers  in  regions  of  high  occupation. 

The  Auger  lifetimes  of  a  37  A  HgTc/16  A  CdTe  SL 
and  bulk  Hgo  ^Cdo  21Te  having  the  same  energy  gap,  0. 1 14 
eV,  as  the  25  A  In0  25Ga073Sb/41  A  InAs  SL  have  also 
been  calculated.  The  II-VI  SL  has  the  same  axial  electron 
effective  mass  (0.025  m)  as  the  III-V  SL.  For  rt  —  5x  1013 
cm"3  and  T=  77  K,  the  II-VI  SL  has  an  Auger  lifetime  of 
9x10“*  s  and  the  II-VI  bulk  has  a  lifetime  of  1 X 10-7  s, 
both  somewhat  less  than  the  value  of  2x  10~7  s  of  the 
III-V  SL.  More  significant  differences  are  found  in  the 
/Hype  lifetimes  due  to  the  different  valence  band  struc¬ 
tures.  Forp=3xl016  cm-3  and  T—ll  K.  the  II-VI  SL 
and  bulk  II-VI  material  have  Auger  lifetimes  of  9  X  I0n 
and  5xlO~9  s,  respectively,  compared  to  5xl0-6  s  for 
III-V  SL.  The  extremely  short  lifetime  of  the  II-VI  SL 
results  from  the  approximate  equality  of  the  energy  gap 
and  the  HH1-LH1  splitting.  The  II-VI  bulk  lifetime  is 
shorter  compared  to  the  III-V  SL  because  the  small 
effective-mass  light  hole  band  provides  phase  space  for  re¬ 
combination  transitions  that  is  absent  for  larger  masses.  It 
should  be  noted  that  other  choices  of  II-VI  SL  barrier  and 
well  widths  and  compositions  may  result  in  improved  Au¬ 
ger  rates. 

The  calculated  Auger  and  radiative  lifetimes  of  a  single 
band  edge  minority  carrier  in  the  25  A  InojjGao  75Sb/41  A 
InAs  superlattice  are  plotted  in  Fig.  4  as  a  function  of 
doping  levels  for  T=77  K  and  T=90  K.  The  decreasing 
lifetimes  with  increasing  doping  levels  are  due  to  more 
probable  carrier-carrier  collisions.  We  note  that  the  radia¬ 
tive  lifetimes  are  almost  always  longer  than  the  Auger  life¬ 
times.  The  n-type  lifetimes  are  only  weakly  temperature 
dependent  because  the  near  zone  center  electrons  1  and  2 
of  Fig.  1  are  almost  statistically  degenerate  for  the  doping 
levels  considered.  The  /Hype  lifetimes  decrease  by  a  factor 
of  five  to  six  as  T  is  changed  from  77  to  90  K.  Hole  1  of 


Fig.  I  lies  in  the  tail  of  the  hole  Fermi  distribution.  Its 
occupation  probability  is  therefore  strongly  temperature 
dependent.  The  lifetime  obeys  an  approximate  power  law 
relationship  with  the  carrier  concentration:  rA~n~[1  and 
ta~ p~2i  for  earner  densities  between  5xl015  and  10i7 
cm'1.  In  the  simplest  parabolic  band  case,  in  which  earn¬ 
ers  involved  in  Auger  recombination  are  located  ai  the 
band  edges,  rA~n~2  and  p~2  The  deviations  found  here 
are  associated  with  band  structure  and  occupation  number 
effects. 

In  summary,  we  find  on  the  basis  of  carrier  lifetime 
calculations  that  In,  _xG»,Sb/lnAs  is  a  promising  super- 
lattice  for  IR  detector  applications  in  the  5-11  pm  range. 
The  11  pm  SL  has  an  /i-type  Auger  lifetime  somewhat 
larger  than  those  of  bulk  HgCdTe  and  a  HgTe/CdTe  SL 
with  the  same  energy  gap.  In  superlattices.  the  n-type  Au¬ 
ger  recombination  may  be  suppressed  by  reducing  the  i 
bandwidth  of  the  conduction  band  to  a  value  less  than  the 
energy  gap.  The  /Hype  Auger  lifetime  of  the  11  pm 
InGaSb/lnAs  SL  is  approximately  three  orders  of  magni¬ 
tude  longer  than  bulk  HgCdTe  and  five  orders  of  magni¬ 
tude  longer  than  the  HgTe/CdTe  SL  with  the  saire  energy 
gap.  The  suppression  of  /Hype  recombination  is  due  to  the 
flatness  of  the  light  and  heavy  hole  bands  whose  splitting 
exceeds  the  energy  gap,  thus  limiting  phase  space  for  re¬ 
combination  transitions.  This  splitting  can  be  increased 
further  (without  changing  the  energy  gap)  through  the 
choice  of  other  alloy  compositions  and  layer  thicknesses, 
which  will  further  suppress  p- type  recombination  in 
InxGa!_jSb/InAs  superlattices. 
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The  noise  properties  of  semiconductor  alloy-based  resonant-tunneling  doubie-barner  quantum-well 
structures  are  calculated  within  a  nonequilibrium  Green's-function  formulation.  Alloy  scattering  is 
treated  in  the  coherent-potential  approximation  including  vertex  corrections.  Different  noise  charac¬ 
teristics  are  found  depending  on  applied  bias,  scattering  si.  ngth,  and  the  transparency  of  the  barriers. 

A  characteristic  frequency  for  the  noise  current  power  spectrum  S(&>)  is  given  by  the  inverse  response 
time. 


I.  INTRODUCTION 


Noise  gets  relatively  more  important  with  decreasing 
device  dimensions  and  lower  operating  currents. 
Double-barrier  quantum-well  (DBQW)  structures  are 
prototypical  for  a  wide  class  of  small  and  very  fast 
switching  resonant-tunneling  devices  currently  designed 
and,  in  part,  already  realized.  The  first  measurements  of 
low-frequency  noise  in  DBQW’s  have  been  published  re¬ 
cently.  1 

Noise  properties  are  investigated  here  as  an  extension 
of  previous  quantum  transport  calculations2,3  for  alloy- 
based  DBQW’s.  Different  noise  characteristics  are  found 
depending  on  applied  bias,  scattering  strength,  and  the 
transparency  of  the  barriers.  The  fluctuation-dissipation 
theorem  states  generally  that  for  small  bias,  thermal 
Johnson-Nyquist  noise,  proportional  to  the  resistance, 
dominates.  For  finite  bias,  the  DBQW  as  a  whole  is  no 
longer  in  thermal  equilibrium.  Thus  it  is  appropriate  to 
employ  nonequilibrium  Green’s-function  techniques  in 
the  general  case.  In  a  semiconductor  alloy  such  as 
(In^Gai-jlAs  alloy  scattering  is  the  main  scattering 
mechanism  at  low  temperatures.  The  scattering  is  incor¬ 
porated  within  the  coherent-potential  approximation 
(CPA)  including  vertex  corrections. 

For  systems  with  asymmetric  barriers  and  for  large 
bias,  frequency-independent  shot  noise  is  present.  In  the 
case  of  barriers  with  about  the  same  transparency,  a  fre¬ 
quency  dependence  of  the  noise  current  power  spectrum 
is  observed.  A  crossover  from  a  low-frequency  regime  to 
a  high-frequency  regime  takes  place  at  a  frequency  equal 
to  the  inverse  response  time  rfjp  earlier  identified  as  lim¬ 
iting  the  high-speed  performance  of  DBQW  devices. 2 

The  frequency  dependence  of  the  noise  current  power 
spectrum  in  this  case  reflects  temporal  correlation  be¬ 
tween  electrons  tunneling  into  and  out  of  the  well.  For 
strong  scattering,  where  tunneling  is  completely  in¬ 
coherent,  the  noise  spectrum  can  be  derived  by  classical 
rate-equation  considerations.  The  suppression  of  shot 
noise  in  DBQW’s  is  therefore  not  a  manifestation  of  the 
quantum-mechanical  Pauli  principle  as  has  been  stated 
recently.4 

An  early  calculation  of  noise  in  quantum  systems  was 
performed  by  Yurke  and  Kochanski.}  Within  the 


Biittiker-Landauer  formalism,  a  general  expression  for 
the  noise  in  open  conductors  has  recently  been  given  in 
terms  of  the  global  T  matrix.6  7  A  microscopic  model  for 
a  perfect  DBQW  without  scattering  has  been  considered 
in  Ref.  4.  Scattering  effects  must  be  included  in  the  mod¬ 
eling  of  real  systems  because  scattering  in  semiconductor 
alloy  DBQW’s  is  strong  enough  that  tunneling  is  predom¬ 
inantly  sequential. 2 

In  Sec.  II  the  noise  problem  for  DBQW’s  is  formulated 
in  terms  of  nonequilibrium  Green's  functions.  The  effects 
of  alloy  scattering  in  the  CPA  are  incorporated  in  Sec. 
111.  Section  IV  gives  the  results  and  examines  special 
cases  that  allow  an  interpretation  in  terms  of  thermal 
noise,  shot  noise,  and  generation-recombination  noise. 

II.  NOISE  IN  DBQW’s 

We  are  interested  in  the  noise  properties  of  alloy-based 
double-barrier  quantum-well  structures.  These  are  de¬ 
scribed  by  the  Hamiltonian  (see  Refs.  2  and  3,  which  use 
the  same  notation,  for  details) 

#=  2  £5+#“"’  +  #“' •  (1) 

5  ■=£..*.  W 

Here,  refers  to  either  side  of  the  DBQW  structure 
[S  —L  (left),  R  (right)]  or  the  well  region  (S  =  W).  The 
case  of  a  single  conduction  band  and  a  single  resonant 
subband  in  the  well  region  is  considered.  The  bands  are 
treated  within  the  effective-mass  approximation.  The  tun¬ 
neling  Hamiltonian  is 

$tun=  2  2  2  (^*'scV*,,cs'k  +  H.c. )  (2) 

S**  L,R  S  =  m,I, 

in  terms  of  appropriately  labeled  creation  and  annihila¬ 
tion  operators  with  momentum  quantum  numbers 
k  =  (fc  ,,kz )  in  S  =L,R  and  kr>  in  S  =  W,  A  simple  WKB 
estimate  for  tunneling  through  rectangular  barriers  is 
used  for  the  tunneling  matrix  element  h  The  tunnel¬ 
ing  operator  gives  rise  to  a  self-energy  2S  of  well  elec¬ 
trons.  We  keep  only  the  imaginary  part  of  the  retarded 
tunneling  self-energy  2's  and  denote  it  by  —  i  Ts  /2. 

XslkjlElss—  1  ir  2  |A^|25(£  —ek—€k  —  «£s) 

k  !!  1  ' 

X 

=  ~»Ts/2.  (3) 
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Here.  4>s  is  the  energy  of  the  conduction-band  edge  in  S. 
The  electron  distribution  functions  m  S  =  L,R  at  temper¬ 
ature  T  and  for  chemical  potentials  ps  arc 


/*(£—<!>*)  = 


* J  ,/{ k8  T>  j 


(see  Ref.  2  for  an  explicit  diagram).  It  can  be  shown  that 
the  steady-state  distribution  function  of  the  well  region 
for  this  model  is  independent  of  momentum  k  and  is 
given  by  [Eq.  (8)  of  Ref.  2] 

rt/t+r„/, 

rt  +  r,  •  ,!> 

The  alloy  scattering  term  in  the  well  region  takes  the 
form  of  site-diagonal  scattering  from  a  two-dimensional 
arrangement  of  effective  sites  given  by  the  Wannier  orbit¬ 
als  within  the  one  subband  considered.  For  an 
(  AxBt-x  )C  semiconductor  alloy  such  as  (In^Gai-^As, 
the  scattering  strength  e  is  approximately  Gaussian,  dis¬ 
tributed  with  the  average  energy 

e=(r)lv=xfJ,+(l--x)fj  (6) 

and  disorder  strength 

<(e-f)2>lv=x( l-x)(eA-eB)2f  a\if>(z)\*dz  ,  (7) 

J  well 

where  eA  and  es  are  the  on-site  energies  for  the  cations 
A  and  B,  (  },v  denotes  the  average  over  all  scattered 
configurations,  a 3  is  the  spatial  extent  of  the  anion  cation 
unit,  and  <Mz)  is  the  envelope  wave  function  for  the  well 
states. 

From  the  commutator  of  the  number  operators  for 
S=L,R  with  the  tunneling  operator  (2),  one  gets  the 
operator  for  the  externally  measmable  current  (assuming 
hws—h^,s  for  ease  of  notation), 


*S  =  L. 


2  2  (  iftWSCSkkCwk,, 


k =(*,«,  A, ) 


+ihtvscwk]icsktk  S|),  (8) 

with  r]L  =  4- 1  and  rjR  =  —  l  for  convenient  bookkeeping. 
Note  a  factor  of  2  coming  from  the  spin  degeneracy. 

Noise  is  characterized  by  the  current-current  correla¬ 
tion  function 

.S (/)=<< 6/ (f)6/(0))  +  < 67(0)8/ (f ))  ),v  ,  (9) 

where  6 7  is  the  current  fluctuation  operator 

6/<f)  =  /U>— </(f)>  (10) 

and  the  inner  brackets  in  (9)  indicate  the  quantum- 
mechanical  expectation  value. 

For  any  two  fermion  operators  c*  and  cg  (e.g.,  a  =  L k, 
0—  Wk„ ),  retarded  (r),  advanced  (a),  and  distribution  ( < 


w*  -V 

f  E+fm  y  __  * 


ji  s; 


H  V  "'r*'  5  U  " 


IV'-“*XS  S' -  H 


-  Dj  +  ...+Df) 


FIG.  1.  Diagrams  contributing  tc  <6/(f Thin  ar¬ 
rows  represent  lead  Green’s  functions;  double  arrows  are  well 
Green's  functions.  Crosses  stand  for  the  tunneling  through  the 
individual  barriers  thws).  Diagrams  are  read  from  the  right  to 
the  left. 


and  >  )  Green’s  functions8  are  defined  by 

Gr(0t2,ati  )(c0(t2)cia(t, ) 

+  c’(tl)cp(r2)>  , 

G“(0t1,atl  )  =  Gr(atx,0t1)*  , 

G>(0t2,atl)=  -i(cp(t2)CgU,))  , 


G  <(0i1,at] )—  +/<c8(f  |  kpitj))  . 


Equation  (8)  in  (9)  yields 


S(t)~  X  2 

5.4” 


%%•</> l  +  "  '  +  DJ  . 


where  7),  to  Db  correspond  to  the  six  diagrams  of  Fig.  1. 
That  figure  shows  all  possibilities  of  connecting  the  two 
fermion  operators  in  67(f)  with  those  in  67(0)  [uncon¬ 
nected  parts  are  canceled  by  the  subtraction  of  <7(t)>  in 
the  definition  (10)  of  the  fluctuations].  In  the  diagrams, 
Green’s-function  lines  have  been  subdivided  by  tunneling 
events  (the  operator  #'un  is  marked  by  crosses)  so  as  to 
show  as  few  Green’s-function  lines  as  possible  with  the 
restrictions  that  (i)  no  Green’s  function  contains  argu¬ 
ments  referring  to  two  different  spatial  regions  L,  R,  or 
W  and  (ii)  the  well  Green’s  functions  are  dressed  by  tun¬ 
neling  self-energies,  whereas  unperturbed  Green’s  func¬ 
tions  are  used  for  the  leads  L  and  R  Two  crosses  at  ei¬ 
ther  end  of  the  diagrams  stem  from  the  factors  hws  and 
6^-  in  the  current  operator  (8).  Spin  indices  are  not  ex¬ 
plicitly  given,  but  are  included  by  factors  of  2  where  ap¬ 
propriate. 

As  an  example,  the  term  D 6  reads 


Df,  —  —  8$  j’  X  <  < c  wic ..  (GcWk  (0)  )6  ws<cSk(f  )C5k(0)  +  (c^*  (0  )c  ir*,.  ( f ) )  A  it's  ^  csii(*)c5k(0)  ), 


-6S s-  X  < -i2G<(Wk]lt,m  Q)G  >lSkQ,Skt)\hws\2~i2G>(Wknt,Wk,0)G^(Sk0,Skt)\hws\2)t,  .  (16) 
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The  coherent-potential  approximation  replaces  the 
Green’s  functions  of  the  alloy  region  by  the  CPA  Green’s 
functions  GCPA(k.i,t  — 0).  These  are  best  described  as 
functions  of  energy  rather  than  as  functions  of  time  argu¬ 
ments.  They  have  the  same  form  as  the  Green’s  function 
for  the  corresponding  ordered  system,  but  with  the  self¬ 
energy  20,  in  our  case 

■£o~2-iI)  +  2(R)  ,  (17) 

replaced  by 

2(y  =  2o+Xcpx  t  (18) 

with  a  suitably  determined  energy-dependent,  but 
momentum-independent,  self-energy  contribution  XCPA 
due  to  scattering.9  Further,  the  CPA  density  of  states 


and  the  more  general  quantity 

gy(£;t.)=-_-2^  SiCcPAt*,.^  +fc») 

*11 

-<?cpa<*s»£>I  (20) 

are  introduced,  where  A  is  the  cross  section  of  the 
DBQW.  Note  that  gw(E-,Q)—gw{E)  and 

1. 

The  Green’s  functions  for  S~L,R  combine  with  the 
tunneling  matrix  elements  to  give  X|  and  2$. 

Thus, 


(2)6)cpa  &s,s' £  [^cpa(^h>,^|(^h»~;) 

"*"^CPa(^!!>^ (fc||,  —  t )]  .  (21) 


For  2);  one  gets  the  same  result  with  t  and  —  t  inter¬ 
changed. 

The  explicit  evaluation  of  (15)  is  best  done  in  Fourier 
space, 

S(®)ss  f°°  SU]e~ia,,dt 

"  —  as 

=  /  "  <  <  8/  ( t  )bl  ( 0 )  ■ +  8/  ( 0  )8/  ( t )  >  >,ve  " ' ‘-rfi 
-4  f  “  cos(at)S(t)dt  .  (22) 


With  this  convention  for  the  Fourier  transforms,  5(«u)  is 
the  noise  current  power  per  frequency  range  dco/2n. 

As  an  example,  the  contribution  (21)  becomes 


Dti«>)=8s.s-f~  2  [2£(ft,|£  +Hco)G^kvE) 


+  2s<(fc|1|£+feu)G(JpA(A:,,£)]  . 


(23) 


Within  the  approximation  (3),  this  yields 


2  VsVsDt <*>) 
s.s- 

=  /  ^2irAgw(EUrL  +  rK) 

X[2<piy(E  +fui))<p}i.(E)—^H,{E  +  fet>)~  (*-(£)  ]  - 

(24) 

Z)5  gives  a  similar  expression  with  £  and  £  +  fua  inter¬ 
changed,  i.e.,  gw(E)  replaced  by  g„,(£  +  fcj).  For  ideal 
systems  without  scattering,  the  other  terms  D ,  to  Dt  are 
equally  straightforward  to  evaluate  (see  Ref.  4).  Howev¬ 
er,  those  terms  all  contain  products  of  well  Green’s  func¬ 
tions.  the  disorder  average  of  which  cannot  be  simply  re¬ 
placed  by  the  product  of  two  CPA  Green’s  functions 
without  any  additional  adjustments.  Such  a  procedure 
would  violate  particle  conservation.  Many  years  ago, 
Velicky  realized  that  for  transport  properties  of  thermal 
equilibrium  alloy  systems,  one  has  to  sum  the  ladder  dia¬ 
grams  of  repeated  scattering  of  panicle-hole  pans  in  or¬ 
der  to  be  consistent  with  the  single-particle  CPA. 10  This 
is  done  in  Sec.  III. 

IIL  RESUMMATION  OF  LADDER  DIAGRAMS 
IN  THE  CPA  FOR  NONEQUILIBRIUM  SYSTEMS 

The  first  four  diagrams  of  Fig.  1  contain  products  of 
well  Green’s  functions.  The  averages  of  these  products 
over  all  disorder  configurations  can  only  be  done  approxi¬ 
mately.  Extending  the  work  of  Velicky10  to  nonequilibri¬ 
um  Green’s  functions  we  argued  in  Refs.  2  and  3  that  the 
contributions  to  keep  and  sum  correspond  to  ladder  dia¬ 
grams.  The  ladders  contain  two  well  Green’s  functions 
running  in  different  “time”  directions  and  are  intercon¬ 
nected  by  rungs,  each  consisting  of  two  on-site  t  matrices 
at  the  same  site.  Successive  rungs  correspond  to  different 
sites  (multiple  scattering  exclusion)  (see  Fig.  2). 

The  averages  of  the  form  <G  ■  ■  •  G • •  •  >,„  can  be  writ¬ 
ten  in  this  approximation  as  the  product  of  two  CPA 
Green’s  functions  times  a  factor  u  including  the  scatter¬ 
ing  effects:  ( { <7  }tv  •  •  •  <  G  >1V  •  ••  )u.  Four  different 
cases  uar,  ua<,u>r,  and  u>  K  have  to  be  considered  de¬ 
pending  on  which  component  of  the  “upper  ’  and 
“lower”  Green’s  function  in  Fig.  1  one  is  interested  in.  In 
each  case,  the  ladder  diagrams  can  be  summed  by  a 


R.,* 


«*• 


=  J  =  U  GcPA 

FIG.  2.  Approximation  of  the  particle-hole  propagator  by 
ladder  diagrams.  Double  arrows  indicate  (configuration- 
dependent)  well  Green’s  functions,  boid  arrows  represent  CPA 
well  Green’s  functions,  hatched  boxes  stand  for  the  vertex 
correction  factors  u,  and  encircled  crosses  symbolize  on-site  t 
matrices.  These  are  connected  if  they  belong  to  the  same 
scattering  site. 
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Bethe-Salpeter-like  equation  (see  Ref.  3). 

Figure  3(a)  shows  the  equation  for  u  Note  that  aver¬ 
ages  have  to  be  taken  over  all  configurations  of  each  pair 
of  /  matrices  separately  and  that  the  multiple  scattering 
exclusion  is  incorporated  by  subtracting  a  suitable  term 
compensating  for  repeated  scattering  at  the  same  site. 

This  equation  corresponds  to  Fig.  5  of  Ref.  3.  As  in 
that  figure,  the  Bethe-Salpeter  equation  can  be  easily 
solved  for  the  site-diagonal  terms.  For  energy  arguments 
E  +fuo  (upper  Green's-function  line)  and  E  (lower  line), 
the  quantity  u  ar  reduces  to  a  simple  diagonal  term, 

fun-2aw(E  +fim)  +  2rw(E) 

u°r= - Z - Z -  (25) 

fia>-2°0(E+fiu)  +  2'0(E) 

In  practice,  this  implies  replacing  terms  of  the  form 
(Ga{  Wk,Wk,\E  +fuo)  •  •  •  Gr(Wk,  Wk,\E)  •  ■  •  >,v 

(26) 

by 

GaCPA(k,\E+fuo)-G'CPA(k.  }E)  ^  " 
fito-2a0(E+fuo)  +  2r0(E) 

with  the  denominator  not  containing  the  full  self-energy 
but  only  the  part  20  excluding  scattering  contributions. 

Using  the  equation  of  motion  method  or  diagrammatic 
rules,  one  gets  slightly  more  complicated  equations  for 
the  other  components,  e.g.,  for  u  >r  in  Fig.  3(b).  After 
adding  {1—  <pw(E  +Au)]  times  the  equation  of  Fig.  3(a) 
to  Fig.  3(b),  the  latter  is  easily  solved  along  the  same  lines 
as  the  equation  of  Fig.  3(a).  The  result  is  tantamount  to 
replacing 

(G>(Wknm,\E  +*a)  ■  ■  •  Gr(  W/&,|  Wk^E)  ••• 

+  ( 1  -cpw(E  +fio>)]Ga(  Wk,t  Wkf \E  +  feu) 
X  ■■■Gr(Wkl,m  !£)•••  (28) 

by 

Grc?A(k,,\E  +fuo)  —  G'CPA(k,,\E) 

- ™ — I - - (  •  •  ■  )  ,  (29) 

fiio  —  2$(E  +fui})Jr2rQ(E) 

In  other  words,  averages  of  products  of  Green’s  functions 
can  be  written  in  the  usual  way  as  differences  of  Green’s 
functions  provided  the  unperturbed  denominators  not  in¬ 
cluding  scattering  contributions  to  the  self-energy  are 
used.  Corresponding  statements  can  be  proven  for  the 
quantities  u 0  <  and  u  >  < .  These  are  generalizations  of  a 
well-known  property  of  the  retarded  CPA  Green’s  func¬ 
tion  (see  Ref.  10).  Most  important,  particle  conservation 
is  satisfied  only  with  these  scattering  corrections  includ¬ 
ed. 

IV.  PESULTS  AND  DISCUSSION 

4.  Evaluation  of  the  noise  current 
power-density  expression 

The  evaluation  of  the  Fourier  transform  of  the  expres¬ 
sion  (8)  for  the  noise  current  power  density  is  now 


(b) 

FIG.  3.  Ladder  diagrams  for  repeated  scattering  of  a 
particle-hole  pair  at  different  sites  are  summed  by  means  of 
Bethe-Salpeter-like  equations:  (a)  for  u  and  (b)  for  u  > ' 


straightforward.  Let  us  first  consider  in  detail  the  first 
term  X>,.  The  Green’s  functions  of  the  leads  S—L,R 
combine  with  the  tunneling  matrix  elements  to  form 
the  tunneling  self-energies  2S.  All  remaining  Green's 
functions  are  well  Green’s  functions.  It  has  been  shown 
in  Refs.  2  and  3  that  even  in  the  presence  of  scattering, 
the  well  Green’s  function  G  <  factorizes  into 

G^A(*S|£)— • 

(30) 

Analogously, 

G^PA(Afl!£)=[l-?>H,(£)][G^pA(Kt1||£)-GJpA(fc,il£)]  . 

(31) 

From  equations  of  motion,  one  easily  derives  the  sim¬ 
ple  rules 

and  similarly  for  products  containing  three  or  more 
terms. 8  We  omit  unnecessary  arguments  and  indicate  en¬ 
ergy  arguments  £  +Vku  and  £  by  indices  "  +  "  and  ”  — 
respectively.  Thus 
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£,<*>>=/  ||2<(G-2s  +  )>(C-2s--)<+fG,2s  +  )<(G_2i-.,)<)iV 

N 

=  / ~y  <(C:iS++G,+  2s>+K6^2S._+<f,_Z^_)^ 

2lT  V, 

r  dE  G'+  — G1 

=  /^2  -(l-<p+  )(-<?_)- - — — — -2?+2°s._+---  (321 

J  2tt  [  ^-25++25_ 

The  ellipses  indicate  more  terms  of  similar  structure.  The  last  step  involves  the  results  of  Sec.  III.  Within  the  approxi¬ 
mation  (3),  the  resulting  numerous  terms  can  nicely  be  combined  with  D2~Dt.  It  is  convenient  to  use  the  abbrevia¬ 
tions 

r.r. 

r„=r, +r,,  f= — L-~,  at=t, -r»  ,  (33) 

o  l  k<  rL  +  rR  l  * 

and  to  introduce  factors  ass ■  containing  the  statistical  factors  for  fluctuations  between  S  and  S', 
am**aRH,=fR(E+fuo)[\-<pw(E)]  +  [\-fRiE+*a})]<pwl£)+fR(E)[\-<pw(E+tuo)]  +  [l-fR{E)]<pw(E+*(o)  . 


and  correspondingly  for  aWL,  aww,  aLL,  aLR,  and  aRR.  The  final  result  can  be  written  as 


S(w)  =  2  — — -  ~4  2  7?s,7s'f^|(w>+  ’  ‘ '  +D6(n»)j 
2"  s.s- 

e 2  „  r  |  8w(E  +*o)+g„(E)  ~ 

—  —JlJdEl  -  r0  dfvw  ■ 


( #ua»  )2  -+-  r  § 


[4r(aiir  ax)f>)  +  (  ADa^^  ] 


+  Im[gH,(£;Aal]  — — iOu.~^aLK  +aRR  aR(f.  l-HADa*,*,]  (35) 

to  irua)  +15 

It  is  noteworthy  that  the  scattering  described  by  2CPA  enters  the  final  result  only  via  the  Green’s  functions  contained 
implicitly  in  g^iE  ;fuo)  and  in  the  density  of  states  gw (E).  In  the  absence  of  scattering  and  for  one  dimension.  Eq  (35) 
reduces  to  the  result  of  Ref.  4. 

The  evaluation  of  Eq.  (35)  requires  the  numerical  solution  of  the  CPA  equation  for  the  scattering  self-energy.  Once 
gw  is  known,  the  remaining  integrals  can  easily  be  done  numerically.  Results  are  shown  for  an  illustrative  example  in 
Fig.  4.  The  different  curves  correspond  to  different  dc  currents.  The  parameters  are  the  same  as  in  Ref.  2  and  are 
chosen  to  represents  a  45-A  Ino  47Gao  53  As  -  56- A  In^Al^As  DBQW  used  for  measurements  of  the  transit  time  in 
Ref.  1 1 .  Vertical  arrows  mark  the  response  time  and  horizontal  arrow,  mark  the  asymptotic  large-oi  values  derived 
from  the  approximation  (37)  discussed  below.  S(<o)  is  approximately  proportional  to  the  current  and  decreases  with  fre¬ 
quencies.  12 


B.  Discussion  of  special  case* 

The  result  (35)  is  easily  understood  in  the  limit  of  strong  scattering,  when  the  tunneling  into  the  well  and  out  of  the 
well  can  be  considered  as  independent  events  coupled  only  by  the  availability  of  empty  or  occupied  states,  i.e.,  by  the 
number  of  electrons  in  the  well.  Disregarding  the  difference  between  the  Green’s  functions  and  occupation  factors  eval¬ 
uated  at  energies  E  and  £  +  fuo,  Eq.  (35)  then  reduces  to 


S’(<»)«  f  dE gw(E)T0  a ww 


(ffo>)2+rg 


[4r(aily  aSHr)  +  (ADfl|»/|*'] 


—  J  dE gw(E)2T0  2tpw(\  <pw) 


(*»>*+ rS 


[4r(/t-/J,)(l-2<pH,)  +  (Ar)^ir(l-^)]  . 


In  the  sequential  tunneling  limit,  where  tunneling  events  of  states  and  the  difference  of  the  (time-dependent)  occu- 

can  be  treated  classically  and  rate  equation  arguments  ap-  pation  functions  of  S  and  W, 

ply,  Eq.  (36)  can  be  derived  by  simple  probabilistic  argu¬ 
ments.  As  in  Appendix  B  of  Ref.  3,  one  takes  the  current  __  r  .  _ 

from  side  S  to  the  well  as  proportional  to  the  well  density  Js~w  J  °  js  Vw  Sw  > 
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u>  ( GHi.  i 


sumption  of  a  constant  f L  is  not  valid  for  a  smail-energv 
region  around  the  Fermi  energy.  In  general,  this  gives 
only  a  small  correction  to  both  the  expression  for  the 
noise  and  for  the  dc  current.  In  the  case  under  considera¬ 
tion,  the  energy  integral  becomes  trivia)  and  we  ger 


S  iui  i—ejtpA 


1  + 


(&n2 

(W  +  r£ 


(37) 


where  ydc  is  the  current  density2 

j«=2~  f  dElf^E-eV^  )-/„<£)]  . 


FIG.  4.  Noise  current  power  density  per  area  S(co)/A  as  a 
function  of  frequency  <u  for  sample  A  of  Ref.  1 1  and  different  dc 
currents  corresponding  to,  from  top  to  bottom,  about  90%, 
75%,  50%,  25%,  and  10%  of  the  peak  dc  current  ym„.  Hor¬ 
izontal  arrows  mark  the  asymptotic  values  S((u)/c4  vert¬ 

ical  arrows  indicate  the  response  time  t,„p  (from  Ref.  2). 


<3M 

For  barriers  of  approximately  the  same  transparencies, 
Ar/ro~0,  the  noise  is  suppressed  by  up  to  a  factor  of  2 
compared  to  the  shot-noise  result4 


Ssho,(co)  =  2ejdcA  . 


(39) 


and  solves  the  resulting  differential  equation.  Such  a  pic¬ 
ture,  where  each  tunneling  event  into  the  well  increases 
the  chance  to  observe  a  tunneling  event  out  of  the  well 
approximately  fi/Y0  later,  resembles  the  well-known 
generation-recombination  nois^, ' 3  where  each  generation 
event  increases  the  chance  for  a  recombination  event 
soon  after.  This  similarity  was  pointed  out  by  the  au¬ 
thors  of  Ref.  1  in  the  course  of  explaining  their  experi¬ 
mental  results.  The  case  of  noise  in  a  DBQW  results  in  a 
lengthier  expression.  The  additional  complications  come 
from  the  fact  that  both  tunneling  events  can  increase  or 
decrease  the  current,  depending  on  through  which  bar¬ 
rier  the  electron  tunnels.  The  interpretation  of  Eq.  (36) 
for  incoherent  tunneling,  in  terms  of  a  simple  coupling 
between  fluctuations  of  the  charge  in  the  well  and  fluctua¬ 
tions  of  the  current,  makes  it  likely  that  the  interpreta¬ 
tion  of  Ref.  4  for  a  scattering-free  coherent  tunneling 
model  as  a  manifestation  of  the  quantum-mechanical 
Pauli  principle  is  unnecessarily  complicated.  It  should  be 
mentioned  as  an  aside  that  in  the  limit  of  a  well  coupled 
weakly  only  to  one  lead  (TR— »0),  the  average  curren. 
vanishes,  but  not  the  noise  S(w).  In  that  case  the  well 
acts  as  a  capacitor  and 

e2  r 

S(co)  =  —~A  f  dE  aLLT  LRt[gw(E\fu0)/(fuo  +  ir  L  )]  . 

In  J 


For  large  a>,  corresponding  to  short  times,  the  noise  Sion 
is  reduced  by  this  factor  of  2  independent  of  the  actual 
values  of  VL  and  T*  (the  horizontal  arrows  in  Fig.  4 
marked  Slw)/A  =  le;dc)-  The  reason  is  simply  that  the 
large-d  behavior  is  determined  by  the  equal-time  correla¬ 
tion  part  of  (9).  Each  tunneling  event  corresponds  to  the 
transfer  of  half  an  electron  through  the  DBQW  (Ramo- 
Shockley  theorem),  yielding  a  factor  (e/2)2.  Only  one 
factor  4  is  compensated  for  by  the  fact  that  there  are 
twice  as  many  tunneling  events  as  there  would  be  in  a 
single-barrier  tunneling  system.  The  characteristic  time 
scale  for  this  noise  suppression  is  fi/K  T£  +  T*  ),  the  same 
as  that  we  identified  as  the  response  time  rm p  describing 
the  ac  conductivity. 

Interestingly,  the  form  (37)  is  valid  independent  of  the 
scattering  strength  as  long  as  the  scattering  broadening  of 
the  well  states  is  small  compared  with  energies  character¬ 
izing  the  electron  distributions  in  the  leads — in  particu¬ 
lar,  nL.  In  the  coherent  tunneling  limit  treated  in  Ref.  4, 
an  interpretation  of  the  characteristic  time  1  /T 0  as  a 
quantum-mechanical  time  delay  in  the  Wigner-Eisenbud 
sense  is  possible.  It  is  therefore  not  surprising  to  find  it 
governing  the  frequency  dependence  of  the  noise  spec¬ 
trum. 

In  the  opposite  limit  (ii)  of  very  small  dc  bias,  all  distri¬ 
bution  functions  can  be  replaced  by  a  common  thermal 
equilibrium  Fermi  function  /0.  With 


It  is  illuminating  to  discuss  the  general  result  (35)  in 
more  detail  for  the  two  limiting  cases  of  (1)  large  dc  bias 
and  (ii)  very  small  dc  bias.  We  first  assume  that  in  a 
large-bias  situation  the  resonant  subband  is  lined  up  with 
empty  states  on  the  right-hand  side  so  that  fL  =  \,fR^0, 
and  ipi4,=  r/  /r0  for  the  states  that  contribute  to  the 
current.  For  systems  other  than  one  dimensional,  the  as- 
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for  all  factors  asy,  we  get 
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As  is  to  be  expected  on  general  grounds  (fluctuation- 
dissipation  theorem),  the  expression  in  the  curly  brackets 


is  exactly  the  dynamic  conductivity  Rejcrtcu)!  (discussed 
in  detail  in  Ref.  3)  in  the  same  limit.  This  is  the  usual 
thermal  or  Nyquist-Johnson  noise. 
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Abstract 

The  dc  current  in  a  biased  double  barrier  resonant  tunneling  structure  is  calculated 
using  a  non-equilibrium  Green’s  function  formalism.  Realistic  models  involving  well,  bar¬ 
rier,  and  interface  modes  are  employed  to  evaluate,  the  phonon-assisted  components  of  the 
current.  The  calculated  dc  current  agrees  well  with  experimental  data  for  a  GaAs/AlGaAs 
resonant  tunneling  structure.  The  observed  phonon  replica  peak  in  the  I-V  characteristics 
is  attributed  to  the  emission  of  GaAs  confined  modes  in  the  well  and  AlAs-like  symmetric 
interface  modes.  The  effect  of  the  non-equilibrium  well  occupation  function  is  shown  to  be 
small.  For  the  InAlAs/InGaAs  resonant  tunneling  structure,  phonon  scattering  becomes 
comparable  to  alloy  well  scattering  at  about  200K. 

PACS:  73.40. Gk.  72.10.Di,  85.30. -z 
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I.  Introduction 

Resonant  tunneling  in  double  barrier  resonant  tunneling  structures  (DBRTS)  is  at¬ 
tracting  considerable  attention  due  to  interest  in  the  study  of  quantum  transport  pro¬ 
cesses  in  nanostructures,  and  in  potential  device  applications  such  as  high  frequency  ac 
generators1  and  bipolar  transistors.2  Since  inelastic  phonon  scattering  may  play  a  substan¬ 
tial  role  in  such  applications,  phonon-assisted  tunneling  in  DBRTS  and  other  heterostruc¬ 
tures  has  been  the  subject  of  a  number  of  recent  theoretical  studies.3-12  These  studies 
neglect  the  modifications  to  the  phonon  spectra  resulting  from  interfaces.  Recently,  Turley 
and  Teitsworth13  have  examined  tunneling  in  GaAs/AlAs  DBRTS  involving  the  emission 
of  confined  and  interface  phonons,  but  have  employed  a  formalism  which  neglects  the  non¬ 
zero  occupation  probabilities  of  well  states.  Here,  we  employ  non-equilibrium  (Keldysh) 
Green’s  function  techniques  to  calculate  the  dc  current  associated  with  phonon-assisted 
tunneling  in  DBRTS.  Emission  and  absorption  processes  involving  well,  barrier,  and  inter¬ 
face  phonons  are  considered.  By  employing  the  Keldysh  formalism,  the  non-equilibrium 
occupation  function  of  the  well  states  is  calculated  and  Fermi  statistics  are  included  which 
limit  available  phase  space  in  the  well.  This  general  approach  shows  the  effects  of  a  non¬ 
equilibrium  occupation  function  in  the  well  to  be  relatively  small  for  the  cases  considered  by 
Turley  and  Teitsworth.  The  present  work  permits  direct  comparison  to  the  results  of  Refs. 
14  and  15,  which  were  devoted  to  elastic  alloy  scattering,  and,  in  particular,  an  assessment 
of  the  relative  importance  of  the  two  scattering  mechanisms.  Our  calculations  combine 
realistic  phonon  models  with  a  rigorous  formalism  to  make  quantitative  comparisons  with 
experimental  data. 

Experimental  data  clearly  reveals  at  least  one  replica  peak  associated  with  phonon 
emission  in  the  dc  I-V  curves  of  high  quality  DBRTS.  This  replica  peak  appears  at  bias 
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voltages  greater  in  magnitude  than  the  main  elastic  tunneling  peak.  Goldman  et  al ,16  find 
a  broad  shoulder  to  the  main  elastic  tunneling  peak  and  associate  it  with  the  emission  of  a 
bulk  AlAs-like  phonon  of  energy  «  45  meV  in  the  barrier  layers  of  their  Al0  .jGao  6As/GaAs 
DBRTS.  Leadbeater  et  al.17  have  performed  magnetotunneling  spectroscopic  investigations 
of  Al0  4Gao.6As/GaAs  DBRTS  and  find  two  replica  peaks  corresponding  to  phonons  of 
energy  ~35  and  48  meV  being  emitted.  Both  sets  of  observations  have  not  been  explained 
by  theories  which  consider  only  bulk  phonons.  The  coupling  of  the  tunneling  electron  to 
barrier  bulk  AlAs-like  phonons  is  very  weak.  The  replica  peak  at  ikt  ~4SmeV 

would  therefore  be  absent.  Its  presence  can  be  explained  by  the  emission  of  an  interface 
phonon.  The  35  meV  replica  peak  is  interpreted  as  being  due  to  the  emission  of  a  confined 
GaAs  phonon  in  the  well.  The  Goldman  et  al.  data  is  of  lower  resolution  and  therefore 
fails  to  separate  the  contributions  of  the  35  and  48  meV  phonons.  Nevertheless,  the  width 
of  the  replica  peak  suggests  that  both  of  these  phonons  contribute. 

Section  II  discusses  the  nature  of  confined  phonon  modes  in  a  DBRTS,  and  the  corre¬ 
sponding  electron-phonon  interaction  Hamiltonians.  An  expression  for  the  resonant  tun¬ 
neling  dc  current  associated  with  the  absorption  and  emission  of  phonons  is  derived  in 
Section  III,  and  results  are  discussed  in  that  section.  Section  IV  compares  the  relative 
importance  of  phonon  and  alloy  scattering,  assesses  the  importance  of  the  non-equilibrium 
well  occupation  function,  and  shows  how  to  obtain  Turley  and  Teitsworth’s  results  for  the 
phonon-assisted  dc  current  in  a  DBRTS.  The  results  are  summarized  in  Section  V. 

II.  Phonons  and  electron-phonon  interactions  in  heterostructures 

The  presence  of  interfaces  in  semiconductor  heterostructures  will  modify  the  vibra¬ 
tional  spectra  and  the  electronic  spectra  of  the  heterostructures  with  respect  to  their  bulk 
constituents.  The  interfaces  may  lead  to  the  confinement  of  optical  modes  within  each 
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layer  and  the  formation  of  interface  modes  which  are  localized  near  the  interfaces.  The 
use  of  the  usual  bulk  Frohlich  Hamiltonian  is  inappropriate  under  such  circumstances. 

To  calculate  the  vibrational  modes  in  a  double  barrier  heterostructure  we  employ  an 
extension  of  the  continuum  theory  described  by  Born  and  Huang.18  A  number  of  phe¬ 
nomenological  continuum  models  have  been  proposed,19-28  usually  differing  in  the  choice 
of  boundary  conditions  at  the  interfaces.  We  employ  a  model  which  is  a  combination  of 
the  better  features  of  severed  models  previously  considered,  and  describe  it  below.  In  or¬ 
der  to  obtain  more  accurate  mode  frequencies  our  work  includes  dispersion  of  the  interface 
modes.  The  discussion  is  restricted  to  polar  optical  phonons  since  the  coupling  of  electrons 
to  acoustic  modes  is  very  weak. 


The  dynamical  variable  u{x,t)  is  defined  as  the  relative  sublattice  displacement  field 
times  yj M /Vc;  M  =  A/+A/_/(M+  +  M~)  is  the  reduced  mass;  J\/+  and  M _  are  the  anion 
and  cation  masses  respectively  and  Vc  is  the  volume  of  a  unit  cell.  We  consider  the  equation 
of  motion 

1»/2 


u(x,t)  -  -v£u(x,t)  + 


*0  ~  ( c 

4ff 


u >TE(x,t)  -  vQV{V- u(x,t)]  -  v0V2u{i,t),  (2.1) 


where  E  is  the  macroscopic  electric  field,  u ?j-  is  the  frequency  of  bulk  TO  phonons,  and 
€o  and  Coo  are  the  zero  and  high  frequency  dielectric  constants  respectively.  The  last  two 
terms  in  (2.1)  are  introduced  to  incorporate  dispersion  into  the  model.  Their  form  is 
determined  by  symmetry  considerations.  The  velocity  parameters  vQ  and  vg  are  averaged 
over  the  Brillouin  zone  and  can  be  shown  to  be  of  the  same  order  of  magnitude  as  the 
speed  of  LA  phonons  in  the  material.28 


The  macroscopic  polarization  field  is  given  by 
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The  prefactors  of  u  and  E  in  (2.1)  and  (2.2)  are  chosen  to  be  the  same  as  those  considered 
by  Born  and  Huang.  We  consider  only  LO  modes,  which  are  characterized  by  £>(x,  f)  = 
E(xJ)  4-  47rP(f,<)  =  0. 


The  effects  of  heterostructure  interfaces  are  discussed  next.  Different  materials  are 
labeled  with  integer  index  i.  If  the  growth  direction  is  parallel  to  the  c  axis,  translational 
invariance  parallel  to  the  interfaces  permits  one  to  write  the  LO  displacement  field  as 
if^fx)  =  /(c)e'’u  *8,  where  x  =  (i||,r).  The  equation  of  motion  is 

=  (2.3a) 


where 
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u>it,  are  the  bulk  longitudinal  mode  frequencies,  and  v?  =  t;2  ,  +  vj  ,.  For  example,  for  the 
case  of  a  single  quantum  well  extending  from  ;  =  0  to  z  =  a  with  i  —  1  labeling  the  well 
material  and  i  =  2  labeling  the  barrier  regions,  the  general  solution  is 
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for  a  <  z 

e~,?1  *  for  0  <  z  <  a 
for  z  <  0 


(2.4) 


where  the  curl-free  nature  of  longitudinal  phonons  (V  x  uL  =  0)  has  been  exploited  to 
obtain  the  prefactors. 


Since  electrostatics  is  the  underlying  physics  of  the  above  model,  it  should  be  ap¬ 
propriate  to  choose  dielectric  boundary  conditions, 19  24  27  that  is.  continuity  of  £y  and 
e(u >)Et  across  each  interface.  However,  this  is  not  the  only  choice  of  boundary  conditions 
considered  previously.  For  confined  modes,  a  model  considering  “jellium”  between  rigid 
walls  has  been  employed.20,21  Here,  the  z  component  of  the  displacement  field  is  assumed 
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to  vanish  at  the  interfaces  (thereby  preventing  the  formation  of  interface  modes).  Phonon 
displacements  obtained  from  this  choice  of  boundary  conditions  are  completely  confined 
in  the  well  and  are  in  better  agreement  than  dielectric  boundary  conditions  with  exper¬ 
imental  data29  for  the  extent  of  confinement.  We  employ  these  boundary  conditions  for 
confined  modes  and  dielectric  boundary  conditions  for  interface  modes.  A  discussion  of 
the  physical  foundations  of  different  choices  of  boundary  conditions  is  given  in  Ref.  30. 


In  the  calculations  to  be  described  in  the  next  section  for  Ali.Gaj_j.As/GaAs  het¬ 
erostructures.  electron-phonon  scattering  is  considered  due  to  the  following  phonon  types: 
GaAs  confined  modes  in  the  well.  AlAs-like  confined  modes  in  the  barriers,  symmetric 
and  antisymmetric  interface  modes,  and  GaAs-like  extended  modes.31  To  treat  confined 
modes,  we  employ  the  interface  boundary  conditions  corresponding  to  “jellium”  between 
rigid  walls.  Applying  these  boundary  conditions  to  the  general  solution  (2.4)  leads  to  the 
lattice  displacement  field 
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for  0  <  z  <  a.  Equation  (2.5)  describes  confined  LO  modes  (“guided  modes”)  with 

crystal  momentum  f  =  (f^mr/a),  annihilation  operator  a§ .  and  dispersion  u>\  = 

*  *1  * 

-  *>2(9jj  +  [n7r/a]2).  N  is  the  largest  value  of  n  such  that  >  t>2(9jj  +  (nrr /a]2 ),  and  A 
is  the  interface  area. 


The  symmetric  interface  mode  centered  on  the  interior  interfaces  (z  —  0  and  a)  of  the 
double  heterostructure  has,  with  dielectric  boundary  conditions,  the  displacement  pattern 
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If 


.(ewV^+->!ii.-«/J)Q.iii+h.c)i  (2.6) 


for  0  <  z  <  a.  Here,  the  frequences  of  vibration  for  the  interface  modes  with  q  = 
(f||i  *"90  are  given  by  the  solutions  of  q2t2(w)  +  gjej(u;)tanh(gia/2)  =  0.  The  dielectric 
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functions  ei(u>)  and  €5(0;)  for  the  case  of  alloys  with  two- mode  behavior  in  their  phonon 
spectra  (such  as  AlxGaj-rAs)  are  defined  in  Ref.  32.  More  complete  discussions  of  the 
number  and  types  of  interface  modes  that  can  arise  are  given  in  Refs.  19  and  32. 

The  electron-phonon  interaction  is  obtained  from  the  Hamiltonian33 


where  a  screening  length  A  has  been  introduced.  The  standard  Frohlich  Hamiltonian  for 


bulk  phonon  modes  is 
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For  the  confined  modes  described  above,  the  corresponding  Hamiltonian  is20 
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where 


*n(*)  =  e'n*:/a  -  \  [e"^  +  (-l)"eQ(:-0’l  , 


Q 2  =  gjj  +  1/A2,  and  0  <  z  <  a.  For  the  case  of  symmetric  interface  modes. 


for  0  <  z  <  a,  where  t'  denotes  the  derivative  with  respect  to  u>. 


Ill,  DC  Current 


(2.9a) 


(2.96) 
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In  this  section,  the  non-equilibrium  Keldysh  Green's  function  formalism  is  employed 
to  calculate  the  phonon- assisted  dc  current  in  DBRTS.  Phonon  emission  and  absorption 
processes  in  the  well  and  in  both  barriers  are  considered. 
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We  consider  a  DBRTS  with  a  single  conduction  band  (see  Fig.  1)  and  treat  the  elec¬ 
tron  dynamics  in  an  effective  mass  approximation.  If  the  dc  bias  voltage  moves  the  left 
conduction  band  edge  up  with  respect  to  the  right  conduction  band  edge,  then  resonant 
tunneling  without  phonon  assistance  occurs  when  occupied  states  in  the  left  lead  are  res¬ 
onant  with  unoccupied  states  in  the  well.  Phonon  assisted  tunneling  will  occur  when  the 
occupied  states  in  the  left  lead  differ  in  energy  by  integer  multiples  of  a  phonon  energy 
from  unoccupied  states  in  the  well. 

The  unperturbed  Hamiltonian  for  the  DBRTS  is  the  same  as  that  considered  in  Refs. 
14  and  15.  The  left  (5  =  L)  and  right  (S  =  R)  leads  are  described  by 

H°S=  £  £(<{  +  *s>4csl'  <31> 

S=L,R  -k 

where  k  =  (£||,  k.)  is  the  electron's  crystal  momentum,  ej  =  h7k2/2m*s  its  energy,  and  c^. 
the  electron  creation  operator.  Further  definitions  of  the  notation  are  found  in  the  caption 
of  Fig.  1,  and  in  Ref.  15.  Both  leads  are  assumed  to  be  in  separate  thermal  equilibrium 
with  Fermi- Dirac  distribution  functions  defined  by  fs{E)  —  [exp(£-/is  —  $s)Ab7'+1]~1- 
Considering  only  a  single  subband  in  the  well,  the  unperturbed  electronic  states  in  the  well 
are  described  by 

H°w  =  £<*  +  %  +  (3-2) 

*11 

where  =  h2k^/2m\v  is  the  in-plane  component  of  the  energy. 

Elastic  tunneling  through  the  barriers  is  described  by  the  transfer  Hamiltonian 

£  «‘ws  =  £  £(MvScJ  +  (3.3) 

S—L%R  SssL.R  t  i  * 

where  the  escape  rates  out  of  the  well  are  given  by  Fermi’s  Golden  Rule 

Ts/h  =  y  £  IMvsl2«(£  -  <l,  -  <*,  -  *,).  (3-4) 
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Here  hews  describes  elastic  tunneling  and  is  to  be  distinguished  from  the  phonon-assisted 
inelastic  process  hfyg  to  be  introduced  below.  Assuming  that  the  density  of  states  in  lead 
S  varies  little  over  energy  ranges  comparable  to  phonon  energies  (as50  meV),  the  escape 
rates  may  be  obtained  from  the  WI<B  expression 


rs  = 


E-t r 


w 


Q(E  -  -  *s) 


x  exp(-2ds ^2m*B(As  +  ($s  +  $w)/ 2  -  E  4-  )/h). 


(3.5) 


Since  the  well  spectral  density  is  peaked  at  e  +  this  means  that  E  — 

can  be  replaced  by  e  everywhere  in  (3.5). 


The  electron-phonon  interaction  in  the  well  is  described  by  the  Hamiltonian 

.9» -n 

where  Mj„  =  (H*£||  +  cj]|  |/fe_p/,(x)|H’F||),  the  \Wky)  are  the  portions  of  the  electronic 
states  in  the  well  obtained  by  solving  a  one- dimensional  Schrodinger  equation.  Similarly, 
the  electron- phonon  interaction  in  the  barriers  is  described  by  the  Hamiltonian 


-  52  52  ( ^9j.nCH'E|+f,C5fc«J|Q9lI 

s=L’Rk,M 


(3.7) 


<9i  .n 


where  n  =  (Bk^  +  gj||i/e_pfc(x)|££|j),  and  |2?fc||)  are  the  portions  of  the  electronic 
eigenstates  in  the  barrier,  also  obtained  by  solving  a  one-dimensional  Schrodinger  equation. 
Note  that  Hamiltonian  (3.7)  describes  phonon- assisted  tunneling.  In  analogy  with  Eq. 
(3.3)  the  phonon-assisted  tunneling  matrix  elements  h$s  are  given  by  M'-  n. 


We  employ  the  non-equilibrium  Keldysh  Green's  function  formalism  to  compute  trans¬ 
port  properties  due  to  the  non-equilibrium  nature  of  carriers  in  a  biased  DBRTS.  The  re¬ 
tarded  and  advanced  Green's  functions  for  the  electron  creation  and  annihilation  operators 
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cl  and  C0  are 


Gr(0t 2,aU)  =  -iO(t 2  -  ti)(c0(t2 )4(*, )  +  4(<, )c3(t2)),  (3.8) 

and 

Gam,ati)  =  Gr(at1,0t2y.  (3.9) 

In  addition,  the  distribution  Green’s  functions  are  defined  as 

G<(^2,a<1)  =  t(ct(f1)cd(f2)),  (3.10) 

and 

G>(0t2,ati)  =  -i{c3(t2)ci(t ,)).  (3.11) 

The  Fourier  transforms  of  the  above  Green's  functions  are 

G(0,a\E)  =  r  ^-e-,E{,i-u)/hG(pt2.ati).  (3.12) 

J- oo  -n 

where  E  is  the  energy. 


Due  to  the  weakness  of  electron-phonon  interactions,  we  assume  that  in  any  given 
scattering  channel  phonon  scattering  occurs  in  the  barriers  or  the  well  but  not  simulta¬ 
neously  in  both.  Then  the  total  current  density  can  be  written  jjc  —  j ^  +  j*3\ 

where  is  the  current  density  in  the  absence  of  phonon  scattering,  is  the  current 
density  due  to  phonon  scattering  in  the  well,  and  is  the  current  density  due  to  phonon 
scattering  in  the  barriers. 

The  current  from  lead  S  into  the  well  W  is  given  by 

Is-w  =  (3.13) 
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Use  of  the  Heisenberg 


where  the  number  of  electrons  in  lead  5  is  Ns  =  ,ccr. 

3  L-k  Sk  Sk 

equation  of  motion 

_  4  4 

1  [hwscSk,ktcwkt  -  hwsCwitcsk,k^  (3-14) 

h<k‘ 

where  hws  =  hews  for  elastic  tunneling  (contributing  to  and  j>(2>),  and  hws  =  hp^s 
for  phonon- assisted  tunneling  (contributing  to  ;(3)),  leads  to  the  current 

Js-W  =  y  /  Y,  [G<Oy*lh  Sk:k\\[E)h'ws  -  hwsG<(Sk.J-\],Wk\][E)}.  (3.15) 

k,kt 

Considering  the  tunneling  Hamiltonian  as  a  perturbation,  the  first  order  Dyson  equation 
relating  the  full  Green's  function  to  the  unperturbed  propagators  is 

G<(WkhSkzkn\E)  =  Gr(  Wk{l ,  H^h \E)hwsG<  (SM,, \E) 

+  G<(WihW%\E)hwsGUSkt^\E).  (3.16) 

Here,  the  Go(Sfcrfc|| \E)  include  no  self-energy  corrections.  Insertion  of  (3.16)  into  (3.13) 
yields 

h-w  =  j[^'Z  l*»'si,[Cf(Si,f,|f:)G>(»-£,,H't||£) 

k.kt 

-  G>(SkJ1\E)G<(Wk1.Wk]]\E)}  (3.17) 

To  obtain  >(1)  and  j <2>,  we  set  hws  =  h‘ws  (as  given  by  Eq.  (3.5)),  and  calcu¬ 
late  G<{Wk^Wk^\E’)  and  G>(TVfc||,H/'^|||£’)  including  self-energy  corrections  due  to  the 
electron-phonon  interaction  in  the  well.  In  order  to  accomplish  this,  Dyson’s  equation  with 
H™-Ph  as  the  perturbation  is  iterated  to  give 


dNs  = 
dt 
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+<?S(Vrfc!|,l^fc11|^)i:^.tv(fclf|JE7)G'<(Vrfc!l,W’*:,1|JE7) 

+G<(l^fc||,T^fc,||£)S“A,vv,(*i||£7)GS(^*l|,W^|1j£:K  (3.18a) 

where  the  self  energy  correction  to  the  electron  to  lowest  order  in  the  electron-phonon 
interactions  is 

S?ft,vv(*l||£)  =  Y^K^i^n.n)  +  l)|Wf|.n|2G^(irfc|  +^|,irf|,  +  q{[\E  + 
fih" 

+  iV(ftu>,-,in)|M_f||>n|2G0<(H^||  -  qhWkn  -  qu\E  -  fiwf|(B)],  (3.186) 

and  Er,a  are  the  retarded  and  advanced  self-energies.  In  (3.1Sb),  the  Bose-Einstein  oc¬ 
cupation  function  is  N(E)  =  [exp (E/kaT)  -  l]-1,  and  n  enumerates  the  phonon  modes 
discussed  in  section  II.  The  well  Green’s  functions  Go{Wk\\,  Wf|||£)  include  self  energy 
corrections  due  to  tunneling  through  the  barriers,  but  do  not  include  self  energy  corrections 
due  to  phonon  scattering.  To  obtain  j ^  we  let  h\vs  =  6?rs  ’n  Eq.  (3.17)  and  neglect 
phonon  scattering  in  the  well  (that  is,  iyfc|||£)  =  W£|||£)). 

The  final  two  terms  in  (3.18a)  may  be  neglected  in  the  valley  region  of  I-V  curves 
(where  the  phonon  replica  peaks  are  observed)  due  to  the  three  dimensional  nature  of 
the  calculation.  Described  physically,  the  electron  tunnels  into  a  virtual  state  in  the  well 
because  k\\  conservation  prohibits  it  from  tunneling  into  a  real  state.  It  then  emits  a  phonon 
to  drop  into  a  real  state.  This  is  reflected  in  the  final  two  terms  in  (3.18a)  (which  describe 
tunneling  into  real  well  states)  being  negligible  due  to  the  smallness  of  G£ (IVfcy,  H'k|||£) 
for  E  values  corresponding  to  V},iat  in  the  valley  region. 
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The  final  expression  for  the  dc  current  is 

Idc  =  7(,)  +  f(2)  +  /(3),  (3.19a) 

where  the  phonon  independent  contributions  to  the  current  are 

/(1)  =  J  fr  T,^E)  -  ^*v(£)]rL  -  [ME)  -  ^v(E))^r} 

*i 

X  {GSf^jfcH^jbnlD-GSfiritH^inIE)},  (3.196) 

the  inelastic  contributions  associated  with  phonon  scattering  in  the  well  are 

{7)  _  e  rdE^  f<?5(ivtB.irt11!E)  -  GKWk^wk^iE) 

n  J  2tt  4-  rL  +  rR 

*B  L 

x  (l/i.(£)rt  -  /s(£)rR]!;>  h.(E„|£) 

-  t(/i(£)  -  i)rt  -  (/»(£)  -  (3.19c) 

and  the  inelastic  contributions  associated  with  phonon  scattering  in  the  barriers  are 

iw  =  -j  /  ^|c;(iw'|l,irfl|£)  -G;(.vE„, r£„|£)) 

*1 

x{[Sf<»,t(E|ilE)-s:?,,s(E|||£)|bH-(£)-!l-[£,>»,i.(E|||£)-E,>l,s(E,|£)bM'(r))  (3.l9<f) 

The  non-equilibrium  occupation  function  of  the  well,  y?H'(2T),  has  been  introduced  through 
the  relation  GfiWk^WktfE)  =  -fW(E)[Gr0(\Vkh  U'fc„j£)  -  Gl{Wkh  Wfc„|£)].  The 
^ph,{L,R)  &Te  defined  by  (3.18b)  with  the  well  Green’s  function  replaced  by  a  lead  (5  = 
L  or  f?)  Green's  function  and  well  electron-phonon  matrix  elements  Mjt,n  replaced  by 
their  barrier  counterparts  A/'-  n. 

The  phonons  are  assumed  to  be  in  thermal  equilibrium.  That  this  i-  actually  the  case 
may  be  shown  as  follows.  The  experimental  Raman  linewidth  of  confined  GaAs  phonons 
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in  Alo.33Gao.67As/GaAs  superlattices  is  ~  4cm-1.34  This  implies  a  phonon  lifetime  of 
approximately  10~12s.  A  calculation  similar  to  that  of  Menendez  and  Cardona35  of  the 
anharmonic  decay  rate  of  GaAs  confined  phonons  yields  a  lifetime  of  approximately  10~us. 
Both  of  these  lifetimes  are  considerably  shorter  than  the  electron  transit  times  of  ~  10~9s 
(see  below  and  Fig.  3),  implying  that  the  phonons  can  relax  to  thermal  equilibri  m  during 
tunneling  time  scales. 

The  nonequilibrium  occupation  function  in  the  well  is  specified  by  a  rate  equation 
which  requires  the  occupation  function  of  the  well  at  energy  E  to  be  constant: 

0  =  r lUl{E)  -  ;\v{E))/h  +  r R(fR(E)  -  *w{E))/h 

f»n*«  *11 

x  6(E  -  ek ,  -  eA-s+f|  - 

+  ^  +  ~  ^u-(  E’))[l  +  „)] 

nnh 

x  rT+  tn 1  " |2 { "ImG°r( U'^ll ’ w^lE  +  ^ " )} 

+  ...,  (3.20) 

where  the  ellipsis  denotes  14  other  terms  describing  other  phonon  scattering  channels.  The 
first  two  terms  in  (3.20)  describe  coherent  tunneling.  The  third  term  describes  an  electron 
absorbing  phonons  while  tunneling  through  the  left  barrier  from  the  well  into  the  left  lead. 
The  fourth  term  describes  an  electron  tunneling  through  the  left  barrier  from  the  left  lead 
into  the  well,  and  then  emitting  phonons  in  the  well.  The  remaining  terms  are  obtained 
by  permuting  phonon  emissions  with  absorptions,  electron  propagation  directions,  and  the 
left  with  the  right  barrier. 

Equations  (3.19)  and  (3.20)  were  numerically  evaluated  for  the  various  phonon  types 
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discussed  in  section  II.  The  results  of  the  calculation  of  the  dc  I-V  characteristics  axe 


presented  in  Fig.  2  for  temperatures  T=4K  and  T=300K,  and  compared  with  the  data  of 
Goldman  et  a/.16  at  T=4K.  The  dimensions  and  composition  of  the  DBRTS  were  chosen  to 
be  the  same  as  those  employed  in  Ref.  16.  The  experimental  peak  height  has  been  scaled 
to  agree  with  the  calculated  one  (a  factor  of  approximately  21),  and  the  data  is  shifted  by 
AVtiaj  %  50meV  with  respect  to  the  calculated  results.  The  emitter  chemical  potential 
was  chosen  to  be  23meV.  The  current  due  to  thermionic  emission  above  the  barriers  is 
described  by  the  classical  Richardson  expression.  At  T=4K,  the  theory  predicts  a  broad 
replica  peak  (labeled  “ph”  in  Fig.  2)  occurring  over  bias  voltages  between  about  175  to  275 
meV  in  addition  to  the  main  elastic  tunneling  peak  (labeled  “e"  in  Fig.  2).  The  agreement 
between  theory  and  experiment  is  very  good,  even  with  the  scaling  of  the  peak  height  and 
the  shiftmg  of  the  bias  voltage.  The  need  for  such  adjustments  is  not  surprising  since  the 
voltage  drops  in  the  leads  and  in  depletion  and  accumulation  layers  are  neglected,  and 
the  effective  DBRTS  area  is  not  well  known.  The  theory  is  not  expected  to  reproduce  the 
external  circuit  related  hysteretic  behavior  in  the  negative  differential  resistance  region 
ranging  from  approximately  150  to  ISO  meV. 

The  broad  phonon  replica  peak  is  clearly  visible  in  the  experimental  data  and  matches 
the  calculated  one  in  shape  and  position.  We  find  that  the  dominant  phonons  which 
contribute  to  the  calculated  peak  are  the  n  =  l  GaAs  LO  phonons  of  energy  36.2  meV 
confined  in  the  well  and  and  A1  As- like  symmetric  interface  phonons  of  energy  45.7  meV. 
Barrier  phonons  do  not  contribute  due  to  the  weak  coupling.  At  T=300K,  the  replica 
peak  is  seen  to  be  superimposed  on  the  Richardson  current  background.  The  phonon 
absorption  replica  peak  (which  would  appear  at  low  bias  voltages)  is  too  weak  to  be  visible 
at  T=300K. 
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Figure  3  shows  the  calculated  transit  times  for  the  same  structure.  The  transit  time, 
defined  by  rtra „«  =  Pw/jdc ,36  the  ratio  of  the  charge  density  in  the  well  and  the  dc 
current  density  (excluding  the  Richardson  component),  is  a  measure  of  the  dwell  time  of 
the  electron  in  the  well.  Here,  rtranj  is  comparatively  long  due  to  the  rather  thick  barriers. 
We  find  that  for  low  current  densities  r,ranl  for  T=300K  is  longer  than  that  at  T=4K.  This 
is  mainly  due  to  the  broader  Fermi  distribution  of  the  electrons  at  T=300K,  which  implies 
that  a  given  current  density  can  be  attained  with  a  lower  bias  voltage  than  at  T=4K.  The 
lower  bias  voltage  leads  to  increased  trapping  of  electrons  in  the  well  since  the  effective 
right  barrier  height  is  greater,  and  hence  to  a  larger  dwell  time. 

IV.  General  Conclusions 

In  this  section  we  compare  the  relative  importance  of  phonon  and  alloy  scattering,14 ,1S 
assess  the  importance  of  the  non-equilibrium  well  occupation  function  < pw,  and  show  how 
to  obtain  Turley  and  Teitsworth’s13  results  for  the  phonon-assisted  dc  current  in  a  DBRTS. 

Figure  4  compares  the  phonon  scattering  self-energy  correction  (3.18b)  and  the  alloy 
scattering  self  energy  derived  in  Refs.  14  and  15  employing  the  coherent  potential  ap¬ 
proximation  for  the  56A  Ino.52Alo.48As/  45.4  Ino.53Gao.47As  DBRTS  studied  by  Chemla 
et  a l.3b  (The  sample  of  Goldman  et  al.16  is  unsuitable  because  of  the  absence  of  well  alloy 
scattering).  The  self-energy  corrections  due  to  temperature  independent  well  alloy  scat¬ 
tering  in  this  sample  was  reported  in  Ref.  15,  and  is  indicated  in  Fig.  4.  The  self-energy 
corrections  due  to  phonon  scattering  were  computed  using  the  phonon  models  discussed 
in  Section  2.  Phonon  frequencies  for  bulk  Ino.53Gao.47As  were  obtained  from  Ref.  37. 
and  for  bulk  Ino.52Alo.4sAs  from  Ref.  38.  In  computing  the  confined  and  interface  modes 
in  the  DBRTS,  we  approximated  the  two-mode  behavior  of  Ino.53Gao.47 As  by  the  single 
GaAs-like  mode.  This  is  a  good  approximation  due  to  the  small  energy  difference  between 
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the  two  modes,  and  simplifies  the  calculations.  The  chemical  potential  was  again  chosen  to 
be  23  meV,  and  Vj,a#  was  set  to  330  meV.  Figure  4  shows  that  alloy  scattering  dominates 
at  low  temperatures,  but  phonon  scattering  becomes  more  important  at  T«  200K.  This 
crossover  temperature  is  higher  than  that  familiar  from  electronic  transport  in  bulk  semi¬ 
conductors.  For  bulk  samples  the  final  density  of  states  for  inelastic  phonon  absorption 
processes  is  greater  than  the  density  of  states  probed  by  elastic  alloy  scattering,  whereas 
in  two  dimensions,  characteristic  of  DBRTS,  phonon  and  alloy  scattering  processes  probe 
an  energy-independent  density  of  states. 

In  order  to  assess  the  importance  of  the  non -equilibrium  well  occupation  function  pw, 
we  set  v?w=0  in  (3.19d).  The  component  of  the  current  associated  with  phonon  emission 
in  the  left  barrier  may  be  w’ritten  as 

/<3)  /  W(b,n)fL(E(i))dZ  (4.1a) 

where 

W(k-n)  =  ~  £  \M'^n\2[l  +  N{hu,Yn))6(E(k)  -  e  -  (4.16) 

«#•" 

This  equation  is  identical  to  (4)  of  Turley  and  Teitsworth13.  Equation  (3.19c)  for  the 
current  associated  with  phonon  scattering  in  the  well  can  also  be  reduced  to  (4.1).  As 
discussed  below,  both  equations  are  quite  accurate.  In  agreement  with  Ref.  13,  we  find 
the  dominant  phonon  scattering  channels  to  involve  symmetric  interface  modes  and  GaAs 
modes  confined  in  the  well. 

The  Keldysh  formalism  properly  includes  the  well  non-equilibrium  occupation  func¬ 
tion,  thereby  taking  Fermi  statistics  into  account  during  resonant  tunneling.  For  the  device 
parameters  employed  to  obtain  Fig.  2  and  3,  we  find  that  effect  of  the  non-zero  occupation 
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of  the  well  states  is  to  decrease  the  peak  current  obtained  from  (3.19)  by  11%  at  T=4K 
and  by  28%  at  T=300K.  The  current  decreases  due  to  fewer  available  states  in  the  well 
for  tunneling  electrons.  The  small  magnitudes  of  these  decreases  may  be  understood  by 
noting  that  at  the  bias  voltages  near  resonance  the  right  barrier  is  comparatively  trans¬ 
parent.  Hence  <pw  «  0  in  any  case.  At  higher  temperatures  the  well  occupation  function 
is  greater  than  at  low  temperatures  due  to  the  broader  collector  Fermi  distribution. 

V.  Summary 

This  paper  and  two  earlier  ones14,39  have  employed  the  Keldysh  non-equilibrium 
Green's  function  formalism  to  study  transport  and  noise  properties  of  DBRTS.  includ¬ 
ing  the  effects  of  alloy  and  phonon  scattering,  systematically.  Alloy  scattering  is  dominant 
in  alloy  based  DBRTS  at  low  temperature,  and  phonon  scattering  is  dominant  at  room 
temperature  or  high  bias.  The  Keldysh  technique  provides  a  systematic  methodology  for  in¬ 
corporating  the  complex  effects  associated  with  non-equilibrium  occupation  functions1415 
which  is  of  particular  importance  for  the  calculation  of  two-particle  correlation  functions 
needed  to  obtain  the  ac  response.  Under  normal  operating  conditions  of  a  DBRTS,  the  dis¬ 
tribution  function  may  be  determined  from  rate  equations  and  thus  an  equilibrium  Green's 
function  steady  state  calculation  provides  a  good  approximation  (see  Appendix  B  of  Ref. 
15).  For  the  dc  current,  the  effects  of  a  non-equilibrium  distribution  function  in  the  well 
are  small  due  to  the  low  occupation  probability  of  well  states  in  a  biased  DBRTS.  Thus 
intuitive  expressions  for  the  dc  current  which  assume  a  vanishing  well  occupation  function 
such  as  those  employed  in  Ref.  13  are  good  approximations. 

The  present  paper  has  employed  realistic  phonon  models  to  calculate  the  phonon- 
assisted  resonant  tunneling  dc  current  in  a  Alo.^Gao  gAs/GaAs  DBRTS.  Results  for  the 
phonon  replica  peak  position  and  width  in  the  I-V  characteristics  agree  well  with  the 
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experimental  results  of  Goldman  et  a/.16  This  verifies  our  conclusion  that  the  strongest 
phonon  scattering  channels  at  low  temperature  in  the  valley  region  of  the  I-V  curve  are 
the  emission  of  AlAs-like  symmetric  interface  phonons  and  the  emission  of  confined  GaAs 
phonons.  For  a  Ino.s2Alo.48As/Ino.53Gao.47As  DBRTS,  we  find  that  alloy  scattering  is 
dominant  at  low  temperature,  but  phonon  scattering  will  dominate  at  room  temperature. 

Acknowledgements 

This  work  was  supported  by  DARPA  and  JSEP  through  ONR  contract  Nos.  N00014- 
86-K-0033  and  N00014-89-J-1023,  respectively. 


19 


■2T.\ 

References 

1.  E.R.  Brown,  C.D.  Parker,  and  T.C.L.G.  Sollner,  Appl.  Phvs.  Lett.  54,  934  (1989). 

2.  M.A.  Reed,  W.R.  Frensley,  R.J.  Matyi,  J.N.  Randall,  and  A.C.  Seabaugh,  Appl.  Phys. 
Lett.  54,  1034  (1989). 

3.  N.S.  Wingreen,  K.W.  Jacobsen,  and  J.W.  Wilkins,  Phys.  Rev.  B  40,  11834  (1989). 

4.  W.  Cai,  T.F.  Zheng,  P.  Hu,  B.  Yudanin,  and  M.  Leix,  Phys.  Rev.  Lett.  63,  418 
(1989). 

5.  M.  Jonson,  Phys.  Rev.  B  39,  5924  (1989). 

6.  F.  Chevoir  and  B.  Vinter,  Appl.  Phys.  Lett.  55.  1859  (1989). 

7.  B.Y.  Gelfand,  S.  Schmitt-Rink.  and  A.F.J.  Levi.  Phys  Rev.  Lett.  62,  1683  (1989). 

8.  E.V.  Anda  and  F.  Flores,  J.  Phys.:  Condens.  Matter  3.  9087  (1991). 

9.  R.  Lake  and  S.  Datta,  Phys.  Rev.  B  45,  6670  (1992). 

10.  S.  Hershfield,  J.H.  Davies,  and  J.W.  Wilkins,  Phys.  Rev.  Lett.  67,  3270  (1991). 

11.  Y.  Meir  and  N.S.  Wingreen,  Phys.  Rev.  Lett.  68,  2512  (1992). 

12.  H.  Pastawski,  Phys.  Rev.  B  46,  4053  (1992),  and  references  therein. 

13.  P.J. Turley  and  S.W.  Teitsworth,  Phys.  Rev.  B  44,  8181  (1991). 

14.  E.  Runge  and  H.  Ehrenreich,  Phys.  Rev.  B  45,  9145  (1992); 

15.  E.  Runge  and  H.  Ehrenreich,  Annals  of  Physics  (NY)  219,  55  (1992). 

16.  V.J.  Goldman,  D.C.  Tsui,  and  J.E.  Cunningham,  Phys.  Rev.  B  36,  7635  (1987). 

17.  M.L.  Leadbeater,  E.S.  Alves,  L.  Eaves,  M.  Henini,  O.H.  Hughes,  A.  Celeste,  J.C. 
Ported,  G.  Hill  and  M.A.  Pate.  Phys.  Rev.  B  39,  3438  (1989). 

18.  M.  Born  and  K.K  Huang,  “Dynamical  Theory  of  Crystal  Lattices”  (Claredon,  Oxford, 
1968). 

19.  N.  Mori  and  T.  Ando,  Phys.  Rev.  B  40,  61175  (19S9). 


20 


T2A 


20.  C.  Trallero  Giner  and  F.  Comas,  Phys.  Rev.  B  37,  4583  (1988). 

21.  B.K.  Ridley,  Phys.  Rev.  B  39,  5282  (1989). 

22.  F.  Bechsted,  and  R.  Enderlein,  Phys.  Stat.  Sol.  (B)  131,  53  (1985). 

23.  N.  Sawaki,  and  I.  Akasaki,  Physica  134B,  494  (1985). 

24.  A. A.  Lucas,  E.  Kartheuser,  and  R.G.  Badro,  Phys.  Rev.  B  2,  2488  (1970). 

25.  L.  Wendler,  Phys.  Stat.  Sol.  (B)  129,  513  (1985). 

26.  N.  Sawaki,  Surface  Science  170,  537  (19S6). 

27.  R.  Haupt  and  L.  Wendel,  Phys.  Rev.  B  44,  1850  (1991). 

28.  M.  Babiker,  J.  Phys.  C:  Solid  State  Phys.  19,  6S3  (19S6). 

29.  A.K.  Sood,  J.  Menendez,  M.  Cardona,  and  K.  Ploog,  Phys.  Rev.  Lett.  54,  2111 
(1985). 

30.  C.  Trallero-Giner,  F.  Garcia-Moliner,  V.R.  Velasco,  and  M.  Cardona,  Phys.  Rev.  B 
45,  11944  (1992). 

31.  B.  Jusserand,  D.  Paquet,  and  A.  Regreny,  Superlattices  and  Microstructures  1,  61 
(1985). 

32.  K.W.  Kim  and  M.A.  Stroscio,  J.  Appl.  Phys.  68,  6289  (1990). 

33.  H.  Ehrenreich,  J.  Phys.  Chem.  Solids  8,  130  (1959). 

34.  Z.P.  Wang,  H.X.  Han,  and  G.H.  Li,  Phys.  Rev.  B  2,  9693  (1990). 

35.  J.  Menendez  and  M.  Cardona,  Phys.  Rev.  B  29,  2051  (1984). 

36.  I.  Bar-Joseph,  T.K.  Woodward,  D.S.  Chemla,  D.  Sivco,  and  A.Y.  Cho,  Phys.  Rev.  B. 
41,  3264  (1990). 

37.  U.D.  Venkateswaran,  L.J.  Cui,  M.  Li,  B.A.  Weinstein,  K.  Elcess,  C.G.  Fonstad,  and 
C.  Mailhoit,  Appl.  Phys.  Lett.  56,  286  (1990). 

38.  A.  Ksendzov,  P.  Parayanthal,  F.H.  Poliak,  D.  Welch,  G.W.  Wicks,  and  L.F.  Eastman, 


21 


2J5 


Phys.  Rev.  B.  36,  7646  (1987). 

39.  E.  Runge,  submitted  to  Phys.  Rev.  B. 


oo 


T2i> 

Figure  Captions 

Figure  1.  Schematic  drawing  of  double  barrier  resonant  tunneling  structure  defining  the 
symbols  employed  in  the  text  (from  Ref.  14).  The  external  dc  bias  shifts  the  conduction 
band  edges  eV't,.,,)  of  the  left  lead,  of  the  well,  and  of  the  right  lead  relative 
to  one  another.  The  chemical  potentials  of  the  left  and  right  leads  are  m  and  /i*.  The 
band  offsets  of  the  left  and  right  barriers  are  A^,  and  A#,  and  the  electron  tunneling  matrix 
elements  through  these  barriers  are  hwL  and  hnw-  The  bottom  of  the  two-dimensional 
subband  in  the  well  is  at  energy  i  above  the  bottom  of  the  well,  and  the  energy  of  a  state 
with  parallel  (in-plane)  momentum  k\\  is  above  i. 

Figure  2.  Calculated  dc  current-voltage  characteristics  of  a  S5A  Alo.4Gao.6As/ 56A  GaAs 
double  barrier  resonant  tunneling  structure  at  T=4K  and  300K  (solid  lines),  and  the  ex¬ 
perimental  data  at  T=4I\  obtained  from  Ref.  16  (dashed  line).  The  calculated  and  ex¬ 
perimental  curves  at  T=4I\  for  %•««  >  ISOmeV  are  multiplied  by  2  in  order  to  show 
more  detail.  Also,  the  T=300K  curve  has  been  shifted  upwards  by  3  A/cm2  for  clarity. 
Phonon  emissions  are  responsible  for  the  broad  shoulder  marked  “ph”  extending  approxi¬ 
mately  over  175<  Vj, 0J  <275  meV.  The  peak  marked  “e”  corresponds  to  elastic  tunneling 
contributions. 


Figure  3.  Calculated  transit  times  for  phonon-assisted  electrons  tunneling  through  a 
85A  Alo.4Gac.6As/  56A  GaAs  double  barrier  resonant  tunneling  structure  at  T=4K  and 
300K. 


Figure  4.  Imaginary  part  of  the  retarded  electron  self-energy  due  to  phonon  absorption 
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plotted  as  a  function  of  temperature  for  a  5CA  Ino.52Alo  .j8As/  45A  Ino.53Gao.47As  double 
barrier  resonant  tunneling  structure  biased  by  330  meV.  The  imaginary  part  of  the  alloy 
scattering  self-energy  obtained  (from  Ref.  15)  in  the  coherent  potential  approximation  for 
this  structure  is  marked. 
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Abstract 

Quantitative  calculations  are  reported  of  both  band-to-band  Auger  and  radiative  re¬ 
combination  lifetimes  in  thin-layered  type  II  In*Gai_,Sb/InAs  superlattices  with  energy 
gaps  in  the  5-17 fim  range,  using  accurate  band  structure  and  numerical  techniques.  Re¬ 
sults  for  a  11  fim  superlattice  are  compared  with  similar  calculations  for  bulk  HgCdTe  and 
a  HgTe/CdTe  superlattice  having  the  same  energy  gap.  The  results  show  the  n-type  Auger 
rates  to  be  comparable  and  the  p-type  rates  to  be  suppressed  by  three  orders  of  magnitude 
in  some  experimentally  realizable  structures.  Thus  well  fabricated  III- V  SLs  appear  to  be 
excellent  candidates  as  a  new  class  of  IR  detectors. 


PACS  #’s:  72.15.Lh,  72.40.+W,  78.60.-b,  85.60.Gz 
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The  thin-layered  type  II  staggered  In,Gai_,Sb/InAs  superlattice  (SL)  has  been  pro¬ 
posed  as  an  infrared  (IR)  detector  candidate.1  It  has  been  suggested2  that  p-type  Auger 
recombination  rates  are  suppressed  in  some  of  these  SL’s  due  to  a  large  strain-induced  light 
hole-heavy  hole  splitting.  We  perform  quantitative  calculations  of  band  to-band  Auger 
and  radiative  recombination  rates,  employing  realistic  non-parabolic  band  structures.3  The 
results  verify  that  p-type  Auger  recombination  rates  are  suppressed  relative  to  those  of  bulk 
HgCdTe  and  SL  HgTe/CdTe  with  the  same  energy  gap  due  to  the  absence  of  strain  split¬ 
ting  in  the  latter  two  systems.  Auger  recombination  rates  of  n-type  InGaSb/InAs  SL’s  are 
comparable  to  those  of  n-type  bulk  HgCdTe  and  SL  HgTe/CdTe  with  the  same  energy  gap. 
Radiative  recombination  rates  are  almost  always  smaller  than  Auger  recombination  rates 
for  unintentionally  doped  samples.  Superlattice  based  IR  detectors  are  versatile  because 
of  their  multi-spectral  response  and  their  ability  to  suppress  both  n-  and  p-type  Auger 
recombination  rates  in  samples  with  properly  chosen  alloy  composition  ratios,  and  well 
and  barrier  widths. 

The  minority  carrier  distribution  function  in  an  IR  detector  relevant  to  calculations 
of  Auger  and  radiative  recombination  rates  is  an  equilibrium  Fermi  distribution.  This  is  a 
consequence  of  energy  relaxation  times4  of  photoexcited  carriers  (~  10-ns)  being  several 
orders  of  magnitude  shorter  than  Auger  and  radiative  lifetimes  (~  10~4  to  10-10s)  for 
carrier  densities  of  experimental  interest.  We  calculate  the  lifetimes  of  a  single  excess  non¬ 
equilibrium  minority  carrier  in  the  region  of  highest  occupation.  For  an  n-type  material 
the  excess  carrier  is  a  hole  at  the  top  of  the  heavy  hole  band  (HHl  in  Fig.  1),  and  results 
axe  averaged  over  the  flat  portions  of  this  band.  For  a  p-type  material,  the  excess  carrier 
is  an  electron  at  the  bottom  of  the  conduction  band  (Cl  in  Fig.  1). 

The  established  methods  for  calculating  band-to-band  Auger  recombination5-7  are 
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here  extended  to  superlattices.  Since  the  proposed  III- V  IR  detectors  employ  thin  layered 
(~  25  A)  SLs,  electrons  in  the  Cl  band  have  significant  dispersion  in  the  _L  direction 
requiring  a  three  dimensional  calculation,  in  contrast  with  earlier  two  dimensional  calcu¬ 
lations  of  Auger  lifetimes  of  electrons  confined  in  quantum  wells.8  An  envelope  function 
formalism9  is  used  to  describe  the  SL  states,  and  SL  K  •  p  theory10  is  used  to  obtain  the 
energy  bands  and  the  wave  functions  (r|L,K)  for  band  L  and  wave  vector  K.  The  over¬ 
lap  integrals  required  to  evaluate  the  screened  Coulomb  potential  matrix  elements  were 
obtained  to  first  order  in  |Kj  —  Kj|2  in  a  manner  similar  to  that  described  in  Refs.  5, 
11  and  12.  Due  to  the  highly  non-parabolic  nature  of  the  band  structure  (see  Fig.  1), 
parabolic  approximations  are  not  applicable.  The  p-type  Auger  lifetime  (i.e.  the  lifetime 
of  the  photoexcited  minority  electron  1')  is  given  by 

1  _  3e<fr3  [  f  f  cur  \f  (is  \^ci.WHi(KitK,1)/3i>tfi.tfifx(K2,K2) 

rA  ~  2c2ri W  J  J  fp[ 1  Up[  2)  |A2  +  |K,  -  K',|2|2 

X  *(£ci(K;)  +  ELm(K)  -  -  EHHl( Ka))d3K,d3K2  ,  (1) 

in  the  absence  of  exchange  interactions.13  The  Kj  refer  to  the  superlattice  states  defined  in 
Fig.  1,  Ei{K)  are  the  band  energies,  and  £,  m,  fp  and  A-1  are  the  dc  dielectric  constant  of 
the  barrier  layers,  the  free  electron  mass,  the  hole  Fermi  function,  and  the  Debye  screening 
length  respectively.  The  quantity  =  |<L,K'|(K  -  K#)  •  p|I',K')|2/[^t(K')  - 

i?£'(K')]2  involves  the  superlattice  momentum  matrix  elements.  Kj  denotes  the  minority 
carrier  1',  and  crystal  momentum  conservation  determines  K2  =  Kj  +  K2  —  K',.  A 
similar  expression  applies  to  n-type  Auger  recombination.  Following  Ref.  14,  the  p-type 

radiatiative  lifetime  of  electron  1'  is  given  by 
1 

—  =  -^i(aKiipPilK;)f/,(K;)[fe(K',)-SM,(K',)i.  m 

tr  nh  czm?t 

where  n  is  the  index  of  refraction.  A  similar  expression  applies  to  n-type  radiative  recom¬ 
bination. 
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These  expressions  were  evaluated  numerically  for  realistic  SL  band  structures.  Equa¬ 
tion  (1)  involves  six  integrals.  One  integral,  over  the  energy  conserving  delta  function,  was 
performed  analytically.  If  the  minority  carrier  has  no  component  of  its  momentum  in  the 
||  direction,  then  rotational  symmetry  in  the  plane  permits  the  analytical  evaluation  of  a 
second  integral.  Thus  four  to  five  nested  integrals  were  evaluated  numerically.  This  task 
is  at  the  limits  of  what  can  be  performed  with  distributed  desktop  computing.  The  error 
in  the  lifetime  due  to  numerical  integrations  on  a  finite  mesh  was  no  more  than  40%. 

Figure  1  shows  the  calculated  band  structure  of  25A  Ino.25Gao.75Sb/4iA  InAs  for  the 
in- plane  (||)  and  growth  (±)  directions.  This  superlattice  has  been  studied  experimentally 
at  77K  as  a  candidate  material  for  11  fim  IR  detectors.1  Auger  transitions  involve  limited 
regions  of  K  space  due  both  to  restrictions  imposed  by  energy  and  crystal  momentum 
conservation  and  occupation  probabilities.  Typical  transitions  which  satisfy  the  constraints 
are  shown.  In  the  n-type  material,  transitions  dominantly  involve  crystal  momentum 
changes  in  the  J.  direction.  Here,  electrons  1  and  2  are  in  regions  of  high  occupation, 
implying  a  fast  recombination  rate.  In  the  p-type  material,  transitions  dominantly  involve 
crystal  momentum  changes  in  the  ||  direction.  Here,  hole  1  is  in  a  region  of  low  occupation, 
thus  suppressing  Auger  transitions.  This  suppression,  a  consequence  of  the  large  strain- 
induced  LHl-HHl  splitting,  accounts  in  part  for  the  promise  of  Ino.25Gao.75Sb/InAs  for 
IR  detectors.1 

Figure  2  shows  the  regions  of  K  space  important  for  and  p-type  Auger  recombination 
in  25A  Ino.25Gao.75Sb/4i A  InAs  for  p=  1016  cm-3  at  77K.  The  structures  marked  “Hole 
1”  and  “Hole  2”  indicate  the  positions  in  K  space  of  holes  1  and  2  (defined  in  Fig.  1)  taking 
part  in  the  same  transition,  which  provide  the  largest  contributions  to  the  recombination 
rate.  The  Auger  rate  is  approximately  independent  of  Kx  due  to  the  flatness  of  the  HHl 
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and  LH1  bands  in  the  X  direction.  The  K  space  volumes  associated  with  “Hole  1”  and 
“Hole  2”  are  equal,  as  is  required  by  detailed  balance.  The  “Hole  1”  structure  is  broader 
because  the  HHl  band  is  flatter  near  hole  1  (see  Fig.  1).  Transitions  for  which  the 
positions  of  holes  1  and  2  are  reversed  are  suppressed  by  a  smaller  overlap  of  the  electron 
and  hole  wave  functions.  For  n-type  recombination,  the  important  region  of  K  space  for 
both  electrons  1  and  2  (defined  in  Fig.  1)  is  a  sharp  peak  centered  at  the  zone  center  of 
width  0.012A-1  for  n  «  1016cm-3. 

Figure  3,  exhibiting  the  Auger  lifetimes  of  five  Ino.25Gao.75Sb/InAs  superlattices  of 
different  layer  thicknesses,  illustrate  the  IR  multi-spectral  characteristics.  The  energy  gaps 
of  the  five  superlattices  A,  B,  C,  D  and  E  are  17.0,  13.8,  10.9,  9.0  and  5.2  fim  respectively. 
The  experimentally  studied  SL1  C  has  background  doping  levels  n  =  5  x  1015  cm-3  and 
p  =  3  x  1016  cm"1  and  corresponds  to  the  band  structure  of  Fig.  1.  The  lifetimes  are 
plotted  for  the  fixed  carrier  concentrations  shown  to  illustrate  phase  space  effects  on  Auger 
lifetimes.  The  dashed  line  permits  comparison  of  r*  for  equal  n  and  p  doping  levels.  The 
n-type  lifetimes  increase  with  increasing  energy  gap  because  the  1  bandwidth  of  the  Cl 
band  becomes  less  than  the  energy  gap  Eg-  The  n-type  transition  of  Fig.  1  is  no  longer 
possible  since  2'  cannot  be  accommodated  in  the  Cl  band.  By  contrast,  the  p-type  lifetimes 
decrease  with  increasing  gap  because  Eq  becomes  greater  than  the  zone  center  HHl-LHl 
splitting  Ehl-  A  greater  volume  of  phase  space  is  thus  available  for  2'  in  the  LH1  band. 
The  flatness  of  the  HHl  and  LHl  bands  gives  rise  to  a  maximal  p-type  Auger  rate  when 
Eg  «  Ehl  because  energy  and  crystal  momentum  conservation  conditions  can  be  easily 
satisfied  by  carriers  in  regions  of  high  occupation. 

The  Auger  lifetimes  of  a  37A  HgTe/16A  CdTe  SL  and  bulk  Hgo.79Cdo.21Te  having 
the  same  energy  gap,  0.114  eV,  as  the  25A  Ino.25Gao.75Sb/4iA  InAs  SL  have  also  been 
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calculated.  The  II- VI  SL  has  the  same  axial  electron  effective  mass  (0.025  m)  as  the  III- V 
SL.  For  n=5xl015cm-3  and  T=77K,  the  II-VI  SL  has  an  Auger  lifetime  of  9  x  10“®s  and 
the  II-VI  bulk  has  a  lifetime  of  1  x  10“ 7s,  both  somewhat  less  than  the  value  of  2xl0~7s 
of  the  III-V  SL.  More  significant  differences  are  found  in  the  p-type  lifetimes  due  to  the 
different  valence  band  structures.  For  p=3xlOlscm-3  and  T=77K,  the  II-VI  SL  and  bulk 
II-VI  material  have  Auger  lifetimes  of  9  x  10-11s  and  5xl0~9s  respectively  compared  to 
5  x  10“6s  for  the  III-V  SL.  The  extremely  short  lifetime  of  the  II-VI  SL  results  from 
the  approximate  equality  of  the  energy  gap  and  the  HHl-LHl  splitting.  The  II- VI  bulk 
lifetime  is  shorter  compared  to  the  III-V  SL  because  the  small  effective-mass  light  hole 
band  provides  phase  space  for  recombination  transitions  that  is  absent  for  larger  masses. 
It  should  be  noted  that  other  choices  of  II-VI  SL  barrier  and  well  widths  and  compositions 
may  result  in  improved  Auger  rates. 

The  calculated  Auger  and  radiative  lifetimes  of  a  single  band  edge  minority  carrier 
in  the  25A  Ino.j5Gao.75Sb/4iA  InAs  superlattice  are  plotted  in  Fig.  4  as  a  function  of 
doping  levels  for  T=77K  and  T=90K.  The  decreasing  lifetimes  with  increasing  doping  levels 
are  due  to  more  probable  carrier-carrier  collisions.  We  note  that  the  radiative  lifetimes 
are  almost  always  longer  than  the  Auger  lifetimes.  The  n-type  lifetimes  are  only  weakly 
temperature  dependent  because  the  near  zone  center  electrons  1  and  2  of  Fig.  1  are  almost 
statistically  degenerate  for  the  doping  levels  considered.  The  p-type  lifetimes  decrease  by  a 
factor  of  five  to  six  as  T  is  changed  from  77  to  90K.  Hole  1  of  Fig.  1  lies  in  the  tail  of  the  hole 
Fermi  distribution.  Its  occupation  probability  is  therefore  strongly  temperature  dependent. 
The  lifetime  obeys  an  approximate  power  law  relationship  with  the  carrier  concentration: 
t*  ~  n-1,7  and  ~  p-2*1  for  carrier  densities  between  5  x  1015  and  1017cm-3.  In  the 
simplest  parabolic  band  case,  in  which  carriers  involved  in  Auger  recombination  are  located 


6 


at  the  band  edges,  rx  ~  n-2  and  p-2.  The  deviations  found  here  are  associated  with  band 
structure  and  occupation  number  effects. 

In  summary,  we  find  on  the  basis  of  carrier  lifetime  calculations  that  Inj  _«Ga*Sb/InAs 

is  a  promising  superlattice  for  IR  detector  applications  in  the  5-17  fx m  range.  The  1 1/xm  SL 
% 

has  an  n-type  Auger  lifetime  somewhat  larger  than  those  of  bulk  HgCdTe  and  a  HgTe/CdTe 
SL  with  the  same  energy  gap.  In  superlattices,  the  n-type  Auger  recombination  may  be 
suppressed  by  reducing  the  _L  bandwidth  of  the  conduction  band  (  by  increasing  the  barrier 
thickness)  to  a  value  less  than  the  energy  gap.  The  p-type  Auger  lifetime  of  the  11/xm 
InGaSb/InAs  SL  is  approximately  3  orders  of  magnitude  longer  than  bulk  HgCdTe  and 
5  orders  of  magnitude  longer  than  the  HgTe/CdTe  SL  with  the  same  energy  gap.  The 
suppression  of  p-type  recombination  is  due  to  the  flatness  of  the  light  and  heavy  hole 
bands  whose  splitting  exceeds  the  energy  gap,  thus  limiting  phase  space  for  recombination 
transitions.  This  splitting  can  be  increased  further  (without  changing  the  energy  gap) 
through  the  choice  of  other  alloy  compositions  and  layer  thicknesses,  which  will  further 
suppress  p-type  recombination  in  In,Gai  _,Sb/InAs  superlattices. 

The  authors  are  grateful  to  R.H.  Miles  for  making  data  available  prior  to  publication. 
Helpful  discussions  with  him  are  also  greatly  appreciated.  This  work  was  supported  by 
DARPA  and  JSEP  through  ONR  contract  Nos.  N00014-86-K-0033  and  N00014-89-J-1023, 
respectively. 
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Figure  Captions 

Figure  1.  The  calculated  band  structure  of  a  25A  Ino.25Gao.75Sb/4iA  InAs  superlattice  in  the 
growth  (-L)  and  in-plane  (||)  directions.  Cl,  HHl,  HH2  and  LHl  refer  to  conduction, 
heavy  and  light  hole  bands.  BZ  indicates  the  Brillouin  zone  boundary  in  the  _L 
direction.  Wavey  lines  indicate  possible  IR  photon  absorptions;  diagonal  dashed  lines 
show  typical  Auger  recombination  transitions.  Eq  is  the  energy  gap,  and  Ehl  is  the 
zone-center  light  hole-heavy  hole  splitting.  The  perpendicular  width  of  the  Cl  band 
is  0.149  eV. 

Figure  2.  The  p-type  Auger  rate  for  holes  1  and  2  (cf.  Fig.  1)  in  arbitrary  units  for 
25A  Ino.25Gao.75Sb/4iA  InAs  SL  with  p  =  1016cm-3  and  T=77K  in  K-space. 

Figure  3.  Calculated  Auger  recombination  lifetimes  at  77K  of  30A  Ino.25Gao.75Sb/48A  InAs 
(A),  28A  Ino.25Gao.75Sb/45A  InAs  (B),  25A  Ino.25Gao.75Sb/4iA  InAs 

(C),  25A  Ino.25Gao.75Sb/37A  InAs  (D),  and  25A  Ino.25Gao.75Sb/25A  InAs  (E)  su¬ 
perlattices  as  a  function  of  energy  gap  for  the  indicated  doping  levels.  Solid  circles 
are  the  calculated  points.  The  band  structure  for  C  is  given  in  Fig.  1.  The  heavy 
hole-hght  hole  splittings  for  superlattices  A,B,  D,  and  E  are  0.201,  0.227,  0.219,  and 
0.188  eV  respectively. 

Figure  4.  Calculated  n-type  and  p-type  Auger  and  radiative  recombination  lifetimes  of  a 
25A  Ino.25Gao.75Sb/4iA  InAs  superlattice  as  a  function  of  doping  at  T=77K  and 
T=90K. 
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Abstract 

Detailed  theoretical  calculations  of  Auger  and  radiative  recombination  rates  for 
an  optinvzed  InAs/IntGai_xSb  superlattice  (SL)  and  bulk  HgxCdi_xTe  (MCT)  show 
that  300K  background  limited  operation  for  a  60  degree  field  of  view  can  be  theoret¬ 
ically  achieved  up  to  130K  for  the  11  /xm  SL  and  up  to  185K  for  5  /xm  MCT.  The  SL 
structure  is  theoretically  superior  to  MCT  for  11  /xm  operation.  The  converse  is  true 
at  5  /xm. 

PACS  #’s:  72.15.Lh,  72.40.+W,  78.60.-b 
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Modern  high  performance  infrared  (IR)  detector  technology  based  on  photon  ab¬ 
sorption  in  narrow  gap  semiconductors  requires  the  use  of  extensive  detector  cooling 
in  order  to  achieve  background  limited  performance  (BLIP).  Even  modest  gains  in 
detector  operating  temperatures  will  translate  into  large  gains  in  the  power  consump¬ 
tion,  size,  weight,  and  lifetime  of  coolers.  In  this  letter,  we  explore  theoretical  limits 
for  high  temperature  operation  of  photovoltaic  (PV)  and  photoconductive  (PC)  de¬ 
tectors  based  on  bulk  HgxCdt_rTe  (MCT)  alloys  and  the  recently  proposed1  type  II 
broken  band  alignment  InAs/InxGai_xSb  superlattices  (SLs).  Detector  performance 
is  compared  at  5  and  11  pm  wavelengths.  MCT  is  the  current  standard  for  8-12 
pm  defense  applications,  and  will  be  considered  here  also  for  commercial  applications 
at  5  /jm  where  higher  temperature  operation,  200  -  300K,  even  without  achieving 
the  BLIP  condition,  may  provide  satisfactory  signal  to  noise  ratios.  The  III- V  SL 
promises  a  number  of  advantages  over  HgrCdi_xTe  alloys  beyond  8  pm, 2  including 
lower  nonradiative  recombination  rates.3  In  this  letter,  these  lower  rates  will  be  shown 
to  lead  to  a  40K  increase  in  the  operating  temperature  Tblip  which  300K  BLIP 
with  a  60  degree  field  of  view  may  be  attained  at  11  pm.  This  background  condi¬ 
tion  is  typical  for  11  pm  strategic  military  applications.  MCT  is  superior  for  5  pm 
applications. 

Earlier  calculations  of  Auger  recombination  rates  in  ideal  InAs/InxGai_xSb  SLs3 
with  energy  gaps  in  the  8  to  12  pm  range  demonstrated  the  possibility  of  suppressing 
Auger  recombination  in  both  n-  and  p-doped  samples  relative  to  bulk  Hgj.Cdi._rTe 
with  the  same  energy  gap  and  majority  carrier  concentrations.  The  calculations 
employed  the  accurate  highly  non-parabolic  superlattice  K  •  p  band  structures  and 
included  possible  degenerate  carrier  statistics  to  evaluate  carrier  lifetimes.  Here, 
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the  same  methods  are  employed  to  examine  a  number  of  InAs/lnrGai_*Sb  SLs  and 
HgxCdj-iCd  alloys  and,  for  the  case  of  InAs/In,Gai_rSb  SLs,  to  identify  the  alloy 
composition  and  choice  of  well  and  barrier  widths  which  will  best  suooress  Auger 
recombination.  To  obtain  the  total  Auger  recombination  rate,  the  contributions  of 
majority  carrier-majority  carrier  and  minority  carrier-minority  carrier  collisions  are 
added  to  give  a  reciprocal  Auger  lifetime  =  r~*e  +  r")^.  The  first  term  corre¬ 
sponds  to  electron-electron  collisions  and  the  second  to  hole-hole  collisions. 


The  limiting  values  of  specific  detectivities  D'  for  photoconductor*  and  n-on-p 
photodiodes  are  given  by 

.  r/„  ^  „  r  r  i1/J 
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respectively.4  Here  v  is  the  photon  frequency;  r  is  the  minority  carrier  lifetime,  given 
by  r-1  =  rj1  +  t^1,  where  tr  is  the  radiative  lifetime;  t  is  the  thickness  of  the 
photoconductor,  taken  to  be  10~3  cm  based  on  the  optical  absorption,  a,  in  both 
InAs/In*Gai-,Sb  SLs  and  bulk  HgxCd,_rTe:  n  and  p  are  the  PC  equilibrium  con¬ 
centrations  of  electrons  and  holes;  nv  is  the  PV  density  of  electrons  in  the  p-type 
layer;  L„  is  the  PV  minority  electron  diffusion  length;  and  tj  is  the  quantum  effi¬ 
ciency,  assumed  to  be  0.7  for  PC  devices  and  given  by  j?  =  Lna/(Lna  +  1)  for  PV 
devices.  The  diffusion  length  Ln  =  VDt  is  determined  by  the  electron  diffusion 
constant  D  =  (kT/e)pe,  where  pe  is  the  electron  mobility  estimated  to  be  3.5x10* 
cm2/V-s  for  lnAs/InrGai_rSb  SLs  and  taken  from  experimentally  determined  values5 
as  a  function  of  T  and  i  for  HgxCdj.xTe.  Equation  (1)  for  the  PV  case  assumes  the 
dominant  dark  current  above  77K  to  be  due  to  electron  diffusion  from  the  p-type  side 
of  the  junction.  Intrinsic  theoretical  limits  for  D‘  will  be  obtained  from  these  expres¬ 
sions  by  considering  only  Auger  and  radiative  processes  to  limit  carrier  lifetimes. 
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Only  photovoltaics  will  be  considered  at  Ufim  because  high  performance  focal 
plane  arrays  benefit  from  the  low  power  dissipation  associated  with  these  devices 
relative  to  that  of  PC  detectors.  As  a  result  PV  devices  are  preferred  over  PC  devices. 
We  shall  consider  structures  having  n-on-p  geometry.  The  parameters  of  interest  for 
InAs/In,Gai_xSb  SLs  therefore  are  those  leading  to  the  lowest  Auger  rates  in  the 
p-type  layers.  The  strain  induced  splitting  of  the  heavy  bole  (HH)  and  light  hole 
(LH)  valence  band  edges  of  the  constituent  bulk  InxGai_xSb  of  the  InAs/InxGai_xSb 
SLs  leads  to  a  large  (200  to  300  meV)  splitting  of  the  two  highest  valence  bands  of 
the  SL,  HHl  and  LH1.  at  the  center  of  the  Brillouin  zone.3  This  impedes  hole-hole 
scattering  Auger  processes  and  thus  improves  Auger  limited  minority  carrier  lifetimes 
in  p-type  material,3  which  in  turn  leads  to  improved  Dm  and  Tblip  values  in  n-on-p 
geometry  devices. 

The  11  fi m  D'  of  lnAs/InrGai_rSb  SLs  was  optimized  by  maximizing  the  lifetime 
enhancement.  The  strain  induced  splitting  increases  with  alloy  composition  ratio  x. 
For  the  purposes  of  this  study,  SLs  with  x  <  0.4  and  layers  no  thinner  than  15Awere 
considered.  While  growth  beyond  these  limits  may  be  possible,  practical  constraints 
associated  with  tolerable  lattice  mismatches  and  nonuniformities  will  limit  the  utility 
of  structures  employing  high  strains  or  thin  layers.  In  order  to  suppress  Auger  re¬ 
combination  pathways  involving  transitions  between  the  flat  portions  of  the  HHl  and 
HH2  bands3  the  zone  center  splitting  of  the  HHl  and  HH2  bands  must  be  greater  than 
the  energy  gap.  Suppression  is  best  achieved  if  the  second  valence  band  has  light  bole 
character.  Auger  lifetimes  were  calculated  for  several  SLs  satisfying  these  constraints. 
The  SL  found  to  have  the  lowest  p-type  rates  is  39.8AlnAs/15Alno.4Ga<j.6Sb. 

Figure  1  shows  the  calculated  values  of  Auger  lifetimes  in  the  optimized  39.8AlnAs/ 
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i5Alno.4Gao.eSb  SL  with  acceptor  concentrations  Na  of  1015  and  1017  cm-3  respec¬ 
tively  (dashed  curves).  The  Auger  lifetime  for  bulk  Hg*Cdi_*Te  with  Na  =  1017  cm-3 
(solid  line)  is  plotted  for  comparison.  The  results  for  Hg*Cdi„rTe  are  found  to  be 
in  good  agreement,  within  a  factor  of  two,  with  those  calculated  by  Casselman.6  The 
basic  mechanisms  of  lifetime  suppression  have  been  discussed  in  Ref.  [3].  The  same 
mechanisms  dominate  here.  Most  important  is  the  suppression  of  hole-hole  scattering 
due  to  the  low  occupation  probability  of  one  of  the  hole  states  at  low  temperature. 
For  the  SL  with  the  lower  acceptor  concentration  the  hole-hole  scattering  has  been 
suppressed  to  the  point  where  the  minority  electron-electron  scattering  dominates  the 
Auger  lifetime.  At  the  higher  level  of  doping,  hole-hole  scattering  dominates  since  its 
rate  increases  with  the  higher  hole  population.  At  the  same  time  the  electron-electron 
scattering  rate  decreases  because  the  electron  population  falls  to  keep  the  np  product 
roughly  constant.7  Auger  rates  for  Na  —  1017  cm-3  at  T=77K  are  found  to  be  as 
much  as  seven  orders  of  magnitude  smaller  in  the  optimized  SL  than  in  HgxCdt_rTe. 

The  calculated  values  of  Dm  in  the  temperature  range  of  77  to  200K  of  the  op¬ 
timized  39.8AlnAs/15Alno,4Gao.«Sb  SL,  a  4lAlnAs/25Alno.2sGao.75Sb  SL  (currently 
under  experimental  study2),  and  bulk  HgrCdi_rTe  are  plotted  in  Fig.  2.  All  materi¬ 
als  have  the  same  p-side  acceptor  concentration  of  1017  cm-3  and  energy  gap  of  0.114 
eV  or  11  pm.  The  gap  is  assumed  to  be  temperature  independent.  This  is  a  rea¬ 
sonable  assumption  because  SLs  and  alloys  with  slightly  different  compositions  may 
be  selected  to  provide  the  chosen  gap  for  different  temperatures  without  significantly 
affecting  detectivity  values.  The  calculated  values  of  D"  for  Hg*Cdi_,Te  we  found 
to  be  in  good  agreement  with  previously  calculated  values  at  T=77K.4  The  figure 
indicates  that  Tblip  for  a  300K  background  and  a  60  degree  field  of  view  is  130K 
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for  39.8AlnAs/15Alno.«Gao.6Sb,  substantially  higher  than  the  90K  for  Hg,Cdj_rTe 
at  11  pm.  The  non-optimum  41  Ain  As/25  Alno.j5Gao.75Sb  SL  still  offers  almost  20K 
improvement  in  Tbup  over  HgxCdi_ITe.  As  previously  emphasized,  these  improve¬ 
ments  result  from  the  suppression  of  Auger  recombination  pathways  in  the  SLs. 

Note  that  the  D*  advantage  of  the  39.8AlnAs/l5Alno.4Gao.6Sb  SL  over  bulk 
Hg*Cdi_xTe  decreases  from  almost  two  orders  of  magnitude  at  77K  to  less  than 
one  order  of  magnitude  at  200K.  This  is  a  consequence  of  the  carrier  recombination 
suppression  mechanism  referred  to  above  becoming  weaker  at  higher  temperatures.3 
Specifically,  the  hole  occupation  probability  away  from  zone  center  increases  with 
increasing  temperature;  hence  more  carriers  are  available  for  Auger  recombination. 
For  this  reason,  InAs/InxGai«*Sb  SLs  are  not  expected  to  offer  an  advantage  over 
bulk  HgxCdi_xTe  detectors  at  elevated  temperatures.  At  room  temperature  cheaper 
thermal  detectors  are  better  than  either  system  for  most  applications. 

At  5  p m,  InAs/InxGai-rSb  SLs  are  less  attractive  than  bulk  Hg*Cd,*j:Te  due 
to  their  short  Auger  lifetimes.  They  cannot  be  designed  to  suppress  p-type  Auger 
lifetimes  because  the  energy  gap  (0.248  eV)  exceeds  the  strain-induced  splitting  of 
the  HHl  and  LH1  bands  for  SLs  with  the  range  of  layer  thicknesses  and  compositions 
considered  here. 

Possible  room  temperature  operation  of  5  pm  bulk  Hg*Cdt_xTe  detectors  in  a 
device  limited  mode  is  also  of  interest.  The  calculated  D *  values  of  5  pm  n-on-p  ge¬ 
ometry  PV  and  n-type  PC  HgxCdj-xTe  detectors  are  plotted  in  Fig.  3  as  a  function 
of  temperature  in  the  range  100  to  300K.  The  p-on-n  PV  and  p-type  PC  detectors  are 
not  considered  here.  The  figure  indicates  that  the  300K  BLIP  condition  cannot  be 
met  above  approximately  185K.  However,  the  optimal  Dm  values  at  300K  are  approx- 
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imately  3  x  109  cm  Hz1/2/watt,  just  below  the  ideal  Dm  of  1.5x  10'°  cm  Hzl/2/watt  of 
thermal  detectors.  Nevertheless,  room  temperature  5  nm  Hg*Cdi_rTe  detectors  are 
expected  to  fill  niche  applications  such  as  those  requiring  superior  frequency  response. 

The  authors  are  grateful  to  T.C.  McGill  for  helpful  discussions.  One  of  us  (RM) 
acknowledges  helpful  discussions  with  D.H.  Chow  and  R.  Baron.  This  work  was 
supported  by  DARPA  and  JSEP  through  ONR  contracts  Nos.  N00014-86-K-0033, 
N0001492-C-022A  and  N00014-89-J-1023. 


References 


[1]  C.  Mailhiot  and  D.L.  Smith,  J.  Vac.  Sci.  Technol.  A  7,  445  (1989). 

[2]  D.H.  Chow,  R.H.  Miles,  J.N.  Schulman,  D.A.  Collins,  and  T.C.  McGill,  Semi. 
Sci.  Technol.  6,  C47  (1991). 

[3]  C.H.  Grein,  P.M.  Young,  and  H.  Ehrenreich,  Appl.  Phys.  Lett.  81,  2905  (1992). 

[4]  M.A.  Kinch  and  S.R.  Borrello.  Infrared  Physics  15,  111  (1974). 

[5]  M.W.  Scott,  J.  Appl.  Phys.  43,  1055  (1972). 

[6]  T.N.  Casselman,  J.  Appl.  Phys.  52,  848  (1980). 

[7]  The  np  product  is  not  constant  for  degenerate  statistics. 


8 


Figure  Captions 


2.V! 


FIG.  1.  Auger  lifetimes  for  11  /tm  39.8AlnAs/15Alno.4Gao.6Sb  superlattices  with 
acceptor  concentrations  NA  of  1015  and  1017  cm-3  and  for  11  /xm  Hg*Cd,_tTe  (MCT), 
with  Na  =1017  cm-3,  as  a  function  of  temperature.  For  NA  =1017  cm"3  Auger 
lifetimes  are  determined  by  hole-hole  scattering,  but  for  NA  =101S  cm"3  electron- 
electron  scattering  dominates. 


FIG.  2.  D'  of  39.8AlnAs/15Alno.4Gao.6Sb,  4lAlnAs/25Alno.25Gao.75Sb,  and  Hg.Cdj^Te 
(MCT)  ideal  n-on-p  geometry  PV  detectors  at  11  /xm,  as  a  function  of  temperature. 
The  p- layer  doping  level  is  NA  =1017  cm"3.  DmBLlP  is  the  300K  background  limited 
detectivity  at  11  /xm  for  a  60  degree  field  of  view.  The  maximum  temperatures  for 
D’blip  Aie  indicated. 

FIG.  3.  D *  of  ideal  PC  and  PV  5  /xm  MCT  photodetectors  as  a  function  of  tempera¬ 
ture.  DBiiIP  is  t  he  3GGK  background  limited  detectivity  at  5  /xm  for  a  60  degree  field 
of  view.  The  maximum  temperature  for  D’BLIP  is  indicated. 
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